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The solution and linear estimation of 2-D nearest-neighbor
models (NNMs) are considered. The class of problems that can be
described by NNMs is quite large, as models of this type arise
whenever partial differential equations are discretized with finite-
difference methods. A general solution technique is proposed for
2-D NNMs that relies on converting the system into an equivalent
1-D two-point boundary-value descriptor system (TPBVDS) of large
dimension, for which a recursive and stable solution technique is
developed. Under slightly restrictive assumptions, an even faster
procedure can be obtained by using the Fast-Fourier Transform
(FFT), with respect to one of the space dimensions, to convert the
1-D TPBVDS into a set of decoupled TPBVDSs of low order, which
can be solved in parallel. The smoothing problem for 2-D random
fields described by stochastic NNMs is then examined. The
smoother is expressed as a Hamiltonian system of twice the
dimension of the original system, and is also in NNM form. NNM
solution techniques are therefore directly applicable to this
smoother. Our results are illustrated by two examples, correspond-
ing to the discretized Poisson and heat equations, respectively.

I. INTRODUCTION

Intwo dimensions, a large class of physical processes can
be described by nearest neighbor models (NNMs): When
finite-difference methods are used to discretize linear 2-D
partial differential equations of arbitrary type (hyperbolic,
parabolic, or elliptic), and of any order, the resulting finite-
difference approximation can usually be expressed in the
form of a vector NNM. Consequently, it is not surprising
that NNMs have been employed widely to model 2-D sto-
chastic images [1]-[4], particularly for image restoration and
coding, as well as for the control and estimation of dis-
tributed parameter systems.

This paper is concerned with the development of effi-
cient estimation algorithms for 2-D random fields described
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by stochastic nearest-neighbor models over a rectangular
domain, when local boundary conditions, which include as
special cases periodic, Dirichlet, and Neumann conditions,
are imposed on the domain boundaries. As NNMs have an
acausal structure, we shall focus our attention on the NNM
smoothing problem, because this problem is also acausal,
in the sense that the measurements need not be produced
according to a specific order in 2-D space. A system is said
to be acausal if for an arbitrary partition of points in space
between ‘“past’’ and ““future,” future outputs are allowed
to depend on both future and past inputs. Thus, both the
class of 2-D estimation problems that we examine and the
NNMs that are used to formulate these problems are com-
pletely acausal. This is in contrast with early attempts at
deriving 2-D estimation algorithms, which mimicked the
structure of 1-D Kalman filters by introducing artificial 2-D
causality concepts, such as quarter-plane or asymmetric
half-plane causality (see the discussion appearing in {5, ch.
4]). On the other hand, because our goal is to obtain effi-
cientestimation procedures, the algorithms that we develop
for the NNM smoothing problem are recursive and are
obtained by breaking down noncausal processing steps into
parts that are causal. As the original problem is noncausal,
there is generally a large amount of flexibility in the choice
of recursion directions for the algorithms that we propose
and, consequently, causality appears as a computational
artifice, not as a modeling assumption.

The approach used here to formulate the NNM smooth-
ing problem relies on the general results developed in [6]-
[8] for the solution of estimation problems for boundary-
value stochastic processes. From a historical point of view,
1-D boundary-value systems and processes were first intro-
duced by Krener [9]-[11] in order to study the internal struc-
ture of acausal systems and to formulate the stochastic real-
ization problem for non-Markov processes such as
reciprocal processes. In [6], [7], a general solution tech-
nique was developed for the estimation of boundary-value
stochastic processes in one or several dimensions. This
approach is extremely general, and relies on the so-called
method of complementary models introduced by Weinert
and Desai [12] for the study of the smoothing problem for
1-D causal systems. Specifically, it is shown that given both
an internal model and appropriate boundary conditions for
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a boundary-value process, the smoothed estimate satisfies
a Hamiltonian system of twice the size, and therefore of
twice the order, of the original model. The reason the size
is doubled is that it is necessary to estimate not only the
state of the internal model of interest, but also the state of
the complementary model. This approach was used to study
the smoothing problem for 1-D continuous boundary-value
processes in [8], and for boundary-value 1-D descriptor sys-
tems in [13]. Some rough results for the 2-D NNM smooth-
ing problem were presented in [6, ch. 6], and the present
paper is in fact an improved version of this earlier work.
Subsequently, the complementary model technique was
also used by Riddle and Weinert [14]-[16] to study the 2-D
smoothing problem for the Helmholtz equation and for
2-D hyperbolic systems. Together with the present paper,
these contributions illustrate the wide applicability of the
boundary-value process smoothing solution proposed in
(6], [71.

An interesting feature of the NNM smoother is that it is
itselfin NNM form. Thus, the class of NNM systems is closed
under the smoothing operation. This property is rather sat-
isfactory, as it indicates that NNMs are ‘“natural’’ models
for the study of noncausal estimation problems. From a
practical point of view, because we seek to develop efficient
estimation algorithms, this implies that it is important to
obtain efficient NNM solution techniques. The solution
proposed in this paper consists in solving the 2-D model
in 1-D fashion by writing the 2-D NNM dynamics column-
wise in the form of a 1-D boundary-value system of very large
dimension. This 1-D system has second-order dynamics,
but can be rewritten as a 1-D two-point boundary-value
descriptor system (TPBVDS) of the type examined in [17]-
[20], for which a number of recursive solution techniques
involving different concepts of causality can be employed.
Under slightly more restrictive conditions, this 1-D system
can be decoupled into a family of low-order 1-D subsystems
by a fast-Fourier transform (FFT)-based transformation. This
decoupling technique is an extension of a method used by
Hockney [21]to obtain fast Poisson solvers, and later applied
by Jain and Angel [22] to a 2-D estimation problem.

In Section |1, we describe 2-D NNMs, as well as the class
of local boundary conditions that are used to specify the
solution of these models. These conditions include as spe-
cial cases periodic, Dirichlet, and Neumann boundary con-
ditions. The transformation of a2-D NNM into a 1-D TPBVDS
isdiscussed in Section I1l, and a general solution technique
is obtained for the transformed system. The FFT solver is
presented in Section IV for the case where the NNM sat-
isfies periodic boundary conditions, or has vertically sym-
metric dynamics with Dirichlet or Neumann conditions. The
smoothing problem for stochastic 2-D NNMs is formulated
in Section V, and the Hamiltonian system satisfied by the
smoothed estimate is described and shown to be in NNM
form. Section VI discusses two examples of 2-D NNM
smoothers, corresponding to the discretized 2-D Poisson
and heat equations, respectively. It is shown that the FFT
decoupling technique of Section IV is applicable to both
of these examples.

1. 2-D NEAREST-NEIGHBOR MODELS

The 2-D nearest-neighbor models (NNMs) that will be
considered in this paper are of the form
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Xij = AXi_qj + AXiyq; + AsX;joq + AsX; 4 + Buy;
O]
z;; = Cx;; @

where the state x, input u, and output z are vectors of
dimension n, m, and p respectively, and A, with 1 < k <
4, B, and Care matrices of corresponding dimensions. Equa-
tion (1) indicates that the state at point (i, j) is specified by
u;;, and by the states at points immediately to the left, to
the right, above, and below point (i, j ). This explains why
(1) is called a nearest-neighbor model.

Models such as (1) and (2) arise naturally from the dis
cretization of 2-D partia!l differential equations by finite dif-
ference methods, as as can be seen from the following
examples.

