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Abstract—The eigenstructure approach for array processing is ex-
amined for the general case in which it is required to estimate several
parameters related to the directional patterns of the sources and the
sensors as well as parameters related to the location of the sources.
The assumption of the MUSIC algorithm that any given source is ob-
served by all the sensors with the same intensity is removed, and hence,
the proposed technique is useful for localizing emitters in the near field
of the array and for using sensors with known phase but unknown gain
pattern. The resulting method is illustrated by simple examples, which
are also used to show that the standard MUSIC algorithm does not
work when the assumption of equal intensities is violated.

I. INTRODUCTION

N this paper we are concerned with the problem of lo-

calizing several radiating sources by observation of their
signals at spatially separated sensors. This is a problem
of considerable importance, occurring in a variety of fields
ranging from radar, sonar, and oceanography to seismol-
ogy and radio-astronomy. In recent years, there has been
a growing interest in eigenstructure based methods, per-
haps due to the introduction of the MUSIC method by
Schmidt [1], which is a technique that can be applied to
general array configurations and which is relatively sim-
ple and efficient. A comprehensive discussion of the MU-
SIC method may be found in [1], while [3] contains a
literature survey of most of the recently published results.

An assumption common to all previously published
contributions in this area is that any given source is ob-
served by all the sensors with the same intensity. This
assumption is reasonable only if the sources are in the far
field of the array and the sensors have identical radiation
patterns. In this paper we illustrate a potential problem
with the basic MUSIC method when this assumption is
violated. To remedy this problem, we remove the as-
sumption of equal intensity and thus extend the applica-
bility of the MUSIC technique, or any other eigenstruc-

Manuscript received June 25, 1987; revised March 7, 1988. The work
of the first author was supported by the Army Research Office under Con-
tract DAAL03-86-C-0018. The work of the other authors was supported in
part by the National Science Foundation under Grant ECS-8312921, and
in part by the Army Research Office under Grants DAAG-84-K-0005 and
DAALO03-86-K-1071.

A.J. Weiss was with Saxpy Computer Corporation, 255 San Geronimo
Way, Sunnyvale, CA 94086. He is now with the Department of Electronic
Systems, Faculty of Engineering, Tel-Aviv University, Tel-Aviv, 69978,
Israel.

A. S. Willsky is with the Laboratory for Information and Decision Sys-
tems, Massachusetts Institute of Technology, Cambridge, MA 02139.

B. C. Levy is with the Department of Electrical Engineering and Com-
puter Science, University of California, Davis, CA 95616.

IEEE Log Number 8822834.

ture approach, to the case of near field sources and/or
sensors with unknown gain patterns. The proposed ap-
proach does not extend to the case of sensor phase uncer-
tainty. See [5] for a different approach that is capable of
direction finding with sensor gain and phase uncertainty.
However, the algorithm in [5] is limited to sources in the
far field or sources in the near field with omnidirectional
gain pattern.

The paper is organized as follows. The problem for-
mulation and proposed solution are described in Section
II, which also contains a condition for unique solution. In
Section III we illustrate through examples that the MU-
SIC method breaks down when the signals are observed
with unequal intensities, while the proposed technique
performs well. However, since in our approach there are
more degrees of freedom, spurious estimates may be gen-
erated. We indicate how postprocessing can eliminate the
phantom results. Section IV contains some conclusions.

II. PROBLEM FORMULATION AND SOLUTION

Consider N radiating sources with an arbitrary radiation
pattern observed by an array of M sensors. The signal at
the output of the mth sensor can be described by

N
X, (1) = Z]l ConSp(t = Tom) + 0 (2);

-T/2 (1)

where {s,,(t)},’,V:, are the radiated signals, {v,,(1)}¥_,
are additive noise processes, and T is the observation in-
terval. The intensities «,,, (wWhich are assumed to be real)
and the delays 7,,, are parameters related to the directional
patterns and relative location of the nth source and the mth
sensor.

A convenient separation of the parameters to be esti-
mated is obtained by using Fourier coefficients defined by

E
X (@) = Nz S-m

where w; = (27 /T) (L, +1),{=1,2, -+ ,L;and [
is a constant. In principle, the number of coefficients re-
quired to capture all the signal information is infinite.
However, if we consider signals with energy concentrated
in a finite spectral band, we can use only L < o coeffi-
cients.

