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After a review of the development of the Mayne-Fraser two-filter smoother, a first principle
argument is used to rederive this smoother. Reversed-time Markov models play a key role in
forming a state estimate from future observations. The built-in asymmetry of the Mayne-
Fraser smoother is pointed out, and it is shown how this asymmetry may be removed.
Additionally, a covariance analysis of the two-filter smoother is provided, and reduced-order
smoothers are analyzed.

I. INTRODUCTION

The fixed-interval (FI) smoothing problem is of particular interest in post-
experimental data analysis and has been the subject of much attention [1],
[2]. Smoothing refers to estimating a state vector at a time point
intermediate to a span of measurements. Consequently, there is an
essential element of noncausality in smoothing since some of the
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measurements occur in the future. Fixed-interval smoothing involves
measurements over a given, fixed time interval. Estimates of the state are
desired throughout this time interval.

Problem formulation

Consider the continuous-time linear dynamic system

%x(t)=A(t)x(t)+w(t) (1.1)

with observations
y(t)=Cl)x(t)+v(r) (1.2)
where x(0)=x, and
Ex,=Ew(t)=Ev(t)=0, Exyx)=2(0),
Ew(t)w'(1)=Q(t)d(t—7), Ev(t)'(1)=R(1)d(r—7),
Exow'(t)=Exqv'(t)=Ew(t)'(t)=0.

Also it is assumed that all the random variables x,, w(t), v(t) are
Gaussian. The FI smoothing problem is to compute, for all te[0, T], the
conditional expectation of x(r) given the observations over [0, T, i.e., the
smoothed estimate is

£,(t)=E{x(0)|y().0S 1< T} (13)
and the corresponding smoothed error covariance is

Py(t)=E{[x(t) = £,()][x (1) — x,(1)]'} (1.4)

As is well-known, the estimate X,(¢) is a linear functional of the obser-
vations and is also the maximum a posteriori estimate and the linear
least-squares estimate.

Motivation

In order to gain some insight into the smoothing problem and to motivate
the development of this paper, consider the time-invariant version of the
smoothing problem with observations over the interval (— oc, + 20). In the
sequel, this will be referred to as the time-invariant infinite-lag smoothing
problem. Also, it is assumed here that x and y are scalar random
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processes and
y(£)=x(t)+v(t) (1.5)

The Wiener filter will be used to examine the relationship between past
and future observations in estimating x(¢).

The Wiener filter provides an estimate of x(t) given y(r), T<t, in terms
of a convolution integral as

t
f(l‘t)z { hit—1)y(r)dr (1.6)
where the filter inpulse response obeys the Wiener-Hopf Equation,

t
R, (t—0)= f h(t—-7)R,(t—0)do, o<t (1.7)
with R, (t)=E[x(t)y(0)] and R, (t)=E[y(t)y(0)]. A similar anti-causal
expression can be obtained to provide an estimate >€,(t|t) of x(t) from

future observations,
oc

£ (t])= [ h(t=1)p(z)da (1.8)

t

where the reserved-time filter obeys the Wiener-Hopf equation
ny(t—o)=fh,(t—f)RY(‘c—a)dT, o=t (1.9)
t

Since the cross-correlation function between x(t) and y(t) is an even
function of time, the filter impulse responses h(t) and h,(¢) are easily
related,

t
[ h(t—1)R,(t—0)dr=R_(t—0), o=t (1.10)
=R, (t—s), s—t=t—0

= h(t—0R,(t—s)dr, from (L9)

-t
= | h(+wR(u+s)dy, p=-t1

t
=_j h{—t+70)R (s—2t+7)d7r, T=2t+pu

= i h(—t+7t)R (t—0)dt

— 0

=h(t—t)=h,(1—1). (1.11)
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Equation (1.11) says that the weight #(—1) given to y(t) in forming >2(0|0)
is the same as the weight h,(r) given to y(—r7) in forming )E,(O|0). In this
sense, the same linear filter is used to estimate x(t) from either the past or
the future observations. The only place that the assumption x(t) and y(¢)
are scalar processes is used is for the relation R, (t)=R_,(—t). Whenever
R, (t)=R.(t), it follows that R (t) and R,(t) are even functions of time,
and so the same proof will work for vector processes in this case. The
vector case is addressed more completely in Section IV. As far as their
relative performance, it is straightforward to show that both estimates
L(z]t) and %,(t|¢) have the same mean-square error. Therefore the past and
future contain equal amounts of information about x(¢), and one would
expect equal weightings on both when forming the smoothed estimate.

That this is exactly the case can be seen from the Wiener smoother. The
smoothed estimate is '

2= [ h(—)p(e)ds (1.12)
where
_F{R,,(t)}
PO} =

and the operator F{ -} is the Fourier transform. Since R_,(t) and R (t) are
even functions of f, their transforms will be purely real. Thus the
transform of h(t) will also be real, and so h () must be even. This proves
that the past and future contribute equally to the smoothed estimate of
x(t).

One popular solution to the FI smoothing problem is the Mayne—
Fraser two-filter smoother [3], [4]. Section II provides an historical
review of the two-filter smoother discussing the work of Mayne, Fraser
and Mehra. The two-filter smoother gives the smoothed estimate as a
combination of a forward and a backward estimate. Both estimates come
from Kalman filters. A surprising fact, however, is that in the infinite-lag
case when the state dimension equals one, the steady-state covariance of
the backward is always larger than the covariance of the forward filter.
(See (2.22) for the backwards covariance.) This is surprising in view of the
previous development where the past and future observations were seen to
be equally valuable in estimating x(1).

The reason for this apparent contradiction is that the Mayne—Fraser
two-filter smoother has a built-in asymmetry that is absent from the
original problem. In Section III, it is shown that this asymmetry is due to
the way in which the a priori information enters into the estimate of x(z).
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New forms of the two-filter smoother will be presented which are
symmetric with respect to forward- and reversed-time. These smoothers
are obtained from simple, first principles arguments using reversed-time
realizations of the state process. Badawi et al. [5] have very recently
derived similar smoothing formulas based on stochastic realizations. It is
to be hoped that the analysis and discussion in Sections III and IV will
enable the reader to obtain a clear understanding of how future obser-
vations are incorporated in the FI smoothing problem.

Section IV examines the symmetry between forward- and reversed-time
in detail. It will be shown that this symmetry breaks down for the
problem of change of initial conditions. In Section V, one of the forms of
the two-filter smoother will be used to analyze reduced-order smoothers
and to perform a sensitivity analysis.

Preliminaries

This introductory section closes with two well-known results from pro-
bability theory. The first deals with combining estimates that have
independent errors.

PROPOSITION 1. Let x, vy, and y, be zero-mean Gaussian random
variables, and let X, and X, be the Bayesian (maximum likelihood)
estimates of x given y, and y,, respectively, with associated error co-
variances P, and P,. If the errors x—%, and x—X, are independent, then
the Bayesian (maximum likelihood) estimate of x given both y, and y, is

£=P[P{'%,+P;'X,] (1.13)
where the error covariance P is given by
P=[P '+P;']7! (1.14)

Proof. See Schweppe [6].

By abuse of terminology, the estimates X, and X, are often referred to
as independent estimates. The second result is simply the formula for the
conditional expectation of a Gaussian random variable.

PROPOSITION 2. Let x be a Gaussian random variable with mean m and
covariance I, and let y be an observation of x,

y=Hx+v (1.15)

where v is a zero-mean Gaussian random variable (with covariance R) that
is independent of x and the rank of H equals the dimension of x. The
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Bayesian estimate of x given y is
X=E[x|y]
=P[(HR Yy+X 'm] (1.16)
where the error covariance P satisfies
P=[(HR 'H)y+x 17! (1.17)

Proof. See Schweppe [6].

It is noted that Proposition 2 can be interpreted as meaning that the
Bayesian estimate of x given y equals the maximum likelihood estimate of
x given both y and the a priori mean m and covariance X. This
interpretation is obtained by forming two independent maximum like-
lihood estimates of x, one based on y and one based on m and X.
Combining these two maximum likelihood estimates by Proposition 1
yields (1.16) and (1.17). This idea of forming a Bayesian estimate as the
combination of two maximum likelihood estimates, one based on obser-
vations and one based on a priori data, is one the keys to the solution of
the smoothing problem in Section III.

Il. HISTORICAL REVIEW OF THE TWO-FILTER SMOOTHER

The first solution of the FI smoothing problem as a combination of two
estimates was presented by Mayne [3] in 1966. Fraser [4] pursued this
idea and in 1967 showed how both of these estimates could be obtained
from separate Kalman filters. Mehra [7] then attempted to derive the
two-filter smoother from basic principles. The work of Mayne, Fraser, and
Mehra is reviewed in this section and a critical analysis of this work will
provide motivation for the development in the sequel.