Examples: NNM form of finite-difference discretizations
of PDEs. For each of the 2-D examples discussed below, the
continuous space variables are denoted as t and s, and the
corresponding discretized variables are i and j, respec-
tively. Furthermore, except for the heat equation, it is
assumed that the same mesh size h is used to discretize t
and s.

a) Poisson equation: The discretized form of

V2x(t, ) = u(t, s) 3)

is given by
1 2
X, = Z(Xi—u,' + Xip1,; T Xijo1 F Xijra) — 7 u,; @
which is exactly in the form (1).
b) Heat equation: Let
2 x(t, s) = 3_2 x(t, s) + ult, s) (5)
FT A L ’

where « > 0. If t and s are discretized with mesh sizes h
and k, that is, t = ih and s = jk, and if backwards and central
difference schemes [23] are used, respectively, to discretize
3x/dt and 82x/3s?, we obtain

mx;; = Xj—1,j + nX;j_1 + X;;+1) + by (6)

where m = 1 + 2ah/k?, n = ah/k? and b = h. This model
can then be brought to NNM form by dividing both sides
of (6) by m > 0. Equation (6) corresponds to an implicit dis-
cretization of the heat equation (5), where to compute x, ;
for increasing values of /, it is necessary for each value of
i to solve a linear system of equations for the coupled
variables x; ;, where j varies over all index values. It is shown
in [23, p. 69] that this discretization scheme is uncondi-
tionally stable—it is stable for all choices of mesh sizes h
and k. The motivation for selecting different meshes h and
k to discretize t and s is that, to approximate the first-order
derivative of x with respect to t and the second-order deriv-
ative with respect to s with the same degree of accuracy,
one must have h = O(k?.

¢) Biharmonic equation: Vector NNMs can arise in a
variety of ways. One of them is of course from the discre-
tization of higher-order PDEs, such as

Vix(t, s) = uft, s). )
This equation can be decomposed as

Vit, s) = £(t, s) V(L s) = u(t, s). ®)
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Then, using the discretization (4) of the Laplacian, and

denoting
X, = {X:‘,/}’
&
we obtain
hZ
17 ;
Xij = 1 Xiaj + Xivrj + Xijo1 + Xiju0)
01
0
+ h2 U,',/' 9
4

which, after inversion of the matrix multiplying X; ; is ir.
NNM form.

d) Poisson equation with a crossover term: Vector
NNMs can also arise if higher-order schemes are used to
discretize second-order PDEs. Sometimes the use of a
higher-order scheme is dictated by the structure of the PDE
itself. Consider for example

aZ aZ 62
F + }:P + a ﬁ x(t, s) = u(t, s) (10)

which is elliptic, provided that parameter a is such that |a)
< 2. Then, when a first-order finite-difference discretiza-
tion scheme is used to approximate the above equation, we
obtain the following 9-point stencil model

1
Xij = Z(Xf—m' + Xisq,j + Xpjor X )

a
+ E(X:‘-1,/—1 + Xier o1 = Xic1je1 — Xivt,j-1)

h2
-5 an

where x; ; depends not only on its four nearest neighbors,
but also on values of x at the four corners (i — 1,j — 1), (i
+1,j+1,6—1,j+1),and (¢ + 1,j — 1). [t can be trans-
formed to NNM form by state augmentation. Thus, if

X =[x =% %; 411

the model (11) can be rewritten as

0 0 0 0 O
1 a a 1
%i=136 3 "% |t | Tag 3 e |
00 0 00
010 0 00O
1 1 h?
+1|0 Z 0 X,-J-»1+ 0 Z 0 X,"/‘+1+ 7 ,
000 010 0

(12)

which is now in NNM form. Note that even though the sec-
ond-order PDE (10) is scalar, the state X; ; has dimension 3.
This is due to the presence of the crossover term ad*x(t, s)/
atds in (10).
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For simplicity, it will be assumed below that model (1) is
defined over the rectangular domain1 = i</ -1,1=<
< ] — 1. Then, in addition to model (1), some boundary con-
ditions need to be specified. What constitutes a proper set
of boundary conditions depends on the exact type of the
partial difference operator (1) or the underlying PDE from
which it comes. For example, if this operator is elliptic (non-
causal), initial-value problems are ill posed. A general
framework for specifying boundary conditions, which can
accomodate operators of all types, and which can be used
to model a wide class of PDE boundary conditions, consists
in assuming that the boundary conditions on the edges of
the rectangle 0 < i < /,0 < j < Jare local in the sense that
they involve only neighboring points along the boundary.
An exception is that some coupling is allowed between
points on opposite sides of the rectangle, enabling us to
model periodic boundary conditions. We consider, there-
fore, the following general form for NNM boundary con-
ditions.

Horizontal conditions:

Vixo + Wixq; + Vex,; + Wex,_q; = dy;  (133)
with0 << /.
Vertical conditions:

Vexio + Wgxi1 + Vixiy + Wrx; g = dy,;  (13b)
withli<i=s /-1

The subscripts L, R, T, and B denote the left, right, top, and
bottom edges of the rectangle, respectively.

in (13a) and (13b), it is assumed that the boundary matri-
ces Vi and W, with E = L, R, B, T have size 2n X n. Thus,
in conjunction with NNM model (1), the horizontal bound-
ary conditions (13a) provide enough constraints to specify
the states x, ; and x,; with 0 < j < J on the left and right
edges of the rectangle @ = [0, /] x [0, /]. Similarly, the ver-
tical conditions (13b) introduce sufficient constraints to
enable the specification of x;g and x;; with1 < i </ — 1
onthe bottom and top edges of @. Note that thereis aslightly
asymmetry in the above specification, in the sense that the
horizontal boundary condition (13a) holds forj = 0, /, which
has the effect of adding enough constraints to specify the
corner states Xq,o, Xg j, X;,0, and x; ;. However, this is clearly
an arbitrary convention, and we can just as well use the ver-
tical condition (13b) to specify the corner states.

The conditions (13) are local since they involve only pairs
of points located on opposite sides of the rectangle . Spe-
cifically, the horizontal condition (13a) couples points (0, j),
(1, j) located along the left edge of @ with points (/, /) and
(I = 1,j) on the right edge, where all these points have the
same row index . Similarly, the vertical condition (13b) cou-
ples two pairs of points along the bottom and top edges of
rectangle ©, respectively, and with the same column index
i.

The motivation for coupling points located on opposite
edges of @ is that we want to be able to impose periodic
boundary conditions. For example, if the horizontal con-
dition (13a) takes the form

Xoj = Xi-1,j X, =x,; for0=j=] (14)

the NNM system (1) can be viewed as being defined over
a discretized cylinder with index set Q- = [1,/ — 1] X [0, /1.
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Then, after imposing periodic horizontal conditions, if we
also select periodic vertical boundary conditions

Xio = Xij-u Xp=xy; for1=si=sIl-1 (19

the NNM is now defined over a discretized torus, with index
setQr=[1,1 -1 x[1,]—1].

Another interesting subclass of boundary conditions (13)
corresponds to the case when the boundary conditions on
the left and right, and bottom and top edges of @ are sep-
arable, in the sense that independent boundary conditions
are specified on each edge of Q. In this case, the boundary

conditions (13) take the form
Vixe, + Wix;=d,; 0s=j=] (16a)

Vex,; + Wexy_q = dg; 0s=js<]) (16b)

IA
|
-

Vexig + Wgx;1 =dg;, 1< (16c)

Vixiy + Wrxi_q, = dy; 1

A

i=1-1 (16d)

where the boundary matrices V; and W; with £ = L, R, B,
T have size n X n. Boundary conditions of this type arise
extremely frequently in the study of PDEs, and in particular
can be used to model Dirichlet or Neumann boundary con-
ditions, as is shown by considering several examples.