,» M;

IA

1’2,...
t=<T/2

Xn(t)e e dt,
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Taking the Fourier coefficients of (1), we obtain
N
Xm(wl) = 21 O‘mne_jw”m" Sn(wl) + Vm(wl);

l=12,---,L (2)

where S, (w;) and V,,(w, ) are the Fourier coefficients of
s,(t) and v, (1), respectively. Equation (2) may be ex-
pressed using vector notation as follows:

X(w) = A(w) S(w) + V(w);
1=1,2, -, L (3)

where
X(wy) = [X,(w,), X(w), oo, XM(‘*’I)]T’
S(er) = [Si(@), Sa(w), -+, Swlen)],
V(e) = [Vl(w[)s Va(w), =+, VM("-’I)]T’
Awr) = [a(8,), a(6,), - - -, a(6y)],
al(en) = [alne_jwlﬂn’ OIZne_jw”-zns Y 0‘Mrl‘*’ijm[‘nm]T'

We use 0, to represent all the parameters of interest as-
sociated with the nth signal, namely, {a,,}¥_, and
{ T }m=1. Our main goal is to estimate the set {0, }Y_,.
Note that if the spectrum of the signals is concentrated
around w;, with a bandwidth that is small compared to
27 /T, then (3) reduces to a single relation between the
observation vector X(w,;) and the parameters, i.e., L =
1. In this case, it is customary to use many short obser-
vation intervals or simply time samples, and the model
becomes

X(j)=48(j) + V(j) (4)

where the dependence on the single frequency w, is sup-
pressed, and j denotes the index of the different samples.
Note that the main difference between the narrow-band
case and the wide-band case is that 4 is the same in all
the J equations specified by (4), while 4(w,) is different
in each of the L equations given by (3). However, the
estimation procedure discussed here is equally applicable
to both cases. In this paper we concentrate on the narrow-
band case. The modification for the wide-band case,
using, for example, [2] or [4], is straightforward.

Note that since neither A nor S(j) are known in ad-
vance, they cannot be uniquely determined. One can left
multiply S(j) by an N X N complex (diagonal or any
nonsingular) matrix, and right multiply 4 by the inverse
of this nonsingular matrix, without changing the received
signals X(j). Hence, without loss of generality, we se-
lect the norm of every column of A to be one.

The following assumptions are made:

J=12,0 0

a) the signals and noises are stationary over the ob-
servation interval;

b) the number of sources is known,;

¢) the columns of A are linearly independent;

d) the signals are not perfectly correlated; and
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e) the noise covariance matrix is known except for a
multiplicative constant ¢

The correlation matrices of the signal, noise, and ob-
servation vectors are given, respectively, by

R, = E{SS"},
o> 2 = E{v"},

R, = E{XX"} = AR A" + o2, (5)
where ( - )" represents the Hermitian transpose operation.
The following theorem forms the basis for the eigenstruc-
ture approach.

Theorem: Let \; and u;, i = 1,2, - - - , M be the ei-
genvalues and corresponding eigenvectors of the matrix
pencil (R,, Ly) (i.e., the solutions of R.u = NLyu),
where the A;’s are listed in descending order. Then,

DM =M= =\y = 02§ and
2) each of the columns of A4 is orthogonal to the matrix
U=1luysi, unio, =, uyl.

Proof: See [2].

This theorem suggests that reasonable estimates of the
parameters [0, }Y_, may be obtained by first generating
an estimate U of U and then searching over all possible
values of 0, for vectors a(0,) that are nearly orthogonal
to U. This may be written as

9, = arg min || 0% a(9,) ]2,
O

(6)

where || - || denotes the Euclidean norm. As already men-
tioned, since there is an extra degree of freedom, there is
no loss of generality in assuming that || (90,)] = 1. This
also eliminates the trivial solution of (6). Note that (6)
requires a multidimensional search over the parameters
{em} and {7,,}, in contrast with the basic MUSIC
method which assumes that all the parameters { ,,, } are
equal to one, or alternatively that they are known and
stored in large calibration tables. The multidimensional
search can be considerably simplified by decomposing
a(9,) as follows:

a(9,) = T'(z,) - @,

where
T
o, = (alm Qaps * " " aMn) ’
I‘(T,,) — diag (e—jwmn’ e_jwl‘on, e e“jwlTMn ),
and
T
T = (Tlm Tans * " TMn) .