The system considered by Mayne is a discrete-time analog of (1.1) and
(1.2), '

x(k+1)=0(k+1, k)x(k)+w(k) (2.1)
y(k)=C(k)x(k)+uv(k) (22)
where x(0)=x, and
Exo=Ew(k)=Ev(k)=0, Exyx;=2XZ,
Ew(iw' (k) =Q(k)d; , Euv(i)o'(k)=R(k)J, ,
Ex,w'(k)=Exqv' (k)=Ew(i)v'(k)=0.
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His starting point was the conditional probability density of the states
given the observations,

p(x(0),....x(T)|y(0),..,3(T))
_p((0),. ., y(T)|x(0),.., x(T))p(x(0),... x(T))
- p(y(0),....¥(T)) '

Because of the independence of the observation noise process {v(k)}, the
likelihood function p(y(0),..., y(T)|x(0), ....x(T)) may be written as

(2.3)

T
p(¥(0),... »(T)|x(0),....,x(T))= [[ (k)| x(k))
=K1Hexp{ Yyt —Clox(®)z 1w} (24)
k=0

Also, since the sequence {x(k)} is a Markov process,
p(x(0),....x(T))=p(x(0)) H plx(k+1)|x(k))

=K, exp { —3l|x(O)[|z; 1}

T—-1
x [T exp{—=3|x(k+1)=®(k+1, kx(k)|[G- 14}
k=0

Therefore, substituting into (2.3) and realizing that p(y(0),...y(T)) 1s just
a normalization constant yields

p(x(0),....x(T)|y(0),..., »(T))

T
~Kyexp{ ~Hx )5 -4 3 110~ o
T-1
LY [kt 1) = DGk L k(R } (26)
k=0

where K,, K,, and K; are constants. The optimal smoothed estimates
{%(k|T)} maximize the conditional density given in (2.6).

Consider now the negative of the exponent in the right-hand-side of
(2.6),

J((0), ... x(TN=3{xO)fF;1 +3 X f|y(k)— Ch)x (k)14
k=0

-1

+3 Y lxtk+ D) =Dk + 1, k)x(k)||3-1, (2.7)
k=0
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The smoothed estimates can be obtained from the minimization of the
functional J. Mayne’s approach to this minimization was to consider some
fixed integer r between 0 and T and to define

J.(x(r))= min J(x(0),....x(T)) (2.8)

{x(k}|k#r}

J,(x(r)) will be a quadratic form in x(r), and therefore given J,(x(r}) it is
an easy matter to compute X(r|T) and P(r| T). Hence the problem of
interest is the determination of an expression for J,(x(r)).

Mayne decomposes the minimization over {x(k)|k#r} into two se-

parate minimizations—one over {x(0),...,x(r—1)} and the other over

{x(r+1),...,x(T)}. Thus
Jo(x(r)) =g, (x(r)) +J, 1 (x(r) (2.9)

where

Jo,(x()=  min {ﬂﬂm%p

{x(0),...,x(r— 1)}

HES 5= CRR o

Y Hx<k+1)—c1><k+1,k>x<k>ugl(k,} (2.10)
k=0

and

T
J, ofxtr))=_ min {%ZHHH—C%Mwmium

x(r+1),..., x(TY k=r

T-1
+3 ) Hx(k-*-l)—d)(k—kl,k)x(k)Héz(k)} (2.11)

k=r
Both J, ,(x(r)) and J, ;(x(r)) are quadratic forms in x(r), (say)
Jo, (x(r)=3x(rYFo x(r)+ g, x(r)+ho (2.12)
I, 0 (x(r))=3x(r)F, px(r)+ g 7x(r)+h, . (2.13)
Therefore,
J (x(r)=3x(r) (Fo,, + F, r)x(r)
+(go, +&.0)x(r)+(ho ,+h ) (214)

and so the smoothed estimate and covariance are simply

)Ex(r): - (FO,r+Fr,T)_l(g0.r+gr,T) (215)
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P(r)=(Fo,+F, )" (2.16)

What remains is to determine recursive expressions for J, .(x(r)) and
J, 2(x(r):

First consider J, ,(x(r)) defined by (2.10). Note that this is just the cost
functional one would minimize to obtain the maximum a posteriori
estimate £(r|r—1), ie.

2X(r)VFo X (r)+go, X (r)=3[x(r) = X(r[r =)' P~(r|r —1)
-[x{r)—%(r|r ~1)] + constant. (2.17)
Therefore,

Fo,=P '(rjr—1) (2.18)
20, =P (r|r=1)(&(|r = 1)) (2.19)

and h, , is of no real interest. Moreover, the Kalman filter provides a
recursive computation of >2(r|r—1) and P(r\r—l). Thus recursive ex-
pressions for F , and g, , are available.

Second, consider J, r(x(r)). Clearly,

T
J, ()= min { 5 [l (k)— COkp (k)31
x(T)} k

{xr+1),..., =y

T-1
+3 Y |x(k+1)=®(k+1, k)x(k)Hé~1(k)}
k=r

T
= min {%ZHy(k)—dk)ﬂk)Hﬁx(k)

W)y w(T—= 1) { k=r
T-1
Y ||W(k)||é-um} (2.20)
k=r

subject to the constraint x(k+1)=®(k+1, k)x(k)+w(k), k=r,..,T—1
But (2.20) is just a linear-quadratic optimal control problem and can be
solved using dynamic programming from T backwards to r. The well-
known solution to this problem yields a recursion for F, ; and g, , (h, 1 is
of no interest) in terms of F,., y, g4, 1, and y(r). Thus there exist
recursive relations for Jg (x(r)) and J, r(x(r)), and so )Q(r{T) and P(rlT)
can be found from (2.15) and (2.16).

This approach to the fixed-interval smoothing problem is easily ex-
tended to the continuous-time case. The details may be found in Reference 3.

Mayne interprets this solution of the smoothing problem as a com-
bination of two estimates. One estimate is based on past observations and
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is obtained from Kalman filtering; optimal control theory is used to
obtain a second estimate from future observations. From (2.10), the
estimate based on past observations is a Bayesian estimate, but Mayne
does not say what kind of estimate is the one based on future obser-
vations. In Section III, this second estimate will be shown to be a
maximum likelihood estimate. The idea of expressing the smoothed
estimate as a linear combination of the two estimates was pursued in 1967
by Donald Fraser [4] for both continuous-time and discrete-time.

One of Fraser’s two estimates is based on past observations. This
estimate and the corresponding covariance are just the outputs of a
standard Kalman filter working forward over the data. Fraser’s second
estimate is obtained from a backwards Kalman filter, i.e., a filter operating
on future observations from T to the present time t. The idea is to then
combine these two estimates using the formulas (1.13) and (1.14) for the
optimal combination of independent estimates.

The appropriate continuous-time backward filter is [4]

d
— 5 ()= — A% (1) + Pp()C'(OR™H(O)[¥(1) = C(0)%, ()] (2.21)

d
— g Drt)= = AP (1) =Py ()A'(1) + Q1)

= Py(t)C'(OR™I()C(t)Py (1) (2.22)

where P, '(T)=0 and lim,_, [P, '(£)X,(t)]=0. The interpretation given
by Fraser and Potter [8] is that x,(r) is, “...the best estimate of the state
at time ¢t based upon all the measurements from time ¢ to the end of the
data interval.” The terminal condition of an infinite covariance matrix is
intended to reflect complete uncertainty about the state estimate at time T
because of the complete lack of information about x(7T). Thus no terminal
estimate can be made; only the limit of P, !(£)%,(¢t) can be specified.
Because of these initial conditions, the filter must be implemented in the
so-called “information filter” form [8].

The smoothed estimate is formed by combining the “independent” past
and future estimates according to (1.13) and (1.14), viz.

X,(6) =P ()P~ (t]r)%(tle)+ Py 1 (1)%(2)] (2.23)
P (t)=[P '(t|t)+ Py " ()] " (2.24)
This is the same formula as Mayne’s (2.15) and (2.16) in continuous-time

if P,'(t)=F, and P, '(t)%,(t)= —g, 7. Rather than showing these two
equalities, Fraser’s method of proof consists of re-deriving the smoothing
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formulas of Rauch, Tung, Striebel from (2.21)-(2.24) and the usual
Kalman filter equations. This is certainly a valid method of proof, and it
does show that the smoothed estimate is given by (2.23) and (2.24). What
is not clear, however, is why the estimate i(t[t) and x,(t) can be combined
by (2.23) and (2.24) or why the estimate x,(¢) should be given by the
backward Kalman filter (2.21) and (2.22). It would be desirable to answer
these questions starting from basic principles.

Mehra [7] attempts to clarify these points in his doctoral thesis. First
consider the backward filtering equations (2.21) and (2.22). By multiplying
the state equation (1.1) times — 1, Mehra obtains

—%x(t):[—A(t)]x(t)—w(t). (2.25)

He then applies the usual Kalman filter equations to this backwards
system by letting t=T—t and thereby obtains (2.21) and (2.22). This same
argument was later adopted by Kailath and Frost [10]. It is incorrect,
however, because “future” (with respect to t) values of the driving noise w
are correlated with the present state (see Ljung and Kailath [11] where
this observation was first made). That is, {2.25) is not a usual Markovian
realization. Therefore, it is not possible to blindly apply the Kalman filter
to (2.25) and obtain the backward filter (2.21) and (2.22).