Examples: Boundary conditions for discretized PDEs in
NNM form. The PDEs considered in the following examples
are assumed to be defined over the rectangle [0, T] x [0,
§], where if h and k are the mesh sizes used to discretize
the continuous variables t and s, we have T = /hand S =
Jk. Also, as for the PDE discretization examples considered
earlier in this section, it will be assumed that h = k, except
for the discretization of the heat equation.

a) Consider the Poisson equation (3) with the mixed

boundary conditions

d

-m; 3% x(0, s) + n; x(0, s) = d,(s) (17a)
]

mg 5 X(T, s) + ngx(T, s) = dg(s) (17b)
0

—mg s x(t, 0) + ngx(t, 0) = dg(t) (17¢)
3

my - X(t, S) + nyx(t, S) = dg(®). (7d)

These boundary conditions reduce to Dirichlet conditions
when m; = 0and n; = 1for £ =L, R, B, T, and to Neumann
conditions when m; = 1 and n; = 0 for all values of index
E. Then, a straightforward discretization yields

Ve = ng + mglh We = —mglh (18)

for E =L, R, B, T, and the boundary vectors appearing in
(16) are given by d; , = d¢(kh), where the index k varies over
[0,J1forE=L,R,and over [0, /]forE=B,T.

b) Consider now the heat equation (5) with initial con-
dition

x(0, s) = f(s) (19a)
and boundary conditions
x(t, 0) = gg(t) x(t, S) = g7 (0. (19b)
After discretization, we find
Ve=1 We =10 fore=1L,BT (20a)
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with
d,; = f(jk)  dg,; = gslih) dr; = grlih). (20b)

In the above formulation, no boundary condition is spec-
ified on the right edge of Q. This is unsatisfactory, because
our NNM formulation requires that there should be as many
constraints as there are variables to be computed. The key
step is to observe that, as the discretized equation (6) is
causal with respect to time, the values of x, ; on the right
edge do not affect any of the other variables, and can there-
fore be assigned arbitrarily, so that the boundary condition
on the right edge is assumed to have the form

x;=dp; 0=j=] (200)

where dy ; is arbitrary.

c) Examine the Poisson equation (11) with a crossover
term, and with Dirichlet boundary conditions obtained by
setting mg = 0 and ng = 1 in (17). Then, a simple discret-
ization of these conditions is not sufficient to specify the
NNM boundary conditions, because, as was observed
above, we must consider the vector NNM system (12). Fur-
thermore, owing to the state augmentation procedure used
to construct X; , if the scalar discretized PDE (11) is defined
over the domain [0, /] X [0, /], the domain of definition of
NNM (12) is only [0, /1 X [1, J — 1]. Over this domain, the
discretized Dirichlet boundary conditions for the scalar
equation can be rewritten in the NNM form (16) as

di((j — h drl((j — Dh
Xo,j = d,(jh) X,j = di(jh) 21a)
di((j + Dh) de ((j + THh)
0 00 dglih)
Xiy+| -1 0 0|X,=| 0 (21b)
0 -1 0 0
0 -1 0 0
X,1+|0 0 =1|Xj,=| 0
0 0 0 dr(ih)

21¢)

I1l. SoruTtoN OF BOUNDARY VALUE NEAREST-NEIGHBOR
MODELS

In this section, a method for computing the solution of
the boundary-value problem specified by the NNM dynam-
ics (1) and boundary conditions (13) is described. The
method employed relies on a column stacking operation,
whereby the variables x; ; along the ith column of the rect-
angular domain @ are combined to form a large state vector
x;- This procedure is used to transform the 2-D NNM dynam-
ics, as well as the boundary and corner conditions, into an
equivalent 1-D two-point boundary value system of very
large size with second order dynamics. This 1-D dynamical
system is then formulated as a 1-D two-point boundary value
descriptor system (TPBVDS) of the type studied in [17]-[20].
Using a TPBVDS solution technique proposed in [17, app.
B] and [13], a recursive procedure is obtained for solving
NNM models. It relies on decoupling the TPBVDS dynamics
into forward and backward stable filters with zero initial
and final conditions, respectively. The true boundary con-
ditions are then taken into account by adding a correction
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term to the solution obtained for zero boundary condi-
tions.

A. Column Stacking and Well Posedness

This section established the notation that will be used in
the remainder of this paper. As indicated above, the first
step of our solution is to perform a column-stacking oper-
ation, where the state, input, and output vectors along the
ith column of rectangle @ = [0, /] x [0, /] are represented
by

T _ 1T T T T T — 17T
Xi = [Xi0 Xin Xij-1 Xigde w =1lujy - - Ui,T/A1]
(22a)
T _ T T T T
zi =(zi0 21 " Zjj_1 Zyl (22b)

Here x;, u;, and z; have dimensions n(J + 1), m(J — 1), and
pU + 1), respectively. Note that x;and z; have two more block
entries thatu,, because x, ;and z; ; are defined on the edges
of the rectangular domain @, whereas u; ; is only defined in
the interior. Then, by combining the NNM relations (1) for
afixed valueofiand 1 < j </ — 1with the vertical boundary
conditions (13b) for the same value of i, we obtain the 1-D
dynamics

Q.x41 + Box; + Qx4

H

n, 1=<i=<I/I—-1 23)

Il

(I ® C)x; 24)

ZI
where ® denotes the Kronecker product of two matrices
[24], with

Ve W W, vy
“A A 0

p—

%o

(25a)

¢ = —A, (25b)

and

l\d‘/’i :|
n = .
(I ® By (25¢)

As the boundary matrices Vy, V;, Wy, and W; have size 2n
X n, it is easy to check that the matrices ®, with k = 0, —,
+ are square and have dimension n(J + 1). The relation (23)
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defines, therefore, a 1-D system with second-order dynam-
ics evolving over the interval [0, /] and driven by inputs n;
which are expressed in terms of the inputs u; ; of the NNM
and of the boundary vector d\,; associated with the vertical
conditions on the bottom and top edges of rectangle Q.

By considering also the horizontal NNM boundary con-
dition (13a) on the left and right edges of Q, we obtain the
boundary condition

Tixo + Arxq + Trxy + 8%_q = dyy (26)
for system (23), where

r=19vVv,
1 ® W,

Te = I® Vi (27a)
Ar =1 @ Wy (27b)

A
and

dl, = [dfo dlq - dhy-1 di (27¢0)

Noting again that the boundary matrices V,, V¢ and W,,
W; have size 2n X n, it is easy to check that T';, T, A;, and
Ag have size 2(J + 1)n x (/ + 1)n, and that vector d;; has
dimension 2¢ + 1 n. Thus, the boundary conditions (26)
and dynamics (23) define a boundary value system over [0,
11, where the number of constraints imposed by (23) and (26)
equals the total number of variables that need to be com-
puted, namely vectors x; for 0 < i < /. One possible method
of solving this system consists in combining all the equa-
tions that define it into a single matrix equation of very large
dimension of the form

LEx =n (28a)
X' =[x x] oo x4 x]] n"=1[d} n] n] - nl_]
(28b)
where
[T, A Ag TR
. §, &, 0
L= & % ‘b* 29)

0

is a matrix of size (I + 1)(/ + 1)n. Then, the 1-D boundary-
value system (23), (26) is well posed over interval [0, /]— that
is, there exists a unique solution x; with 0 < i < I for all
possible choices of inputs n;and boundary vector dy,, if and
onlyif L is invertible. Because system (23), (26) was obtained
from the original NNM by column stacking, the invertibility
of L is therefore a necessary and sufficient condition for the
well-posedness of the NNM (1), (13). Note that the concept
of well-posedness is used here in a mathematical sense,
where we require only that the matrix equation (28a) admit
a unique solution. By contrast, for numerical well-posed-
ness (in order to guarantee that the solution of (28a) does
not change significantly for small perturbations of the
matrix L), £ would need to have a low condition number
[25, p. 27]. By using an argument similar to the one appear-
ing in Theorem 1 of [26], it is also easy to check that the in-
vertibility of L implies that the second-order dynamics (23)
must be regular. Thus, the determinant of the polynomial

& @ &,

L
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matrix
B(z) = ®,z2 + Bgz + B_ (30

is not identically zero for all z.