Using this notation, (6) becomes

8, = arg min «[T#(x,) 00T (1,)a,.

Ony Tn

(7)

The minimum must be found under the following con-
straint: 1) @, is a real vector; 2) ||a,|| = 1; and 3) 7, is
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in the space induced by all possible source locations.
Hence,

(8.2)

(8.b)

where 6™" { C(t,)} is the smallest eigenvalue of the ma-
trix C(t,) given by

C(t,) = Re {T"(1,)UU"T (v,) }, (9)

and W™ is the associated normalized eigenvector. Equa-
tion (8) requires a search over the space of vectors t,,
induced by all possible individual source locations. In the
basic MUSIC method, (8) is simply

i

where the vector a(t,) is only a function of the delays 1,
and not of the intensities. That means that for every pos-
sible 1, the intensities are assumed to be equal to one, or
a corresponding vector @, is known (stored in memory)
and is used to construct a(t,).

The proposed algorithm may be summarized as fol-
lows.

a) Estimate the observation covariance matrix

%, = arg min 6™" {C(t,,)},

Tn

an — Wmll‘l’

A

£, = arg min H 0% a(1,)
Tn

fo= 5 B XOXG)

b) Find the M — N eigenvectors, {i#; }, corresponding
to the smallest M — N eigenvalues of the pencil (R,, Xy ),
and construct the matrix

, By

c) Evaluate, for all possible source locations, the *‘spa-
tial spectrum’’ given by

U= ["N+1, Unyio, * 0

P(t) = —+

sm {C(v)}
where C(7) is defined by (9).

d) Select the N highest peaks of P(1). The correspond-
ing values of t describe the source locations, and the cor-
responding eigenvectors describe the intensity vectors
{a,}.

This conceptually simple algorithm requires, in step ¢),
more computational effort than the basic MUSIC method.
However, the results, illustrated in the next section, jus-
tify this effort.

Also note that the computational requirements, associ-
ated with the proposed approach, are typically less than
the requirements associated with the iterative maximum
likelihood solution described in [6].

Before turning to some examples, it is appropriate to
discuss the question of uniqueness. While sufficient con-
ditions for uniqueness are still an open research problem,
it is easy to derive a necessary condition following [1, p.
84]. Referring to the basic relation (5), we observe that
R, can be perfectly described by 2MN — N 2 + 1 param-
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eters. These parameters are the N + 1 different (real) ei-
genvalues and 2NM — N* — N parameters that define the
N complex eigenvectors, associated with the signal sub-
space, that satisfy N(N + 1)/2 complex orthogonality
constraints. On the other hand, we have MN unknown
{ &}, N constraints on {a,,}, r - N unknown location
parameters (r = 1 for azimuth only system, r = 2 for
azimuth and elevation system, etc.), N> unknown param-
eters that define the Hermitian matrix R,, and a single un-
known parameter ¢2. Thus, the problem is not strictly well
posed unless

JMN — N*4+ 1= MN—-N+r-N+N?+1,
or ’

N<(M+1-r)/2 (10)

However, even if this inequality is satisfied, one may
obtain spurious results in addition to the desired solu-
tions, as shown in the following section. It is then nec-
essary to use postprocessing criteria to eliminate the un-
desired solutions.

III. EXAMPLES

To illustrate the behavior of the algorithms, let us con-
sider two examples.

Example 1: Consider a uniform linear array of five sen-
sors separated by one-half a wavelength of the actual nar-
row-band source signals. The sources are two narrow-
band emitters located in the far-field of the array. In this
case, if v, denotes the bearing of the nth source, (n = 1,
2) relative to the perpendicular to the array baseline, the
differential delay is given by w, 7,,, = (m — 1) 7 sin
(7vn)- The intensity coefficients {«,, } were chosen ac-
cording to

o =1+ V12 05 * By, (11)

where the (,,’s are independent, identically distributed
random numbers whose distribution is uniform over the
interval [—0.5, 0.5], and where o, is the standard devia-
tion of «,,,. The signals, S(j), and the noise, V(j), are
random complex Gaussian vectors with covariance matri-
ces o2 - Tand 02 - 1, respectively.