Mehra also addresses the question of independence of the estimates
ﬁ(t]t) and x,(z). His approach is to write the differential equations for the
forward error X(t|r) and the backward error %,(t),

%i(th): [A(t)—K()C()1%(t}t)+w(t)—K(t)u(r) (2.26)

d
= %=1 A0 =K, (1)CO1%, (1) —w(t) =K, (tr). - (2.27)

Equation (2.26) is integrated from O to ¢ while (2.27) is integrated from T
to t. Thus Mehra points out that X(¢|t) depends on {w(r),v(c){0<7<1}
and %,(t) depends on {w(r),v(r)[t<t<T}—two independent sets of
noises. Is this sufficient for the conclusion that f(t|t) and X,(t) are
independent? Obviously not, )E(t\t) and X,(r) may be dependent because of
their initial values. For example, the random variable x(0) is correlated
with (in fact, equal to) i(O‘O) and therefore with i(t‘t). Is x,(T) also
correlated with x(0)? Mehra can’t say because at this point in his
development he has not specified any initial values for x,(T) or P,(T). It
should be clear that without such a specification, the independence of
)Z(t]t) and X,(r) is indeterminate. Nevertheless, Mehra prematurely de-
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clares that they are independent because they are functions of independent
sets of noises. The independence of these two estimates will be examined
further in Section III.

The behavior of the two-filter smoother when there are errors in the
various model parameters (such as the system matrix or initial covariance)
was also considered by Mehra [7]. Following the work of Nishimura [12]
and Fitzgerald [13], Mehra performs a covariance analysis to obtain an
expression for the covariance of the forward and backward Kalman filters
when the true system and the model on which the filters are based differ.

In order to obtain the smoothed error covariance, he combines these
two covariances assuming the forward and backward errors of the
mismatched filters are uncorrelated. This is not the case, and in Section V
an expression for the smoothed error covariance is found which includes
the correlation between the forward and backward errors.

In summary, this section has presented the two-filter smoother as
developed by Mayne [3] and Fraser [4]. This solution of the FI
smoothing problem is unique compared to the Rauch, Tung, Striebel [9]
smoother, and others [2], in that it is not given as a correction to the
Kalman filter estimate at the same point. Rather, it takes the form of a
combination of two optimal linear filter estimates. The work of Mehra [7]
was primarily directed toward deriving this smoother from basic prin-
ciples. The problem with Mehra’s derivation is the use of an incorrect
reversed-time model. In Section III, reversed-time Markov models are
employed in an attempt at obtaining the two-filter smoother from basic
principles by carefully considering the use of future observations for
estimating the present state.

. A NEW SOLUTION TO THE FIXED-INTERVAL SMOOTHING
PROBLEM

Motivation

When forming the smoothed Bayesian estimate of x(¢), there are three
separate sets of information,
i) a priori data, Ex(t)=0 and Ex(t)x'(t)=X(t),
ii) past observations, {y(1)|0=t <1},
iii) future observations, {y(1)|t<t<T}.
Intuitively, the smoothed estimate should incorporate each of these sets

exactly once. In this section, it will be shown how this incorporation takes
place for the two-filter smoother. The main contributions here are:
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a) use of a backwards filter that has finite covariance at all times;
b) derivation of the two-filter smoother from first principles.

Section III contains the derivation; discussion is deferred to Section IV.
Also, it is noted that the assumption of a zero-mean process is not at all
essential and will be relaxed later.

The filtered estimate X(t|t) is based on the a priori data and the past
observations. This is easily obtained via the Kalman filter. Also, it is a
simple matter to form an estimate of x(t) from just the a priori data, i.e.,
the estimate is zero and the covariance is X(z). What is less well-known,
however, is how to use future observations in forming an estimate of x(t).
To this end, reversed-time Markov models will be introduced in the next
subsection. When combined with the Kalman filter, these reversed-time
models yield the expression for a Bayesian estimate of x(t) based on a
priori data and future observations. _

Only the continuous-time problem is considered in Section IIT. The
analogous results for the discrete-time version are presented in Appendix
A. Note that with respect to the continuous-time problem, the present
observation y(t) is a linear measurement of x(t) corrupted by additive
noise having an infinite covariance. Thus the isolated observation y(t)
contains no information about the process x(t). This remark is purely
formal, of course, as is the entire development of this section. These
arguments can be made rigorous, but for ease of presentation and
understanding, a formal development is deemed preferable. The future
observations, therefore, can be defined as {y(r)|t§r§T}, where now y(t)
is included in the future observations, without altering the analysis. This
definition effectively symmetrizes the smoothing problem with respect to
forward- and reversed-time. This situation is in contrast to the discrete-
time case where the present observation contains non-zero information
and which is basically asymmetric. It is the present observation which is
the major cause of any differences between the equations of Section III
.and those of Appendix A.

Reversed-time Markov models

Essentially simultaneously in the summer of 1976, several authors in-
troduced reversed-time Markov models [117], [14], [15]. These reversed-
time models generated processes that had the same second-order statistics
as the corresponding forward-time processes. More recently, these results
have been strengthened by Verghese and Kailath [16] and Lindquist and
Picci [17] to provide backwards Markov models with sample path equival-
ence to the forward-time processes.
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Corresponding to the forward system of (1.1), consider the reversed-time
model

d
—Exr(t)=[—A(t)—Q(t)2_1(t)]xr(t)—§(t) (G.1)

where
Ex,(T)=0, E&(t)=0, Ex/(T)x(T)=Z(T)
EE(t)E(1)=Q(t)o(t—7), EE(t)x,(T)=0.

Equation (3.1) is meant to denote that the reversed-time process Xx,(t)
propagates backwards from T to 0.

THEOREM 1. The stochastic process x(t) of (1.1) and the stochastic
process x,(t) of (3.1) are sample path equivalent if

Et)=w(t)—E[w(t)|x(1),t ST<T)
=w(t)= QBT (t)x (1),

Proof See Reference 16.

As pointed out by Verghese and Kailath, the process ¢(t) is a white
process with the same variance as w(t) and is uncorrelated with x(z). It
differs from w(z), however, by the conditional expectation of the noise
given the state. It is exactly this conditioned expectation which is missing
from Mehra’s backwards system (2.25).

Since x(r) and x,(t) are completely indistinguishable, (1.1) and (3.1) are
simply two representations of the same stochastic, process. One impli-
cation of this equivalence is that the observations y,(¢),

yr(1)=Clr)x, (1) +o(t) (3.2)

are sample path equivalent to the observations y(t) on x(t). Another
implication is that any least-squares linear estimator of x(z) is also a least-
squares linear estimator for x,(t), and vice versa. That is, given any set of
observations, the estimate of x(t) is the same functional on these obser-
vations as is the estimate of x,(¢). This is a key point in the development
of the sequel.

Recall the time-varying Lyapunov equation describing the state co-
variance X(t),

%Z(t)zA(t)Z(t)+Z(t)A’(t)+Q(t). (3.3)
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Using this equation, the reversed-time system matrix —A(t)—Q ()X (1)
may be written as

—A(t)—Q(t)E_1(t)=2(t)A’(t)Z_1(t)+<%2“(t)>2(t). (3.4)

The stability of the reversed-time system can now be examined from (3.4).
Consider first the case of a time-invariant system in the steady-state. Then
the reversed-time system matrix is simply ZA’S™!. But 4 must be a
stability matrix and has the same eigenvalues as A'. Moreover, ZA'S"! is
just a similarity transformation of A" and therefore has the same ecigen-
values. The conclusion then is that the reversed-time system matrix
TA'Z! is also a stability matrix and has the same eigenvalues as the
forward system matrix A. Therefore the forward-time process x(¢) and the
reversed-time process x,(t) both have stable realizations.

In the time-varying case, it is necessary to consider the adjoint system
of (1.1)

d

— 5 PO=4Wp(). (3.5)

This system propagating backwards in time has the same stability
properties as the original forward system. Let z(t)=Z(t)p(t). Then

—d%z(t)=|:2(t)A/(t)Z_1(t)+<—%2(t))2_I(I)}z(t). (3.6)
The resulting reversed-time system matrix is, according to (3.4), the same
as the system matrix for the reversed-time process x,. The system (3.1) will
have the same stability properties as (3.5) and hence as (1.1), if z(t)
=X (t)p(t) is a Lyapunov transformation [18]. For this transformation to
be a Lyapunov transformation, the following conditions must hold [18]:

1) T has a continuous derivative;
il) X and (d/dt)X are bounded;
i1i) there exists a constant m such that O<m= \detZ(t)

, Vt.

Assuming these conditions are met, the forward- and reversed-time
realizations (1.1) and (3.1) possess identical stability properties.

An estimate based on future observations plus a priori
information

The conditional expectation of x,(r) (or x(t)) given the future observations
is denoted %, (t|1),

%] )=E{x, )| y(x),t <7< T}, (3.7)
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The process x,(r) i1s a Gauss—Markov process in reversed-time as given by
(3.1). Therefore, this Bayesian estimate can be computed from the Kalman
filter for the reversed-time system model. Explicitly,

“%fr(ttt):[‘A(f)—Q(f)z_l(t)]fr(f}fHKr(t)[y(t)—C(t).%,(ziz)] (3.8)

4 p (1) =[— A - (= (1P, ] 1)

dt
+P,(t|t)[—AW)— QT 1)) + Q1)
—P,(t|)C(O)R™HO)C(H)P,(t]t) (3.9)
K, (t)=P,(t|t)C'(1)R ™' (1) (3.10)

where X.(T|T)=0 and P,(T)=X(T). Note that the conditions at time T
for this filter are finite, in contrast with the imitial conditions of Fraser’s
backward filter (2.21) and (2.22).