In practice, the matrix I has such a huge dimension that
it is neither possible nor desirable to invert it directly. In
the special case when I is obtained by discretizing an ellip-
tic PDE, iterative inversion methods, such as the successive
overrelaxation (SOR) [27], preconditioned conjugate gra-
dient[25, ch. 10], or multigrid [28] methods can be employed
to solve (28a). Although these solution techniques are lim-
ited in scope, they are usually more efficient than the totally
general solution technique described below, which applies
to NNM operators of all types.

B. Stable Two-Filter Solution

The general solution technique that we propose relies on
transforming the 1-D dynamics (23) in such a way that stable
forward and backward recursions can be used to compute
x;. In some sense, this method falls within the class of
marching methods [29], [30]. Marching methods were orig-
inally developed when it was realized that, by column stack-
ing, noncausal 2-D models such as (1) could be transformed
into 1:D dynamical systems such as (23). Then, in the special
case when &, is invertible, (23) can be expressed as

Xiv1 = =@ [&x; + ®_x;_q — n] 31

which is now a causal system that can be used to compute
x; recursively, provided that the boundary condition (26) is
properly taken into account. In addition to requiring that
either &, or ®_ be invertible, one major drawback of the
naive approach described above is that there is no guar-
antee that the causal system (31) is stable. An important crit-
icism of marching methods, at least in this simplistic form,
has therefore been that they are numerically unstable, and
are not appropriate for solving NNMs on large lattices. The
solution presented here can be viewed as a stabilized
marching method, where instead of attempting to propa-
gate the whole system (23) in the forward (or backward)
direction, we break it into smaller parts, which are stable
when propagated in their respective forward and backward
directions.

Instead of considering directly the second-order system
(23), we transform it into a TPBVDS of the type examined
in [17]-[20]. To do so, consider the augmented state

Xj-1
q; = [ :l (32)
X;

Then, the dynamics (23) and (24) and boundary condition
(26) can be expressed as

Eqi.1 = Fg; + Gn; 1=<i=<l| (33)
z; = Hq; (34)

and
U,qy + Ugrq, = dy (35)

respectively, where

|:¢0 . +] i:—¢ 7 0:|
E= F= (36a)
I 0 0
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1
G = [0} H=[0 I®C] (36b)

U =14 T] Ur=1ITr Agl (36¢)

The relations (33)-(36) define a TPBVDS over the interval [1,
I1. This system has first-order dynamics, and it is easy to
check that

|zE — F| = |®(@2)} (37)

where ®(2) is the second-order matrix polynomial defined
in (30), so that no new dynamics have been introduced by
going from (23) to (33). Owing to the simple nature of the
augmentation procedure (32), we can also conclude that the
TPBVDS (33)-(36) is well posed over the interval [1, /]if and
only if the second-order system (23) with boundary con-
dition (26) is well posed over [0, /], which in turn was shown
to be equivalent to the well-posedness of the original NNM
system. It has been shown [17] that an arbitrary TPBVDS of
the form (33), (35) is well posed if and only if the matrix

S =UE"™" + UgF'? (38)

is invertible. The invertibility of S in (38) can therefore be
used to characterize the well-posedness of the NNM (1),
(13). As the size of this matrix is “only” 2(J + 1)n, the inver-
tibility of S is much easier to test than that of the matrix £
which was used to characterize NNM well-posedness in
(28a).

At this point, the NNM problem has been reduced to the
solution of aTPBVDS over afinite interval. The system struc-
ture of TPBVDSs was studied in detail in [17]-[20], and sev-
eral solution techniques were proposed in [17, app. B] and
[13]. As mentioned previously, the solution described here
relies on breaking the descriptor dynamics (33) into smaller
parts that are causal and stable in the forward and backward
directions, respectively. Specifically, because the NNM that
we consider is assumed to be well posed, the matrix pencil
zE — Fis regular, and according to Weierstrass’s canonical
decomposition of a regular pencil [31], there are some
invertible matrices M and T such that

[zl -F 0 ]
M(zE — F)T = 39)
0 zF, -/

where the eigenvalues of matrices Frand F, have magnitude
less than or equal to 1. Reliable numerical methods for per-
forming the decomposition (39) are described in [32]. Fur-
thermore, if |zE — F| has no zero on the unit circle, then all
the eigenvalues of Fsand F,, are strictly inside the unit circle.
If we define B; and B, such that

H
MB = (40)
By

then the transformed state variables

{q"’} = Tq, @
qb,l

satisfy the forward and backward recursions
Ariv1 = FrQg; + B, (42a)

Qi = FpQpiv1 — By (42b)
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These recursions are asymptotically stable if zE — F has no
zero on the unit circle. Under the transformation (41), the
boundary condition (35) takes the form

f1

91 z
[U.s UL,b][ ] + [Ugs UR,b]I:q :\ =dy (43)
!

b,1 b,

where
Wy Uyl = UiT " [Ugys Ugpl = UeT ™ (44)

Note that although the forward and backward dynamics
(42a) and (42b) for q; and q, are decoupled, the boundary
conditions remain coupled, so that q; and q, cannot be
computed separately. Let q%; and q}; be the solutions of
(42a) and (42b) with zero initial and final conditions, respec-
tively. Then

a4 = Fi 'agq + qf; (45a)
Qi = Filap; + af (45b)

Substituting (45) inside (43), and solving forq; ;and q,, , gives

qy, -
L' 1:] = K"y = Urrals — Upp@l 9 (46)
bt

where
K =[Ups+ UgsFi™" Ugp + U pFb ™) (47)

Note that the transformation (39)-(41) does not affect the
well-posedness of the TPBVDS, so that the matrix Kis invert-
ible if and only if S is invertible in (38). Finally, substituting
(46) inside (45), we find

Qi Fi'oo q};
"= 1KY — Ugeal) — Urpad ) + | o |-
|:qb,i] I: 0 FL q R, Q11 1,69b,7) @,

(48)

The solution in the original basis can then be obtained by
inverting (41).

From a practical point of view, the solution technique
described above consists in propagating the forward and
backward filters (42a) and (42b) for g%, and qj ;, and then
combining the resulting values with the boundary condi-
tion (43) to obtain q;; and q,; via (48). The most compu-
tationally demanding part of this algorithm is the com-
putation of q%; and qf ;.

Theabove TPBVDS solution is similar to the Mayne-Fraser
[33], [34] two-filter formula for the 1-D fixed-interval smooth-
ing problem. Although it may seem that there is little rela-
tion between the fixed-interval smoothing problem for dis-
crete-time causal systems and the solution of TPBVDSs, it
turns out that the 1-D discrete-time smoother can be
expressed as a TPBVDS (see |6, section 5.3]), which expains
why the same solution technique can be used for these two
problems.