In the first experiment, we placed one source at —5°
and the other at 10°, to demonstrate the ‘‘superresolu-
tion”’ performance of the algorithm (the Rayleigh reso-
lution criterion for this array is 28.6°). We then collected
J = 40 snapshots with SNR £ 20 log (0, /0,) = 30 (dB).
The standatd deviation of the intensity coeflicients was set
at 0.5. (Note that the intensity coefficients were selected
only once and they are the same for all the snapshots.)
The ‘‘spatial spectrum’’

A

P; 2 —101log {6™" ()} (dB),

of the proposed algorithm and the spatial spectrum of the
MUSIC algorithm defined by

Py & =20 log {|| 0" a(1)||} (dB);
is plotted in Fig. 1. We observe that the standard MUSIC
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Fig. 1. Spatial spectrum of two far-field sources, with random intensity
coefficients (linear array).

approach fails to resolve the sources. On the other hand,
the proposed method clearly resolves the sources, esti-
mates the direction accurately, and above all obtains an
accurate estimate of { a,,, } with maximum error of 2 per-
cent (i.e., |l&, — a,]| /| @] < 0.02). Notice that the
spatial spectrum associated with the new method has ad-
ditional low peaks at —28° and 32°. These phantom so-
lutions can be easily removed using a ‘‘validity criterion’’
that requires all intensity coefficients to have the same
sign. Hence, all solutions with associated & containing
nonphysical coefficients are immediately eliminated. In
Fig. 1, the validity criterion is high for acceptable solu-
tions and low for nonphysical intensity coefficients.

Example 2: Consider exactly the same setting as in Ex-
ample 1, except that now all the intensity coefficients are
selected to be one, so that the intensities match the stan-
dard MUSIC assumptions. The results of applying both
algorithms are shown in Fig. 2. As expected, the MUSIC
algorithm performs well, but there is a potential problem
with the proposed approach. In addition to the desired so-
lutions at —5° and 10°, we obtain a phantom solution at
exactly 2.5°, which is not eliminated by the validity cri-
terion. A simple analysis shows that the phantom solu-
tions are expected to appear at (y, + 7,)/2 when the
array is linear, @, = a,, and two sources are close to-
gether. In general, ambiguous solutions occur whenever
the surface spanned by a(0) (‘‘array manifold’’) inter-
sects, or is very close to, the signal subspace (the space
spanned by the columns of 4) in the more than N points
[1].

Experiment 2 was repeated using a circular array of 6
sensors with equal spacing of one-half a wavelength.
Again all intensity coefficients were equal to one. Fig. 3
shows the results. It is clear that now the ambiguous so-
lution is detected by the validity criterion.

IV. CoNCLUSIONS
In this paper, the eigenstructure approach has been used
to obtain estimates of source locations as well as estimates
of the intensity vectors {a,} simultaneously. We have
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Fig. 2. Spatial spectrum of two far-field sources with equal intensity coef-
ficients (linear array).
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Fig. 3. Spatial spectrum of two far-field sources with equal intensity coef-
ficients (circular array).

shown that the basic MUSIC method does not perform
well when the vectors {a,} are not known a priori. The
estimates of {a,} may be useful in their own right, but
their estimation is essential, even if one is only interested
in the source locations, in cases where it is not appropriate
to assume omnidirectionality. For example, whenever a
source is in the near field of the array, its radiation pattern
can rarely be assumed omnidirectional. This is also im-
portant in applications in which it is unrealistic to assume
that the radiation pattern of each sensor is accurately
known (this usually requires frequent recalibration and
a large memory).

We observed that in some cases, postprocessing is re-
quired to eliminate spurious solutions and also ambiguous
solutions. The elimination of spurious solutions which are
associated with nonphysical intensity vectors is relatively
easy. On the other hand, elimination of ambiguous solu-
tions that have acceptable intensity vectors is much more
complicated, and requires a close examination of all re-
sults, as well as taking into account any available a priori
knowledge. The appearance of ambiguous peaks in cer-
tain cases and their elimination is still an open subject of
research.
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