The Bayesian estimate ﬁ,(t1t) of x(t) is a combination of a priori
information and the future observations. The possibility of forming two
estimates of x(r) from these two separate data will now be addressed. The
estimate of x(¢) from only the a priori data is just

R, (0)=0 (3.11)
Py, (1)=Z(1) (3.12)

because it is being assumed that x(t) is a zero-mean process. An estimate
of x(t) based only on the future observations is considered next.

View the future observations, {y(r)|t§r§ T}, as one aggregate linear
observation of x(r) corrupted by the noises {w(r),v(f)'tgfg T} If x(t) is
treated as an unknown parameter instead of as a random variable with a
known probability distribution, one can speak of the maximum likelihood
estimate of x(t). Let X,,.(t) denote the maximum likelihood of x(t)
based only on the future observations, i.e., a priori data about x(t) is not
used. Denoted by Pg,...(t) the corresponding error covariance. If x(t) is
observable over the interval [t, T], then Xp,.(f) and Pp,,.(t) are well
defined, and the estimate may be written as

Kryrure (1) =X (1) + pu(t) (3.13)

wheére the error u(t) is solely due to the driving noise and observation
noise, i.e., Ex(t)u'(t)=0, and Eu(t)p' (t) = Peyure (). (See Appendix A for an
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elaboration of this discussion in the discrete-time case.) Because the
estimates X;,,.(f) and X, , (t) have independent errors, Propositions 1 and
2 may be used formally to write the Bayesian estimate of x(z) given the
future observations as the combination of X, (¢) and %, , (¢}, viz

X, (t[0) =P (t])[Prature ) Erupure 1)+ E7 11X, 5. ()]
:Pr([It)Pf_ullure([))efumre(I) (314)
P(t]t)=[Priee () +Z7 (O] (3.15)

An interesting feature of (3.14) and (3.15) is that they are invertible in that
it is possible to solve for X,..(t) and Pg..(t) in terms of the other
quantities. This yields

)efuture([):‘Pfuture([)Pr_1(t(t))er([‘t) (316)
Peyure () =[P 1 (t]1) =Z7 ()] 71 (3.17)

Differentiating (3.16) and (3.17) with respect to —t yields differential
equations for the maximum likelihood estimate X;y...(t) and Py (t)
propagating backwards from T. The result is Fraser’s backwards filter.

THEOREM 2. The maximum likelihood estimate Xi,,..(t) and covariance
Proure(t) are identically equal to Fraser’s X,(t) and P,(t). That is

2,(1) =Py (0P (t10)%,e]1) (3.18)
CP)=[P e[ )-Z7 O] (3.19)
Proof (Appendix C).

This result says that the a priori information can be “subtracted out”
from the conditional expectation of x(t) to form the backward estimate.
Moreover, this backward estimate is the maximum likelihood estimate of
x(t). The conditional expectation comes from a reversed-time Kalman
filter. This reversed-time Kalman filter has a finite initial covariance.
Using this Kalman filter together with the Lyapunov equation for the
state covariance has yielded a differential equation for the maximum
likelihood estimate of x(t) based on future observations.

The solution
THEOREM 3  The smoothed Bayesian estimate and covariance satisfy
X,(0)=P(t)[P~ (t|)R(t] )+ P, ' (t]0)%,(¢]0)] (3.20)
P(t)=[P~'(t|t)+P; ' (t|)—Z7 " (1)]. (3.21)
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Proof Two representations of the process x(t) have been given, a
forward-time realization (1.1) and a reversed-time realization (3.1). In the
proof of this theorem, a third representation—a “combined” realization—
is introduced which combines (1.1) and (3.1) to propagate the state
process both forward and backward from time t. Consider a fixed time ¢
and let the process x (¢} be generated by

ixc(r)zA(r)xC(r)—f—w(t), >t
dz

—%xc(1)=[—A(f)—Q(1)Z‘1(1)]xc(f)+€(f), T<t
where

Ex.(t)=0, Ew(r)=0, E&{(r)=0, Ex.(t)x/(t)=Z(t),
Ew(t)w'(0)=E{(e)'(6)=Q(1)0(t —0),
Ew(t)x (1) =ES(z)x(t)=Ew(t){(0)=0.

These differential equations are meant to denote that x,.(r) may be written
as

e,

A(0)x.(0)do+ [ dw(o) +x.(), >
x(t)=<"! ! . }
J[—Ale)-0(0)2™ Yo)]x.(0)do+[di(o) +x.(1), 1<t

The process x,(t) is easily shown to be sample path equivalent to x(r) and
x,(t). Let X, (t) and P, () be the maximum likelihood estimate of x(¢)
and the error covariance given the past observations only, i.e., without the
a priori information. By applying the same argument that was used in
Section IIT for £,y (t) and P (1) to X, (1) and P, (t) one obtains

Rt (1) =Py (P (1| 0)%(2] 1)
P =[P '(t|0)=Z ()]~ "

Consider now the third realization, i.e., the process x.(z). The errors in
the maximum likelihood estimates X, (t) and X, (t) are caused by
{&(r),v()|0=t<t} and {w(t)v(r)|t <t =T} respectively. Therefore these
estimates are independent estimates, and Proposition 1 can be used to
obtain the maximum likelihood estimate of x,.(t) (or x(t)) given all the
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observations,

ﬁML(t) '_:PML(t)[P;aslt(t)xApast (t) + Pf:xtlure(t)ffuture (t)]
PML(I) = I:Pp—aslx(t) +Pf:|t1ure (t)] - 1‘

Since x(t) is zero-mean, the smoothed Bayesian estimate is found from
Proposition 2,

£,(8) =Py (t)Pyy ()% (t)

=P (t)[P s, ()% 1ﬁ,ast(t)+me,e(t )%,(¢] )]

=P, (t)[P~ ' (t|)R(t|t)+ P (t| )X, (t]1)]
P(t)=[Pyl (t)+Z ' ()]""

=[P () + Prygure )+ Z 71 ()]}

=[P (t|)+ P '(t|)-Z '()]"!.  Q.ED.

Aside An alternative proof of Theorem 3 is to note that substitution of
(3.18) into (2.23) yields (3.20) and substitution of (3.19) into (2.24) yields
(3.21).

IV. DISCUSSION AND EXTENSIONS

Theorem 3 expresses the smoothed estimate as a combination of two
filtered estimates:

a) one estimate from a forward Kalman filter for the forward system
model;

b) one estimate from a reversed-time Kalman filter for the reversed-time

model.
These estimates are not independent, however, because they both
include the a priori information. In essence, the effects of the a priori must
be subtracted out once when obtaining the smoothed estimate. The two
sets (past and future} of observations may be said to be independent
observations of x(r) by considering the “combined” representation and
noting that the two sets of noises, {&(r),v(z)|0<t <t} and {w(t),v(r)|t <7
< T}, are independent.

In order for the maximum likelihood estimates X, (t) and Xg. (t) to be
well-defined, it is necessary that x(¢f) be observable over [0,1] and [, T],
respectively. In case x(t) is not observable, it is still possible to form a
maximum likelihood estimate of the observable part of x(t). Then prdslt(z)
and/or P;! (t) must be replaced with pseudo-inverses in the proof of
Theorem 3. Thus, the symmetric form of the smoothing Egs. (3.20)
and (3.21) holds without any observability conditions on x(¢).
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We note that even though this development assumed the random
process x(t) was zero-mean, the case of a nonzero-mean process is easily
handled. Letting z(z) equal x(t) minus the mean value of x(z) yields a
zero-mean process obeying the same state Eq. (1.1). Then taking as
observations of z(r) the observations y(t) minus the mean value of y(t)
produces a smoothing problem of the form studied here. The smoothed
estimate of x(t) is simply the smoothed estimate of z(t) plus the mean of
x(t).

An important characteristic of this smoother is that both the forward
and backward models used in forming the two Kalman filters are stable
(assuming the original forward realization is stable). This feature will allow
a covariance analysis in Section V that requires the integration of only
stable differential equations. This is different than earlier studies.

One striking characteristic of the smoother in Theorem 3 is the
complete symmetry with respect to forward-time vs. reversed-time.
Equations (3.20) and (3.21) are called symmetric because the estimates
>2(t|t) and f,(tlt) are conditional expectations of x(t) given the past and
the future observations, respectively. This is certainly in contrast with the
usual two-filter smoother of Mayne and Fraser. This symmetry between
forward- and reversed-time will be developed and discussed in the
remainder of this section.

For the special case of smoothing over the interval (—so, + o) with a
time-invariant system, it is possible to investigate the symmetry between
forward- and reversed-time in detail. If the system matrix 4 is a scalar,
then the reversed-time realization is identical to the forward-time re-
alization. Thus the two Kalman filters are identical and so the two steady-
state error covariances P and P, are equal. From (3.20), it is clear that this
implies the two estimates X’(t't) and )G(tft) are weighted equally in forming
the smoothed estimate. This confirms the intuitive expectation of Section I
that the future and past should be equivalent.