The TPBVDS solution described here is not the only one
that can be developed. In[17] an alternative solution method
is proposed that relies on stable recursions propagating
inwards and outwards with respect to the center of the
interval where the TPBVDS is defined. This choice is a man-
ifestation of the fact that, because causality appears here
only as acomputational device, we are not restricted to pro-
cess the 2-D NNM data in any particular order.
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IV. FFT SOLVER

One drawback of the NNM solution described above is
that the vectors x; obtained by column stacking have very
large size. The matrices £ and F appearing in the TPBVDS
(33)-(36) have size 2(J + 1)n, and therefore the matrices F;
and F, obtained by pencil decomposition have a very large
dimension. In addition, even if £ and F are sparse, there is
no guarantee that F; and F, will also be sparse, so that the
forwards and backwards recursions (42) require in general
alarge amount of computation. in this section, we consider
several special cases where some additional structure is
present, which can be exploited to obtain fast NNM solvers.
Specifically, we consider the cases where a) the NNM is
defined over adiscretized cylinder, and b) the NNM dynam-
ics (1) satisfy the symmetry condition A; = A, and the
boundary conditions on the bottom and top edges are either
of Dirichlet or Neumann type. For these cases, the FFT or
the discrete sine and cosine transforms (DST, DCT) can be
used to transform the high-order TPBVDS obtained in (33)-
(35) into decoupled low-order 1-D TPBVDSs, which can be
solved in parallel. As fast algorithms can be used to imple-
mentthe FFT, DST and DCT and their inverses, this solution
technique is very efficient. It is worth noting that the use
of the FFT was first proposed by Hockney [21] to obtain a
fast Poisson solver. The FFT was later employed by Jain and
Angel [22] (see also Jain [35)) to obtain an efficient solution
for a2-D estimation problem expressed in terms of the Pois-
son equation, and it was used in [14]-{16] to get fast smooth-
ing algorithms for hyperbolic PDE models. The fast NNM
solver described here can be viewed as an extension of these
earlier results.

A. NNM Over a Discretized Cylinder

In the first case, it is assumed that the vertical boundary
conditions (14a) are periodic

Xio = Xij—1 X1 =Xy forl=si=<i-1 (49

in which case the domain @ corresponds to a discretized
cylinder. Then, it is easy to check that the components x;
and x; ,need not be included in the stacked vector x;, whose
dimension is therefore only n(J — 1), and in (23), we can
identify

P =1®1—-ZIRA; —Z QA (50a)
. =-1®A &, =-1QA n=(0RBy
(50b)

where Z_is the (J — 1) x (J — 1) circular shift matrix

[0 1 ]
010
0
Z. = 0 . . (51)
1
L1 ' 0

The special structure of the 1-D system specified by (23),
(26), (27), and (50) can be exploited by performing a state
transformation on x; which decouples this system into J —
1 subsystems of dimension n. To do so, let D be the (J —
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1) x (J — 1) discrete Fourier transform (DFT) matrix with
entries
1

k==
2@
Jg-=-1

d; = 1<k j=</J-1 (52a

where
w = e -, (52b)

The matrix D has the property that it is unitary, that is,
DD" = D¥D = |, and it diagonalizes Z,, so that

Z. = DAD"  with A = diag {w/™'}. (53)
Then, consider the state transformation
(DH®/)X,=5,=[EZ1 ,T, E:T,/—ﬂr (54a)

where the new state vector £; is partitioned into subvectors
¢, ; of size n. Similarly, let

DO"® hu;=v, D" Ndy =8 (54b)

where v; and § are also partitioned into into vector entries
v;,; and §;. Using the transformation (54), and taking into
account (50), (53), as well as the Kronecker product iden-
tities

A®BICY®D =AC®BD A®B '=A"®B"

(55)

the 1-D system (23), (26) is transformed into / — 1 decoupled
subsystems of the form

(- w—(/71)’43 - wi_1A4)EI,/ = A'IEI*‘I,) + A2£l+1,[ + Bui,l

(56)
where 1 < j < ] — 1, and with boundary conditions
Vidoj + Wik + VrE; + WeE o =9 57)

The dynamics (56) and boundary conditions (57) have
exactly the same structure as the second-order boundary
value system (23), (26). This system can therefore be
expressed in TPBVDS form and solved by the two-filter solu-
tion technique of Section I1I. The advantage of this approach
is that the decoupled systems (56), (57) have size n, whereas
the system (23), (26) has dimension (J + 1)n. Thus, the total
number of operations required to solve the family of decou-
pled systems (56), (57) is O(//), whereas the complexity of
the algorithm presented in Section 111 is O(//?. In fact, the
most computationally demanding step of the fast NNM sol-
ver described above is not the solution of subsystems (56),
(57). It is the implementation of the transformations (54b)
of the original inputs and boundary vectors and of the
inverse transformation

x; = (D ® )¢ (58)

which relates the solution of the decoupled TPBVDSs to the
original coordinate system. Because of its Kronecker prod-
uct form, the transform (58) consists of n decoupled FFTs
of length/ — 1, represented here by D. The number of oper-
ations required by (56) is therefore O(/ log /), and, because
this transformation as well as transformations (54) must be
performed for every value of j, the complexity of the fast
NNM solver described above is O(l} log }).

B. Vertically Symmetric NNMs

NNMs defined over a discretized cylinder are not the only
ones that give rise to fast solvers. When the NNM dynamics
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(1) have the vertical symmetry A; = A, (which is the case for
the Poisson and heat equations, as well as the biharmonic
equation described in Section 1), and when the boundary
conditions on the bottom and top edges are of Dirichlet or
Neumann type, it is possible to obtain fast solvers.

We consider first the case of Dirichlet conditions. In this
case, we have

Xio =dg; X, =dr,; (59)

sothatitis notnecessarytoincludex; gand x; jin the stacked
vector x; introduced in (32a). This vector has therefore
dimension n(J — 1). With this observation, the dynamics (23)
take the form

$=IRI-TQA; & =-I®A,
B, = -1 ® A (60a)
Asdg
0
n=(®Buy + . (60b)
0
AJdT,i
with
n=z+2z" 61a)

where Z denotes here the (/ — 1) X (J — 1) truncated shift
matrix

01
01 O
(61b)
0 01
o

Let S denote the (J — 1) X (J — 1) discrete sine transform
(DST) matrix with entries

n2
Sk = G) sin <kj§> 1<kj</)-1 (62

The matrix S is symmetric and orthonormal, that is, S = ST
and S? = /, and it diagonalizes II, so that

STST = A = diag {\} 63)

where \; = 2 cos (jx//)with 1 = j < | — 1. Thus, if we replace
D" by S in the state transformation (54a) and in the defi-
nition (54b) of 8, and if we define

v, = (S ® NHn; (64)

where n; is given by (60b), then the 1-D system (23), (26),
whose dynamics and boundary matrices are specified
respectively by (60a) and (27), can be decomposed into / —
1 decoupled subsystems of the form

(I = NADE | = A + Agdivq + v (65a)
with boundary conditions
Vikoj + Wik, + Vebj + Wrkioq = §; (65b)

where 1 < j < J — 1. These subsystems can be written in
TPBVDS form and solved in parallel. Furthermore, the FFT
can be used to implement the discrete sine transform S, so
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that the complexity of the resulting fast NNM solver is iden-
tical to that of Section IV-A.

Consider now the case where the NNM is such that A;
= A4, but where the boundary conditions on the bottom
and top edges are now Neumann conditions, that is

Xiy — Xjj-1= dT,i (66)

for 1 = i =1 — 1. In this case, the expressions (60) for the
1-D dynamics remain unchanged, except that the matrix II
appearing in these expressions is now defined as

X0 = Xi,1 = dg,

M=2Z+2Z"+ diag {1,0,---,0,1}
1 1 _1
10 1
10 0
= 1 (67)

0 0
i 11

In order to diagonalize II, we can use the (J = 1) X (J = 1)
discrete cosine transform (DCT) matrix K whose entries are

112
[]%1] forj =1

ks ; — 2 1/2 x (68)
0= [ 2 i
L-J m{“ m’1UfJ

for2=sj=</)-1

with 1 < / </ ~ 1. The matrix K is orthonormal, that is, KK
= K"K = I, and it diagonalizes II, so that

KK = A = diag {N\} (69a)
with

)\,=2cos[(/‘ - 1)I_LJ 1<j=J-1 (&%)
Consequently, if K plays the same role as D and S in the
state, input and boundary vector transformations consid-
ered earlier in this section, the 1-D system (23), (26) with
dynamics and boundary matrices given by (60) and (27) is
transformed into / — 1 decoupled subsystems specified by
(65), where the only difference is that the eigenvalues \,
appearing in these systems are now given by (69b). These
subsystems can be solved in parallel, and as the FFT can also
be used toimplement the DCT, the complexity of the result-
ing algorithm is O(/J log /).

V. NNM SMOOTHER

In this section we examine the smoothing problem for
2-D random fields described by a NNM driven by white
Gaussian noise. Note that as NNMs are intrinsically acausal,
the only linear estimation problem that preserves the acau-
sality of the system formulation is the smoothing problem.
Given noisy NNM observations over the rectangle @, the
general approach developed in[6],[7] for estimating bound-
ary value processes is used to show that the smoother
dynamics and boundary conditions are themselves in the
form of a NNM of twice the size of the original NNM. Thus
the class of NNMs, unlike say the class of 1-D causal sys-
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tems, is closed under the smoothing operation. A conse-
quence of this observation is that the two-filter solution
techniques described in Sections [11 and IV can be used to
compute the NNM smoothed estimate.

A. Operator Characterization of the NNM Smoother

The NNM smoothing problem can be described as fol-
lows. First, assume that the input sequence u; ; driving the
NNM (1) is a zero-mean white Gaussian noise sequence
defined overtheinterior® =1,/ — 1] x [1,] — 1] of rectangle
Q, and with intensity

Elu; jul] = Qbydjs. (70)

The boundary vectors dy, ; and dy,; appearing in boundary
conditions (13) are also assumed to be zero-mean white
Gaussian noise sequences that are mutually uncorrelated,
as well as uncorrelated with the noise u; ; and with inten-
sities

E[dH,/’dL,s] = I146; Eldy,dVi] = Tyd. 71

Given the definitions of the inputs and boundary vectors
above, the state x; ; of NNM (1) is a zero-mean 2-D Gaussian
random field. We are given some noisy observations

Vii=Cxj+r; (e (72)

of this field over the interior domain Q. Here r; ; is a zero-
mean white Gaussian noise sequence uncorrelated with
the driving noise u; ; and the boundary and corner vectors,
and with intensity

Elr; ;i) = R8; 48, 6 73)

where R > 0. In addition to the above interior measure-
ments, we may also be given some boundary measure-
ments that have a structure similar to the boundary and cor-
ner conditions described in Section Il

yu,i = Hixo,j + Guxqj + Hexj + Grxpoq,j + 1 j (74a)
yvi = Hpxjo + Ggx;1 + Hrxiy + Gyxijoq + 1y (74b)

In the above measurements, ry; ; and r,; are assumed to be
zero-mean white Gaussian noises, which are mutually
uncorrelated, and uncorrelated with u, r, and the boundary
vectors, and with intensity

Elry, i = Ruds  Elry,mid = Rydy. 75)
The motivation for considering boundary observations that
have a form different from the interior observations is that
(74) can be used to model the case where we observe the
discretized normal derivative of a PDE along the boundary
of a domain. For example, when the normal derivative is
observed along the left and right edges of Q, if h is the dis-
cretization mesh, the measurements can be expressed as

1
(Xo,; — X1,) ¥ rj  YRj= h (1 — X1, * e

=

Yi,j =
(76)

where r, ; and rg ; are uncorrelated white Gaussian noises.
These boundary measurements clearly correspond toa spe-
cial case of (74a). An example of this type appears in the
inverse resistivity problem considered in [36], where a
potential distribution is imposed on the boundary of a resis-
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tive medium, and the resulting current density, which is
proportional to the normal derivative of the potential, is
measured on the boundary.

The NNM smoothing problem consists in computing the
conditional mean

R;; = Elx; ;Y] (77)

where Y denotes the Hilbert space of zero-mean random
variables spanned by the interior observations y; ; for (i, j)
€@, and by the boundary observations y, ; with0 < j < J,
and yy; with 1 < i </ — 1. To solve this problem, we will
use the general results obtained in [6], [7] for the estimation
of boundary value processes. However, because these
results are expressed in abstract operator form, our first
step will be to rewrite the NNM (1), (13) and observations
(72) and (74) in operator form.

In this framework, the NNM dynamics (1) take the form

(L x)i,,‘ = BUi,,‘ (78)

where, if D, and D, denote, respectively, the backward hor-
izontal and vertical shift operators
Dix;j = Xj-1,; Dox;j = x4 (79a)
we have
L=1~-AD; — AD" — AD, — A,D;'.  (79b)

Note~that in (78) x and Lx are defined over the domains Q
and (, respectively. Let also A, be the restriction operator
such that

Xp = Apx (80)

is the restriction of x to the first and last two columns and
rows of Q. Define

X, = Xg = (81a)
X1 Xj-1

where the vectors x; are defined as in (22a), and let
X{ X;
XB{?} x,{{ ] 81b)
X1 Xj-1

A, T oo T
X' = [x,; Xa,; Xi-1,]] 82)

where

is the vector obtained by scanning the states x; ; along the
jth row of @, where we omit the first and last elements of
each row. Then, the restriction of x, can be represented in
vector form as

T

X =Ix{ xk xz x7] 83)

and the boundary conditions (13) can be written in operator
form as

be=db (843)
with
I, A, T A, 0 0 0 O
:{: L L R R (84b)
0 0 0 0 T, Ay T7 A
and
dy
d, = . 84
: L] (#4a
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The matrices T';, I'g, A;, and Ag, and vector dy, appearing in
the above expressions are defined in (27), and

Ipy=I1®Vy, T;=1®V; (85a)
AB=I®WB AT=I®WT (85b)
dy =[d}, di, - di, (85¢)

where the matrices I'g, I'y, Ag, and Ay have size 2(/ — 1)n X
(I — 1) n and the vector dy has dimension 2(/ — 1)n. Finally,
the vector d,, given by (84c) is a zero-mean Gaussian vector
with variance

I®1I 0
" ] 86)

nb=f[dbdg]=[ 0 rom
V.

Aminortechnical issue connected with the definition (83)
of boundary vector x,, is that several entries, namely x, o, x4 1,
X1,5-1, X1y and X;_q 0, X;_14,1, X/—1,7-1, X;=1,; appear twice in
Xp. For example x; o is the first entry of x; in x; as well as the
first entry of x; in xg. The objective of this rather odd def-
inition is to make sure that the smoother boundary con-
ditions (91) below provide enough constraints to specify the
smoother completely, and in particular at the four corners
of domain Q. A consequence of this choice, however, is that
constraints have to be added that force the duplicate entries
to be the same. As this is primarily a bookkeeping opera-
tion, these constraints are only taken into account implic-
itly.