The reversed-time system (3.1) equals the forward-time system (1.1) in
the time-invariant infinite-lag case if and only if the autocorrelation
function of x is symmetric, i.e., ZA'Z"'=4 if and only if R.(z)=R.(z). Of
course R, (t)=R.(t) is equivalent to R {r)=R.(—t), the condition needed
in Section I to show that the same Wiener filter can be used to estimate
x(t) from either the future or the past. Therefore, whenever the autocor-
relation function is even, the future and past observations are equally
weighted in forming an estimate of the present.

Having considered the LTI infinite-lag smoothing problem, we now
return to the general case. Two key ingredients of the two-filter smoother
are the maximum likelihood estimates X, (f) and Xg,..(t). Theorem 2
showed that X;,.,..(t) equals Fraser’s backward estimate X,(¢). There is
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also a backwards estimate X, (t) of the reversed-time process x,(t). The
estimate X, (t) is based on the observations {y(r)]Ogrgt} and may be
shown (by repeating the proof of Theorem 2) to equal X,,(t). The
differential equations for X, (r) and P, () are just Fraser’s (2.21) and (2.22)
with the reversed-time system matrix in place of the forward system
matrix,

d
=%, (O)=[-A4()= QX" (0)I%,, (1) +K,, (O[y() = C(H)%, ()] (4.1)

dt
d _
P 0)=l-40)-0)Z He)IP,, (1)
+P, ([ —A)— Q=" (1)]
+Q(t)=P, (1)C'(t)R™(t)C(1)P, (1) 4.2)
where
K,,()=P, ()C'( )R (t),
P;'(0)=0,
and

lim [P, ' (1)%,, (1)]=0.
t—0
This filter must be implemented as an information filter because of the
initial conditions. -
Using the estimate X, , it is possible to obtain another version of the
two-filter smoother

,(6)=P(OP, (0%, (0)+ P (t[0)%,(¢]1)] (4.3)
P(t)=[P;, (t)+P; (e[0)] " (4.4)

This is essentially Fraser’s smoother (2.23) and (2.24) applied to the
reversed-time realization instead of the usual forward realization. The a
priori information is combined with the future observations to form one
estimate; the second estimate is formed from the past observations alone.
All of the smoothing algorithms presented by Sidhu and Desai [14] are in
this same spirit—they are obtained by applying a standard smoothing
algorithm to the reversed-time model.

Ljung and Kailath [19] have addressed the problem of converting
linear least-squares filtered and smoothed estimates derived for one set of
initial conditions to estimates valid for some other set. They showed how
these estimates are altered because of changes in the assumed values for
the mean and variance of the initial value x(0). The motivation for their
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work was, “...the possibility of deliberately using an incorrect initial value
in order to use the fast Chandrasekhar-type equations...”

One could consider using some of the formulas derived here to solve the
change of initial conditions problem. For example, propagate %, (t) and
then later incorporate the covariance X using (1.16) and (1.17) to
construct the filtered estimate ﬁ(t!t). Indeed, applying the smoothing
formula (4.3) and (4.4) at time T, the filtered estimate equals the smoothed
estimate and can be written as

X(T|T)=P(T|T)P; ()%, (T) 4.5)
P(T|T)=[P;;(T)+Z "(T)]" . (4.6)

Certainly (4.5) and (4.6) seem to accomplish what was just proposed.
This scheme, however, does not quite work because of the equation for

~ X,,(t). From (4.1), the computation of this estimate involves the reversed-

time system matrix —A(t)—Q(t)Z~'(r). That is to say, X, (r) depends on
the covariance X, and if the covariance were unknown, then it would be
impossible to compute X, . The point here is that X, (1) is a maximum
likelihood estimate of x,(¢) based on its “future” observations (future with
respect to —t, i.e., {y(7)[t=1=0}. When the covariance of x(t) is Z(t) as
used in the reversed-time realization, the two processes x(f) and x,(t) are
sample path equivalent. But if X(0) is unknown, then one does not know
which reversed-time model to use in the computation of X, (¢).

One conclusion from the above analysis is that the smoothing formulas
developed here do not yield a simple change of initial conditions result for
the forward filtered estimate. It will now be shown that such a result can
be obtained for the reversed-time estimate %, (¢|¢).

The problem of interest is to compute ﬁ,(t{t), the filtered estimate of the
reversed-time realization given the observations from T to f, by first
processing the observations assuming the state covariance is n and then
correcting this result for the actual value, X, of the covariance. The
backward Kalman filter is designed for the reversed-time system

d

—Exl‘(t)=[~A(t)—Q(t)ﬂ'1(l)JXf(t)+~f(t) (4.7)

where Ex[(T)x7(T) ==(T) and

%n(t)=A(t)7r(t)+n(t)A’(t)+Q(t) (4.8)

instead of the reversed-time system (3.1), i.e., X, the true state covariance,
is replaced with 7, a quantity which also obeys the Lyapunov equation.
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The output of this reversed-time Kalman filter, initialized at time T with
covariance 7(t), is denoted >€;‘(t|t). From (3.14), (3.15) and Theorem 2, the
estimate %7(t|r) and covariance Pf(t|t) are related to Fraser's %,(t) and
Py(t) by

£1(e|1) =Pr(e|0PF ! (€)%5(0) (49)

P;‘(t]t)z[P,;’(t)+n_1(t)]_1. (4.10)

Solving (4.9) and (4.10) for %,(t) and P, !(¢t) and using (3.14) and (3.15)
again yields

£,(t|)=P,(t|t)Pr(t|t)~1x (1) (4.11)

P.(t|)=[PFtlty ' —n ")+ )] N (4.12)

The very natural interpretation of this result is that the incorrect
covariance = is removed from the estimate and then the correct covariance
% is added.

Thus in contrast to the forward-time case, very simple change of initial
conditions formulas are obtained for the reversed-time estimate and
covariance. The explanation for this is that x,(¢), the maximum likelihood
estimate of x(t) given the future observations, does not depend on the
state covariance—the system matrix used in the filter for x;(t) is just
— A(r). Using (4.11) and (4.12), it is possible to generalize (3.20) and (3.21)
of Theorem 3 in that the covariance X can be replaced by an arbitrary
function = satisfying (4.8).

2,(t) =P ()[P~(t|t)%(t|t) + Pr(t|e) %7 (t]t)] (4.13)
P(t)=[P '(t|t)+Pr(t|t)y ' ~=~ 1 ()] % (4.14)

These expressions are similar to ones obtained by Ljung and Kailath [1]
using the relationship between linear least-squares estimation and scatter-
ing theory.

Consider the implementation implications of this last observation.
Basically any legitimate covariance function can be used in the reversed-
time system matrix and Kalman filter. This added flexibility may be quite
useful, especially when the forward system is time-invariant. In this case,
one could use the steady-state covariance and thereby attain a time-
invariant reversed-time model. This eliminates some of the problems
involved with directly implementing the reversed-time filter.
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V. COVARIANCE ANALYSIS FOR MISMATCH BETWEEN
SYSTEM AND SMOOTHER

Covariance analysis is concerned with the increase in the smoothed
error caused by using incorrect model parameters. For example, if a
smoother is implemented with the system matrix 4*(t) in place of the
correct matrix A(t), what is the resulting error covariance? Another
example would be a reduced order smoother that uses a model of lower
dimension than the actual system. The issue addressed by covariance
analysis is of considerable practical importance. Griffin and Sage [20]
have treated the sensitivity aspects of covariance analysis for discrete-time
processes by considering the Rauch, Tung, Striebel [9] smoother. The
analysis given here is thought to be the first correct treatment of the two-
filter smoother and is performed for both continuous- and discrete-time
{see Appendix A for the discrete-time results). Throughout this section,
explicit time dependence will often be suppressed for ease of presentation.
The model used by the smoother for the dynamics and observations is

]
;;-tx*zA*x*—Fw* (5.1)

y¥=CH*x* +o* (5.2)

where w* and v* are independent white noise processes with covariances
Q* and R*, respectively and Ex*(0)x*'(0)=X%(0). The superscript asterisk
will be used consistently to denote model parameters as distinguished
from the true system parameters. It is assumed that there is an output z of
the actual system defined by

z=Hx (5.3)
which is approximated by the output z* of the model,

2% = H*x*. (5.4)

The only restrictions imposed on the model are that y* and z* have the
same dimensions as y and z, respectively.