Similarly, the interior and boundary observations (72) and
(74) can be denoted in operator form as

y=Cx+r 87)
Yo = be + Iy (883)

o]l
Yv fy

are obtained by scanning the horizontal and vertical
boundary observations and noises, and the matrix H has a
structure identical to that of V

0, ¥ 6, ¥, 0 0 0 O
H= (88c)
0 0 0 0 O ¥, 6 ¥,

where

with

0, =I®H, ¥ =I®G;, forE=1L,R B T. (88d)

The covariance of the zero-mean Gaussian vectorr, is given
by
I ®R 0

: ] 9

R, = Hrpyrl] = .
b {rers] l:o 19 R,

Then, it was shown in [6], [7] that the smoother dynamics
and boundary conditions could be expressed in operator

form as
L -BQB* |[% 0
= 90)
[C*R”c Lt MX] {C*R”y] (

X5

VMLV + H*R'H E] L\] = H*R;y, 91
b.
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where B*, C*, V*, and H* are the adjoint operators of B,
C, V, and H, respectively, and where LT denotes the formal
adjoint of the difference operator L. LT and the boundary
operator £ are defined through the Green’s identity

CLx, Nygg = <x, LT)\)S(ﬁ) + (Xp, ENp)s, (92)

where S(@) and S, are the vector spaces of n-vector func-
tions indexed over the domain €, and over the first and last
two rows and columns of @, respectively, and where (., .)s
denotes the inner product over these spaces. The variable
)“\,»,,- appearing in (90) is the conditional mean of A; ; with
respect to the space Y spanned by the observations, where
\;,jis the state of the complementary model associated with
x;,» The concept of complementary model was originally
introduced by Weinert and Desai [12], and it is the key ele-
ment used in [6], [7] to derive the smoothing equations (90),
(91). Note also that (90) has a Hamiltonian structure similar
to that of the smoother for 1-D causal processes [37].

Again, because of the specific scanning scheme employed
in the definition of &, and X, both of these vectors contain
duplicate entries, which must be constrained to be the
same. This is only an artifact of the mathematical derivation
employed to obtain the smoother (91), and all boundary-
value duplications can be removed in subsequent uses of
the smoother.

B. NNM Characterization of the Smoother

As such, the operator characterization (90), (91) describes
completely the NNM smoother. However, this character-
ization can be made more explicit by noting that for the
Green'’s identity (92), it can be shown that
(LU\)I',,' =N~ Azr)\i—1,; - A1T}\i+1,,' - AD\;,,'—1 — AN 41

(93)
and

(Xp, ENpDs,

= lg Ixt, xi1E Mo + [x]; x]_.1E M }
=1 0,/ 1,j1EL )\1,/' Lj -1,jAER )\[_1,/
'S T T o T T Ny
+ _21 X0 xi11Es N + [xi; xij-alEr N
= i1 i) =1
(94)
g =)|° A = |® A (95a)
LT lAl o RlAT o

0 —AJ [0 —Az}
E; = E = (95b)
8 [AI 0 } T Al o

Substituting (93) into the operator description (90) of the
NNM smoother dynamics, we can rewrite these dynamics

as
2 Ricq; 2 R
ao[:’l] - a1|jA 1),i| " a2|ih,+1l/i1 * a3[AIlI 1:|
)\i,/ )\iA‘l,j )\i+1,j >\i,/'—1

R
+ oql} ’”] + By (96)

i j+1

with
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with

! —-BQBT 0
oy = [CTR-VC / j| ﬁ = [CTR-£| (97a)
A O 1Ay 0
ol el e

A; 0 1A 0
SR oeir ]

where (96) is almost in NNM form. This relation can be
brought to NNM form by noting that «y is invertible with

! BQBT||P, ©
w5’ =| o ][ 1 } (98a)
-C'R-'C 1 0 P,
where
P, =( + BQB'CTR™'C)~’
P,=(+ C'R-'CBQB")™" (98b)
This yields
[Xi,j] - &1[21_1’ji| * &2|:2i+1'1} * a3|:2i’i—1:|
Xi,j xi—1,j Xi+1,j X1’,/‘—1
R ~
+ Q, + 6}’,",' (99a)
Xi,/‘+1
with
G =o'y, 1sk=4 PB=o"8 (99b)

which is now in NNM form.

Similarly, by using (94), (95) and taking into account the
structure (84b), (88c) of boundary matrices V and H, the
boundary conditions (91) for the NNM smoother can be
rewritten more explicitly as

vi
wll__,
; [Hr'Ve W Ve Wil
Ve
Wk
HZ *0/
C[ -1 1,f
+ ; |RA'IH Gy Hg Gql
HR Lj
G Ri-1,j
Ro,i H]
E, 0|} Ay G/
|t } = [ Raymy (100a)
0 Erl| N Hg
N Gk

637



vi
wil
L Ve Ws ve Wy
Vr
w7
[ H} %10
Gs Ry'[Hs Gy Hy Gil K
+
H; \'4 B B T T )?“
| GT Rij-1
Mo Hj
(£, 0 ]| & G}
+° } =10 |k (aoob)
L0 Erl| Ay Hy
Ay GT

But these boundary conditions are precisely in the form
(13)! Thus, the NNM solution techniques developed in Sec-
tions Il and 1V are directly applicable to the NNM smoother
(99), (100), because the smoother itself is in NNM form. The
fact that the class of NNM models is invariant under the
smoothing operation is also quite satisfying, as it indicates
that these models are perfectly adapted to the study of non-
causal estimation problems.

C. Smoothing Error Dynamics

It was also shown in [6], [7] that the smoothing error X =
x — % admits the operator characterization

e 22 o] o
c*R-'Cc It % T lo cew-1lle] O

with boundary condition

X
Ab:| = V*H[;1db - H*Rg1rb.
b.

[V*II;'V + H*R;'H E]{

(102)

The 2-D NNM that corresponds to the operator expression
(107) is identical to (99a), except for the input term

[ X:,,} & { x1—1,/] +& [ Xi+1,/':|
- = a1 ~ 9 N
=N, —Aioa,j ~Air1,
. [ Xi,j1] +a I: xr,[+1:|
* Qg [+ 7] &
_Xv‘,/’—1 —Nj+1

+a0_1[B 0 ][u"’]. (103)
0 C'R'|r,;

Similarly, the operator representation (102) of the boundary
conditionsyields boundary conditions identical to (100a, b),
but with different right-hand sides.

The model (103) for the smoothing error can be used to
compute the error covariance P(i, j; k, I) = E[)?,-,,-Xkr‘,], which
is a useful quantity if we want to evaluate the performance
of the NNM smoother.
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VI. SMOOTHING EXAMPLES

In this section, the results of the previous sections are
applied to implement the NNM smoother for two exam-
ples, corresponding to the discretized stochastic Poisson
and heat equations, respectively. In particular, it is shown
that the FFT solver developed in Section IV can be used to
implement the NNM smoother for both of these examples.