A smoothed estimate of the output is obtained as Z¥=H*x<¥*, and the
question is, “What is the covariance of z—2¥?” In order to determine an
expression for this covariance, first the forward-time system and filter are
jointly analyzed, and then a similar analysis is performed for the reversed-
time system and filter. Next, the correlation between the forward- and
reversed-time estimates are obtained. All these results are finally combined
to yield the output error covariance.
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Forward-time system and filter The model (5.1) and (5.2) can be used to
design a reduced order Kalman filter,

d
R AR LKAy — O] (5.5)
K*=P*C*R*1 (5.6)
d
Zp* = 4*P* 4 P*A* + Q% — PXC¥R*~1C*p* (5.7)

dt

where x*¥(0)=0 and P*(0)=X*(0). Notice that the input to this filter is
the actual observations y, of course. By combining the estimate x* with
the actual state x, one obtains an augmented state vector having dynamics

d| x A 0 X u
E[i*}[l{*c A* —K*C*:I[JE*:I+[K*U} 68

The covariance of this augmented state is defined as

M X D sk
I L

and must obey the Lyapunov equation

d[z M| [ 4 0 T M
dt|M' N | |K*C A*—K*C*|M' N
T M4 0 " o 0
5.10
+[M’ NJ[K*C A*—K*C*:]+[O K*RK*} (.10)

Reversed-time system and filter The reduced order reversed-time system
corresponding to the model (5.1) is

d
—%xj‘z[—A*—Q*Z*‘l]x;"—Ff* (5.11)

where &* is a white noise process with covariance Q*, Ex*(T)x}(T)
=X*(T), and Z* is given by

d

EZ*=A*2*+Z*A*’+Q*. (5.12)
By analogy with the forward-time case, there exists a reduced-order
reversed-time Kalman filter having gain K} and producing the estimate
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xF. The reversed-time augmented system is
dix, | [-4-0z7! 0 X, ¢
alsx |7 Krc —ar—grmetogxer | s | ke |
Let the covariance be
T M X
r =E r ’ Al
I M
X ~
:E{I: A*}[x; x,*’]} (5.14)
xr

since x and x, are stochastically indistinguishable. Then

af[z M, [-4-0z7! 0 T M,
dt|M, N, | K*C —A*—Q*T*1_K*C* || M. N

r

=

oM -a-gz7 0 ’
M. N K*C — A* - QXT* 1 _K*C*

r

+[§ K*RK*,J. (5.15)

Cross-correlation of x* and £¥* The preceding analysis has shown how
solving the two time-varying Lyapunov Egs. (5.10) and (5.15) yields
the covariances of X* and x* and their cross-correlations with x. Before
one can obtain an expression for the smoothed error covariance, it is also
necessary to know the cross-correlation of £* and X*.

LEMMA 1
EX* ()X} () =o*(t)Z(r)B* (1) (5.16)

where

%oc*(t)z [A* —K*C*]a*(t)+a(t) —A— QX 1]+K*C (5.17)

—%ﬁ*(t)=[A]'ﬁ*(t)+ﬁ*(t)[—A*—Q*Z*‘l —K*C*¥]'+ C'K¥ (5.18)

with initial conditions *(0)=0 and g*(T)=0.

Proof This lemma is proved in Appendix B.
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The cross-correlation between X*(t) and X*(¢) is given by the relatively
simple expression (5.16) of Lemma 1 where «* and f* obey differential
equations of the Lyapunov type. The coefficients of «* and f* in these
equations are:

a) A* —K*C*: forward-time filter matrix;

b) —A—QX ! reversed-time system matrix;

¢) A': forward-time system matrix transposed;

d) [—A*—Q*Z* ! —KX*C*]': reversed-time filter matrix transposed.

Notice the striking symmetry. In the linear time-invariant infinite-lag
case, all four of these matrices are stability matrices. The steady-state
algebraic version of (5.17) and (5.18) will, therefore, always have unique
solutions.

Everything necessary for the evaluation of the smoothed output error
covariance is now available. The next theorem puts it all together.

THEOREM 4 The error covariunce of the smoothed output estimate is
given by
cov[z(t)—2¥(t)]=HZH' —H*T¥P*'M’
+P* 'M/H —H[MP*~ '+ M, P 1]SFH*
+ H*SH[P* T INP* ™14 p¥Ipe gy p*=!

+ P lg*EpEpx -l +P;“_1N,P:“1]Z;“H*’ (5.19)
where Z, M, N come from (5.9); M, and N, come from (5.14); and o* and
p* come from (5.17) and (5.18).

Proof (Appendix C).

This theorem is the main result of this section. While tedious, the proof
is basically straightforward; it consists of finding the various cross-
covariances. In fact, the only difficult part of the derivation was finding an
expression for EX*x}*'.

As an aside, it is noted that the cross-correlations between the estimates,
£* and £*, and the state x could have been evaluated in an analogous
fashion to the way EX*(t)X*(t) was obtained. This is done in Appendix B
where it is shown that

EX*(t)x'(t) =a*Z. (5.20)
But EX*(¢)x'(t)=M'(t) from (5.9). Therefore
a*=MZT"L (5.21)
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Similarly,
pr=X"'M,. (5.22)

Since the Lyapunov equations (5.10) and (5.15) have to be solved and
yield M and M,, (5.21) and (5.22) allow the evaluation of the output
covariance without the solution of the additional Eqgs. (5:17) and
(5.18) for o* and S*.

In the case where the dimension of the model (5.1) equals the dimension
of the actual system (1.1), Theorem 4 can be used to obtain an expression
for the covariance of x(t)—%¥*(t). This results from simply setting H and
H* equal to the identity. Alternatively, the expression for the smoothed
error covariance could be obtained by expressing the smoothed error as a
linear combination of three errors—forward error, reversed-time error, and
a priori €ITor,

X—SF=TAPF Tl (x—$F) + PE N (x—$%)—TF ()] (5.23)

The covariances of these errors and their cross-correlations can be
found from (5.10), (5.15), and (5.16). By making these substitutions and
performing some tedious algebraic manipulations, one is able to arrive at
an expression for the smoothed error covariance from (5.23). The details
are omitted.

In summary, this section has addressed the problem of fixed-interval
smoothing using an incorrect model. The actual smoothed output error
covariance is given in Theorem 4. A special case of this result is a
sensitivity analysis expression for the smoother error covariance. In either
case, it is necessary to solve the forward- and reversed-time Lyapunov
Egs. (5.10) and (5.15). The quantities «* and p* also obey Lyapunov
equations, but can be computed (perhaps more conveniently) from (5.21)
and (5.22).

VI. CONCLUSIONS

The two-filter smoother expresses the smoothed state estimate as a linear
combination of two optimal estimates. One of the main contributions of
this paper has been to obtain this smoother from first principles. Other
derivations of the two-filter smoother have proceeded by showing equival-
ence with some other smoothing algorithms. Because of these derivations,
it has never been clear exactly what type of estimate is the backwards
estimate X, (¢). Therefore, perhaps more important than the derivation of a
new two-filter smoother in this paper is the insight gained from this
approach. The backwards estimate is simply the maximum likelihood
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estimate. The backwards filter comes from removing the a priori infor-
mation from a reversed-time Kalman filter. This reversed-time Kalman
filter, a key element throughout the paper, is designed from a reversed-
time realization of the state process. Other authors [14] have used the
reversed-time model to obtain smoothing formulas, but these results
essentially just applied standard smoothing formulas to the reversed-time
model. Section IIT used the reversed-time filter in conjunction with the
forward filter to obtain the resulting expression for the smoothed estimate.
It should be noted that some of the equations in Section III are quite
similar to ones obtained by Ljung and Kailath [1] by using the
relationship between linear least-squares estimation and scattering theory.
The approach taken here seems to be a natural one for addressing the
smoothing problem and yields the very simple change of initial conditions
formula (4.13) and (4.14) for x,(0).

The smoothing formulas presented here are symmetric with respect to
forward-time vs. reversed-time. This is not meant to imply that the two
filter error covariances P(t) and P,(t) are equal, but rather the form of the
smoother is the same for both the past and the future. For example, the
two estimates )G(t}t) and ﬁ,(t}t) that are combined to produce the
smoothed estimate are both conditional expectations of x(t). As discussed
in Section I, intuitively there is an equivalence between past and future
observations. Where the difference between forward- and reversed-time
became apparent was in Section IV when the question of uncertain initial
covariance was considered. The reversed-time system matrix —A(t)
—Q()Z " '(t) obviously depends on the state covariance; the forward
system matrix A(t) is independent of X. Therefore, when considering
change of initial covariance problems, the fact that the original system
model is given in forward-time introduces a distinction between forward-
and reversed-time. One can form a maximum likelihood estimate of x,(t)
(given the observations from t to T) which can be combined with the a
priori data to provide a simple change of initial conditions formula. There
does not exist an analogous formula for the forward estimate )E(t]t). This
formula for %,(¢|r) can be used to provide a change of initial conditions
formula for x,(0) since at time 0, all the observations are used in
estimating x,(0).

In order to implement the two-filter smoother given in Theorem 3, it is
very convenient to use the information filter form of the forward- and
reversed-time Kalman filters. This means one should compute P_l(t‘t),
P, (t|t), P i(t|0)R(t|t), and P (t[t)%,(¢]¢) instead of the usual Kalman
filter estimate and covariance. If these quantities are available, then only
one matrix inversion is needed in the computation of the smoothed
estimate—the inverse of P~ *(t|t)+ P, *(t|t)—Z~(t) is all that is required.
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The final contribution of this paper is the analysis of reduced-order
smoothers and the sensitivity of two-filter smoothers. The approach taken
here is similar to that of Mehra [7] except that Mehra erroneously
assumed the forward and backward filtered errors were uncorrelated.
Hence the main contribution of Section V is Lemma 1 which gives the
cross-correlation between X*(r) and £*(t), the forward- and reversed-time
estimates. Another important aspect of the analysis in Section V is that
both Lyapunov equations (5.10) and (5.15) can correspond to table
systems. In particular, for the time-invariant infinite-lag problem, the
forward- and reversed-time augmented systems are both stable and,
therefore, algebraic equations can be solved to yield the covariances.
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Appendix A.

DISCRETE-TIME SMOOTHING FORMULAS
Consider the discrete-time linear system
xX(k+1D)=¢(k+1, k)x(k)+w(k) (A.1)

y(k)=C(k)x(k)+v(k) (A2)

where x(0), w(k), and wv(k) are all independent, zero-mean, Gaussian
random variables and

Ex(0)x'(0)=2(0), Ew(k)w'(i)=0(k)d; . Ev(k)v'(i)=R(K)J; ;.

The discrete-time FI smoothing problem is to compute the conditional
expectation of x(k) given the observations { y(i)[Oéig T}. The estimate is
denoted x,(k) and the error covariance is P (k). The system covariance

Ex(k)x'(k) at time k is denoted by X(k).
The reversed-time system corresponding to (A.1) is

x,(k)=[Z(k)¢ (k+ L, K)Z Hk+ 1)+ E(k+1)
=¢ (k k+1)x,(k+1)+E(k+1) {A.3)
where the covariance of the reversed-time white noise driving process is

Q. (k+1)=ES (k+1)¢(k+1)
=3(k)—Z(k)p'(k+1, k)E " (k+ 1)p(k+ 1, k)(k)  (Ad)




15:34 5 January 2011

Downl oaded By: [Massachusetts Institute of Technology, MT Libraries] At:

32 J.E. WALL, Jr., A. S. WILLSKY AND N. R. SANDELL, Jr.

If the state transition matrix ¢(k+1, k) is invertible, this covariance may
be written as

Q(k+1)=2(k)p'(k+1, k)T~ H(k+1)Q(k)p~*(k+1,k)
=¢,(k, k+1)Q(k)p 1 (k+1, kY (A.5)

The random variables x,(T) and ¢&(k) are independent, zero-mean,
Gaussian and Ex,(T)x.(T)=X(T). Under these conditions, the processes
x(k) of (A.1) and x,(k) of (A.3) have the same covariance function and,
therefore, the same joint probability density functions. It should be noted
that Friedlander, Kailath, Ljung [21] and Sidhu, Desai [14] have
previously given incorrect reversed-time realizations of the discrete-time
process x(k).

For the smoothing problem, there are four disjoint sets of information
about x(k),

1) past observations: {y(i)|0<i<k}

2) future observations: {y(i)|k<i< T}

3) present observation: {y(k)}

4) a priori data: mean 0 and covariance Z(k).

By grouping these sets of information in various ways, one arrives at
the variety of estimated quantities below:

Kalman filter estimate L(k|k)y=1)+3)+4)
Kalman filter one-step predictor >2(k] k—1)=1)+4)
reversed-time Kalman filter estimate £, (klk)=2)+3)+4)
reversed-time Kalman filter

one-step predictor L,(k[k+1)=2)+4)
backwards estimate %p(k|k)=2)+3)
present conditional expectation Kpap (klk)=3)+4)
a priori estimate Xap (k)=4)

and others. The reversed-time Kalman filter estimate and one-step pre-
dicted estimate are obtained from applying the Kalman filter equations to
the reversed-time realization (A.3). The estimate X,, (k) is just
E[x(k)|y(k)]. The backwards estimate ﬁb(k‘k) is used in the discrete-time
Mayne*Fraser smoother. ‘

In *Section 1III, the idea of forming an estimate from the future
observations without including a priori information was discussed for the
continuous-time case. We now digress in this paragraph in order to
elaborate and expand on that discussion for the discrete-time case. The
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future observations, { y(i)|i<k< T}, can be expressed as one aggregate
observation, y, of x(k),

[ y(k+1)
y(k+2)

L y(T)
B Clk+1){¢p(k+1,k)x(k)+w(k)} +v(k+1) N
Clk+2){p(k+2,k)x(k)+ ¢ (k+2, k+1)w(k)+w(k+1)} +v(k+2)
T-1

C(T){ (T, k)x(k)+ Z H(Ti+w(i)}+o(T)

- k

=Hx(k)+v (A.6)

where ¢(l,m) denotes [['Z.#(j+1,j). This aggregate observation is
simply a linear observation of x(k) corrupted by additive noise—the
additive noise being a function of {w(i-l),v(i)]k<i§ T}. To estimate
x(k) from y without using a priori data, view x(k) not as a random
variable, but rather as an unknown parameter. As an unknown parameter,
one can speak of the maximum likelihood estimate of x(k) given the
future observations. This estimate is well-defined only if x(k) is observable
over (k+1,T), ie., if H in {(A.6) is full rank. In this case, the well-known
result is

Rtuure(k) = (H'R™'H)"*H'R™'y (A7)
with error covariance
Piyure(k)=(H'R™'H)™! (A.8)

where R=Euvv'. This estimate corresponds to Fraser’s £,(k|k+1). When H
is not of full rank, the pseudo-inverse of R™*?H can be used to estimate
the observable part of x(k). It is easily seen from (A.6) and (A.7) that the
eITOr IN Xy, (k) is due solely to the additive noise in (A.6), i.e., the error
is independent of the random variable x(k). Hence, in either the full rank
or non-full rank case, the maximum likelihood estimate X;,,,..(k) can be
combined with the a priori data using (1.13) and (1.14) to yield the
Bayesian conditional expectation of x(k) given { y(i)| k<i<T}.

The smoothed estimate, of course, must incorporate all four sets of
information exactly once. There obviously exists a plethora of ways to

JS—B
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combine these various estimates to obtain X(k),
R (k)=Z,(k)[P™ ! (k| k)% (k| k)+ Py ' (k| k+1)%,(k|k+1)] (A.9a)
=T (k)P (k| k)R (k|k)+ P (k|k +1)%, (k| k+1)] (A.10a)
=Zs(k)[P‘1(k[k))?(k{k)+P,“1(k‘k))2,(k(k)

— P71 (k[K)R, . (k| K)] (A.11a)
=5 (K)P ™" (k| k— 1R (K| k— 1)+ P " (k| k+ 1)% (k| k+1)
+P;L (k)R . o (k[K)] (A.12a)
(k) =[P~ (k|k)+ Py * (k| k+1)] " (A.9b)
=[P~} (k|k)+P; ' (k|k+1)—Z "' (k)]™* (A.10b)
=[P~ Y(k|k)+P;  (k|k)— Py L (k|k)] ™! (A.11b)
=[P (k| k—1)+P; "(k|k+1)+P; L (k|k)—2E" 1 (k)]™"
(A.12b)

The proof of these results is analogous to the proof of Theorem 3 and is
omitted. Equation (A.9) is just the Mayne—Fraser two-filter smoother.
Equation (A.10) expresses the smoothed estimate as a combination of two
Kalman filter estimates. The other two formulas, (A.11) and (A.12), are
included to show that the smoothed estimate can be written in terms of an
expression that is symmetric with respect to forward- and reversed-time.
There are, of course, many other possibilities besides (A.9)-(A.12) for
giving the smoothed estimate.

For the reduced-order smoother analysis, the formula (A.10) will be
used. Notice that this expression is asymmetric with respect to forward-
and reversed-time, and so it is to be anticipated that the resulting reduced-
order covariance expressions will also have some asymmetry. It is
assumed that the model used in reduced-order smoothing is

x*(k+1)=p*(k+ 1, k)x* (k) +w*(k) (A.13)
y*(k)=C*(k)x*(k)+v*(k) (A.14)
2*(k) = H* (k)x* (k). (A.15)

The actual process x(k) and observations y(k) are generated by (A.1) and
(A.2), and the actual output z(k) is given by

z(k)=H (k)x(k). (A.16)

The approach and assumptions are the same as in Section 4.4. Also,
explicit dependence on time will be suppressed.
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Forward time system and filter A reduced-order Kalman filter is designed
on the basis of the model (A.13) and (A.14). Let K* be the gain of this
filter. Then consider the augmented state vector consisting of x and X*,

x(k+1) [ ¢ 0 x(k)}
k+1k+1) | [K*Co  (I-K*C*)¢p* | #*(k|k)

I 0T uk
+[K*c K*:”:v(k-i—l)}' (A17)

T M x s s
I

This augmented state covariance is given by the discrete-time Lyapunov
equation.