A. 2-D Poisson Equation
The dynamics of the process to be estimated are given
by
Xij =1, + Xierj + Xijo1 + X je0) + U (104)

where the variance of the white Gaussian noise process u; ;
is g. The boundary conditions are in Dirichlet form

Vi=1 Wy,=0 forE=LR BT (105

in (16), where the variance of the zero-mean boundary vec-
tors d « is . The interior observations are simply the pro-
cess itself plus some additive white Gaussian noise process
r,; of unit variance

Yij = Xij t I G, j) e (106)

and we assume that the state x is observed exactly on the
boundary
Yiui = Xoj  YRj = Xij yri =Xy (107)

Therefore, for this problem the matrices A, with 1 < k <
4, B, C, Q, and R are all scalars, and, in particular

A=Ay =Ay = A, = 1/4 (108a)
Q=aq (108b)

Substituting these values inside expression (96) for the NNM
smoother, we find

T
1 1 ki,j 4 Xi—‘l,/ )‘i+1,j Ai,[—1
Iy 0
+ [ "”B + [ } (109)
Xi,;‘+1 Yij

Taking also into account the form of the boundary con-
ditions and observations (107) inside (100), it is easy to check
that the NNM smoother boundary conditions are of Di-
richlet type

Y8,i = Xio

B=C=R=1

Roj=VYii Rj=VYej Rio=Vsi Riy=yr (1103
f\oyl-=0 ;\[’I' =0 X,"o =0 f\;//=0.
(110b)

As the NNM smoother dynamics are vertically symmetric
and the boundary conditions are in Dirichlet form, the FFT
solver described in Section 1V-B can be used to solve (109),
(110). Let {£; ;}, { u;,;}, and {#; ;} be the sequences obtained
by applying the discrete sine transform S given by (62) to
the estimates {%; ;}, {)A\,-,,-} ,and observations { y; ;} for a fixed
index i. That is,

2 142 j-1
£, = <7> ’21 Liesinkjxl)) 1=j=<J-1 (111a)
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12 j-1
i = <—) E Nesintkjzl)y 1=<j=<j-1 (111b)

12 -1
m,j = <—> 1§1 yik sin (kjxl/)) 1<j=</-1 (M0
Let also
2\ "2
o (7) sin (/) (ys; + (=D Tyr)  (111d)

be the sequence representing the effect of the DST on the
boundary conditions (110c) and (110d) on the bottom and
top edges. Then, by applying the DST to the columns of the
NNM smoother (109), (110), we obtain the decoupled sub-
systems

[1 — 1 cos (jal)) -q }[gh,}
1 1 — Jcos (jal)) L pi;

1| i-1,j i+1, i j
- _{[E ”} + [E ”"B + [6”} (112)
4 Hi-1,j HKi+1,j i, j
where 1 < j < J — 1, with boundary conditions

Eo,,' = M, fl,j = NR,j Ko, j = M, = 0 (113)

where {7, ;} and {7z ;} denote the DST transforms of the
boundary measurements {y, ;} and {y,}, respectively.
These subsystems can then be written in TPBVDS form and
solved by decomposing the TPBVDS model into forward
and backward stable components. By observing that the
modes o of the system (112) are the zeros of the determinant
of the matrix

dw) = [1 S ey o ]
1 1= 3w + 2 cos (jx/))

(114)

1 1

wherew = o + ¢7 ', it is clear that if ¢ is a mode, soiso™ ',
so that in the TPBVDS decomposition, there will be two for-
ward stable and two backward stable modes. Unfortu-
nately, even for this simple example, the TPBVDS decom-
position cannot be computed in closed form.
B. Discretized Heat Equation
Consider now the discrete heat equation
mx; ;= Xi—1; + nX; ;-1 + X; ;41 + U (115)

where the variance of noise u; ; is q. Assume also that the
boundary conditions, interior observations, and boundary
observations are the same as for the previous example.
Then, the NNM smoother takes the form

[m _q]{&i] - [Xi-1,j] " { 0 }
1 m][ N 0 Riovj
Rii_ R 0
+ ij ‘l:| |:l,/+1i|} |: :|
n{[xf,m * N ’ Yij
(116)

and the boundary conditions are given by (110a) and

xl,j =Rho=4X,=0 (117)
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with )A\O,, free. This last feature just corresponds to the fact
that the A dynamics are anticausal in the i direction, so that
the values of X, ; with i = 1 are not affected by &, ;. Again,
the NNM smoother dynamics (116) are vertically symmetric,
and the vertical boundary conditions are in Dirichlet form,
so that the FFT solver of Section IV-B is applicable to this
system. Performing the transformations (111a)-(111d), the
NNM smoother is decoupled into /] — 1 subsystems of the
form

[m — 2n cos (jx/}) —-q }{51,/}
1 m — 2n cos (jrlf) || wi;

- [s’*”] i [e"/} (118)
Bi+n,j Mi,j

with 1 < j < / — 1. But equation (118) is equivalent to the
TPBVDS system

[m — 2n cos (jx/)) OH £ }
-1 1 Hi+a,j

_ F q JF"’“} + [ i } (119)
0 m — 2n cos (jxl/J) i, =1,

where the boundary conditions are given by

50,,‘ = ML, mip = 0. (120)

Thus, in this particular case, no state augmentation is nec-
essary to bring the transformed smoother to TPBVDS form,
because the heat equation is causal in the i direction. Thus,
if we apply the DST transform to vertical index j in equation
(115), the coupling with respect to the j variable is elimi-
nated, and we obtain a standard causal 1-D system, for which
the smoother is the standard 1-D smoother, given here by
(119). This implies that the usual Riccati equations for the
forward and backward filtered and predicted error vari-
ances can be used to decouple the dynamics (119) (see [8],
and [6, section 5.3.2] for a description of the decoupling
transformation), yielding the standard Mayne-Fraser [33],
[34] two-filter implementation of the 1-D smoother.

VIl. CONCLUSIONS

A general smoothing method has been obtained for 2-D
random fields described by 2-D NNMs with local boundary
conditions. This smoothing procedure relies on a general
approach to the formulation of noncausal estimation prob-
lems developed in [6], [7]. In this approach, both the state
of the system and of its complementary model need to be
estimated, and accordingly, the smoother is described by
aHamiltonian system of twice the dimension of the original
system. For the NNM case, it turns out that the Hamiltonian
isitself in NNM form, with local boundary conditions of the
type to specify the class of NNM systems. This property
indicates that NNMs capture well the intrinsic noncausality
associated with estimation problems in several dimen-
sions.

One of the main themes of this paper is that straight-
foward attempts at extending 1-D Kalman filtering tech-
niques to several dimensions are misguided, because ran-
dom fields in several dimensions are usually not generated
causally, and multidimensional random observations are
often not obtained sequentially, but all at one time. This
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implies that noncausal random field models, such as NNMs,
and smoothing problems provide the most natural ways to
formulate multidimensional estimation problems. In other
words, a purely noncausal formulation of multidimensional
estimation problems should be employed. However, it is
still possible to reintroduce recursiveness at the algo-
rithmic level in order to obtain fast estimation techniques.
As causality is in this case a computational device, many
different types of recursions are possible, reflecting the
greatamount of latitude we have in processing the available
data.

An important limitation of the results presented here is
that we have assumed that the domain of definition of the
2-D NNMs under consideration was rectangular. For prac-
tical applications, random fields are usually defined over
irregular domains, so that at first sight the results devel-
oped here have a limited applicability. However, this
impression is incorrect, because recently developed
domain decomposition techniques for PDEs [38] make it
possible to divide an irregular domain in rectangular sub-
domains, and then to solve the original problem over each
subdomain separately, while handling the coupling
between subdomains with a preconditioned conjugate gra-
dientalgorithm. This approach would lead here to a parallel
implementation of 2-D NNM estimation algorithms, were
observations over different subdomains could be pro-
cessed in parallel, and then combined to obtain an overall
estimate. In addition to being parallel, this approach also
makes it possible, provided that the conditions of Section
IV are satisfied, to use FFT solvers over the rectangular sub-
domains, as shown in [39]. The application of domain
decomposition techniques to NNM estimation problems
seems therefore to be a promising area for future research.
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