Let

Reversed-time system and filter Let K* be the filter gain of the reduced-
order, reversed-time Kalman filter. Then

xk)y |_| ¢ 0 x,(k+1)
x(k|k+1) || prKFC ¢ —KFC*) | ¥ (k+1]k+2)
I 0 E(k+1)
’ . A.19
Lo arme) i) A
Let the corresponding system covariance be

HEIE PR

Cross-correlation of x*(k|k) and x¥(k|k+1) Using the discrete-time
versions of the arguments given in Section IV for continuous time yields

E[)E*(k|k)x;“(k|k+1)]=cx*(k)2(k)/3*(k) (A.21)
where o* and S* are recursively computed from

a*(k)=K*(k)C(k)+{[I —K*(k)C*(k)]p*(k, k—1)}
x a*(k—1){Z(k—1)¢' (k, k= 1)Z ™ (k)} (A.22)
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and
BH(k)=¢' (k+ 1, k)C(k)KF(k+ 1)Z* "1 (k+1)p*(k+ 1, k)Z* (k)
+{¢'(k+1,k)}p*(k+1)
X {Z*(h)P* (k+1, k)=* (ke + DI —KF*(k+1)C*(k+1)]}
(A.23)

with initial conditions o*(—1)=8*(T)=0.
The smoothed output error covariance is therefore

cov [Z(k) _ Z*(k)] — [H _H*]E{[;*((kk)):l [X/(k) X:/(k)]}[;;{*l
~HIH' — H*E{$¥x }H' — HE{x3¥ }H*
+ H*E{X}SY  H*. (A24)

Using (A.10) for the smoothed estimate,

E{x£¥} =E{x[#¥P* 1 + $¥ P*x~1]5x
=[MP* '+ M,P*~1]x* (A.25)

and
E{X¥X¥ | =E{Z}[P* 'x* + PFTIRR[RFPF T4 RFPFIIE)
=Z;ﬁ<[P*~1 NP*—I +P*‘1ﬁ*’2a*’P*“1
FP*TIg*Tprprol L proIN pERoLTE (A.26)

Substituting (A.25) and (A.26) into (A.24) yields

covlz(k)— (k)] =HEH — H*S*[P* ‘M +P* " 'M/]H'
~H[MP*~' 4+ M,P}~ ' JS*H*
+ H*SHP* INP*~1 4 Proigesys px-t
FP*T IR ERXPRTLy pXoIN pRLISRER . (A2])

The sensitivity analysis problem is solved by taking H and H* equal to
the identity matrix.



15:34 5 January 2011

Downl oaded By: [Massachusetts Institute of Technology, MT Libraries] At:

FIXED-INTERVAL SMOOTHING 37

Appendix B.

CROSS-CORRELATION BETWEEN x*(t) AND x*(t)

The estimate x* can be written in integral form from the variation of
constants formula as

(1) =[O gocs(t. 0)K*(0)y(0) do (B.1)
0
where @ . . is the state transition matrix of the forward Kalman filter,
d
0 e (£,0) = [A* () =KX CH (O] 1 (1, 0) (B.2)

with the identity initial condition ® 4 _ juc+(0,0)=1. Similarly, the reversed-
time estimate can be written

()= JT Yo aemgreet o6 TDK (T)y (1) de (B.3)
where

d
—gl//_A*_Q*E**l —K’;C"‘(t’ T)

=[-4*O)—-Q*OZ* 'O _p—go-t g, T)  (B4)
and ¥ _ 4 g1 _geex(T, T)=1. Combining the integral expression (B.1)
and (B.3) and taking the expectation yields

E)E*(t)ﬁ;‘“(t)=j) [ @4 (0K (o)

xELy(e)y' ()JK¥ (W ae—grge-t ~ gice(t, T)dTdo. (B.S)
The autocorrelation function of y is evaluated in the following lemma:
LEMMA B.1 For o<,
Ey(o)y (t)=C(oW - 4-gs-1(0,8)Z(t)¢4(r,1)C (1) + R(0)d(0 — 1) (B.6)

where te[o, 1] and

%(I)A(r,t)=A(‘c)(I)A(r,t), @, t)=1I (B.7)

d
_Ew—A—QZ_l(G’t)z[_A(U)—Q(G)Z_l(G)]w—A—QZ_‘(a’t)a

‘//—A—QZ"‘(t,t):I (B.8)
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ie, ®, and Y _ ,_o5-1 are the state transition matrices of the forward- and
reversed-time systems, respectively.

Proof
Ey(o)y' (r)=E{[C(o)x(0)+v(a)][C(t)x(x)+uv(r)]'}
=C(0)E{x(0)x'(2)}C (1) + E{v(o )W (t)}
=C(O)E{[Y - 4-gz-1 (0, X (1)I[P 4 (r,)x (1)) }C'(2) + R(0)d (0 — 1)
=CeW_ 4—gs-1(6,T)Z(1)P,(1,1)C' (1) + R(0)d(0 —1). Q.ED.
Equation (B.6) can now be substituted into (B.5). Note that the term
involving the delta function drops out because of the limits on the double
integral. Thus

E0R0)=] ] oo et DKM OO s (0. 0E0)

-y g

X @;(T,t)C/(T)K:k,(T)l///_A*-Q*E*'l(t,f)dT do.

(B.9)
This result is now expressed as
LEMMA B.2
EX* ()X () =a*(0)Z()B* (1) (B.10)
where
a*(t)=iCDA*-K*C*(I,J)K*(J)C(a)w,A_Qz—l(a,t)da (B.11)

T
B*(6)= [ @ (e, )C (K} (W 4o grgs=1 —pyer(t, T) T (B.12)

Proof Lemma B.2 is an immediate consequence of (B.9).

The integral expressions for o* and f* may be replaced by differential
equations.

LEMMA B.3

%ﬁ(r): [A* —K*C*Jo*(t)+o* (1) — A — QT "] +K*C (B.13)

—%ﬂ*(t):[A]’/i*H) CREE - A*—QFE*T —K*C*]' + C'K¥  (B.14)

with initial conditions a*(0)=0 and p*(T)=0.
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Proof Differentiating (B.11) with respect to ¢ yields

d
E{CDA*‘ g, 0)K* (G)YC(OW _ 4 gz -1 (0, 1)} do+K*(£)C (1)

d
Lo ()=
T (t)

Oty Oty

{[A* (@) =KX (@)C* (t)]D gu - ko1, 0)

XK*(0)C(o) - 4-gs-1(0,1)
H O o gacr(t,OK*(0)C(OW _ 4 gz (0,1)
x[—A@)—QMZ ()]} do +K*(1)C(t)

=[A*(t) - K*(t)C*(1)]o* (t) + o* ([ — A1) —Q()Z™ ' (1)]
+K*()C(t).

Equation (B.14) is obtained in a completely analogous fashion. Q.E.D.

Combining Lemmas B.2 and B.3 yields Lemma 1 of Section V.
Finally, notice that from (B.1)

E)?(t)x’(t)=E{ 5) PR | & a)K*(a)y(a)dax’(t)}

~[ @1 oK OICOW s (021 dE ()

=o*(t)X(t). (B.15)
Similarly,

Ex(6)5* (t) =2 (t)B* (1). (B.16)

Appendix C.
PROOFS OF THEOREMS 2 AND 4

Proof of Theorem 2

Explicit dependence on t is suppressed throughout this proof
(covariance). It is shown that P; ! equals P, —X~!. At time T, P, *(T|T)
—X"YT)=0=P; (T), so it suffices to show that the derivatives are
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equal.
d _ N d _
—pr '=-P, 1[‘%&}% '
=P A+ APy —P{'QP; ' +C'R™'C from (2.22)
=P, =T A+ AP -7 —(P71 =27
xQ(P7*—X 1)+ C'R™'C by hypothesis
=P N (A+QX )+ (4+QT 1 YP P IQP!
+CR'C—Z7'4A-A'T"1-Z71QF"! rearranging

d
= —%P:l +EZ_1 from (3.3) and (3.9)

d
—_ P—l__ -1 .
P =E

(estimate). The proof is completed by showing P, 'X, equals P, '%,. Once
again, it suffices to demonstrate the equality of the derivatives since the
quantities are equal at time T.

d___ .., d __.\. _ d .
_E[Pb lxb]:<—dtpb 1>xb+Pb ! <—Exb>

= (Py 'A+ AP, =P OP + CRTY,
+ Py Y~ AXy+P,C'R™ [y~ C%,])
from (2.21) and (2.22)
=(A'—P,'Q)P; %, +C'R™ 1y
combining terms
=(A'~[P7'~Z"']Q)P %, +C'R™ 1y
by hypothesis
=([4+QX '] -P Q)P 'X,+C'R 'y
rearranging terms
=P [A+QE7 ]+ [4+ Q271 ]P !
—P QP '+ C'RTIO)R,
+P ([—A—Q=7']%,+P,CR™[y—C%])
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adding and substracting P[4+ QX" ']%,+ C'R7ICX,

= dP‘1 X, +P 1 4
- dt ¥ X r dl_xr

d
=——[P/'%] E.D.
L

Proof of Theorem 4

cov [z(t)—Z¥(t)] =cov [Hx — H*£¥]

o el e ol ]

=HE{xx"}H' — H*E{£*x'}|H'
—HE{xX}'}H* + H*E{£*X¥ | H*'
(I.) E{xx'} =%
(IL) E{£}x'} =Z*E{[P*~'2*+ P*~1£*]x}
=T} P* M+ P} 'M]
from (5.9) and (5.14).
(IIL) E{X¥X¥} =TFE{[P* 'X* + PF IRF][P*~18% + P*~15x] ) 2%
=X} P* T INP* 14 PrlpRgorpr!
+P* ¥ EpxprT 4 pxoIN pEolpE
from (5.9), (5.14) and (5.16).
Jcov[z—E¥]=HZH — H*I*[P*'M'+P* 'M/]H’
—H[MP*™! + M, P*~']z*H*
+H¥ZF[P¥ T INP* ™ 4 prlipeyyipr-1

+P* I} EprPE L4 PEOIN PXTUSFH*. QED.
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