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ABSTRACT

Two areas in the theory of delay systems are studied: structural
properties and their applications to feedback control, and optimal
linear and nonlinear estimation. First, we study the concepts of
controllability, stabilizability, observability and detectability.
The property of pointwise degeneracy of linear time-invariant delay
systems is then considered. Necessary and sufficient conditions for
three dimensional linear systems to be made pointwise degenerate by
delay feedback are obtained, while sufficient conditions for this to
be possible are given for higher dimensional linear systems. These
results are then applied to obtain solvability conditions for the
minimum time output zeroing control problem by delay feedback. Next,
we turn our attention to optimal linear and nonlinear estimation. A
representation theorem is given for conditional moment functionals
of general nonlinear stochastic delay systems. From this, stochastic
differential equations are derived for conditional moment functionals
satisfying certain smoothness properties. We then give a complete
solution to the estimation problem for general linear delay systems.
Stability properties of the infinite-time linear optimal control
system with quadratic cost and the optimal linear filter for systems
without delays in the observations are studied. When appropriate
structural properties hold, the optimal control system and the optimal
filter are both shown to be asymptotically stable. Finally, the cas­
cade of the optimal filter and the optimal control system is shown to
be asymptotically stable as well.
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CHAPTER 1

INTRODUCTION

1.1 Mathematical Description of Delay Systems

The research reported in this thesis deals with certain aspects in

the theory of delay systems. Delay systems constitute a class of

hereditary systems, dynamical systems whose future behavior depends

on past events in a fundamental way. Mathematically, the simplest

delay system can be described by the following differential equation

x(t) = f [x (t), x ( t -T), t] (1. 1)

where x(t) € Rn , and T, a positive constant, is a delay. A moment's

reflection shows that in order to determine the behavior of the system

for t > t , one must specify not only x(t ), but the function x(S) on
- 0 0

the interval [t -T, t]. If we define the functiono . 0

n
x : [-T, 0] + R

t

by x(t+S) S€ [-T, 0] (1.2)

we see that knowledge of the function Xo is necessary and sufficient

to determine the behavior of the system for t >0. Thus x
t

is the true

state of the system (1.1), and being an element of some function space

defined on the interval [-T, 0], it is infinite dimensional. This is

a fundamental difference between delay systems and finite dimensional

ordinary differential systems. By a slight abuse of language, we shall

still call x(t) the "state" of the system (1.1), and call x
t

the

"complete state."
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Equation (1.1) is often called a differential-difference equation

of retarded type [1]. From the control theory point of view, we can

have a controlled delay differential equation

x(t) f[x(t), X(t-T), U(t), U(t-T), t] (1.3)

If the system trajectory is not directly measured, but is observed

through output variables z(t), one can have systems with delays in the

observations

z(t) h[x(t), X(t-T), t] (1.4)

In actual applications, a combination of the above basic types of

equations may, of course, arise. Furthermore, these equations can also

be generalized to include systems with several delays T., with time­
1

varying delays T(t), or with delays T(X(t)) depending on the state.

So far, we have described delay systems which have a finite

number of delays. A more general type of controlled delay systems is

described by the retarded functional differential equation [2]

x(t) = f[x , u(t), t] (1.5)
t

where xt is defined by (1.2). This includes differential equations

with point delays (1.1) and equations with distributed delays

x(t) = j[0 f[x(t+S)]dS + u(t)

-T

(1.6)

While even more general types of delay systems can be defined [3],

they will not play a role in this thesis and hence will not be discussed.

-7-



Finally, delay systems may also be subject to random disturbances.

One formulation of a stochastic delay equation is given by

dx(t) f[x(t), X(t-T), t]dt + dw(t) (1.7)

where wet) is a Wiener process, and the equation is understood in the

Ito sense. Usually associated with the stochastic delay equation (1.7)

is an observation process

dz(t) h[x(t), X(t-T), t]dt + dv(t) (1.8)

As in the deterministic case, the function x
t

plays an important role

in the theory of stochastic delay systems.

1.2 Dynamical Processes Modeled by Delay Systems

Euler was the first mathematician to study delay differential

equations [4]. While there were a number of mathematical investiga­

tions of such equations after Euler, notably Volterra [5], the basic

mathematical foundations for delay systems were established in the

nineteen forties, fifties and early sixties [1], [6]. Since then,

the theory of delay systems and, more generally, that of hereditary

systems have been the subject of intensive investigation. While it

has long been known by control theorists that delay systems are the

appropriate models for a wide variety of process control systems [7],

recent applications of system theory have shown that some biological,

ecological, economical and social processes also take the form of

delay systems [8], [9]. This has generated a great deal of interest
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in various aspects of the theory of delay systems in the control as

well as mathematical community. We shall discuss some examples of

such processes.

Example 1. Chemical Control Processes

A basic configuration in many chemical process control systems is the

following [10]:

u

Recycle loop

Here u usually represents a control of the feed rate of raw materials,

T represents a transformation which changes the relative composition

of the reactants. A typical example in refineries is that T is

composed of a cascade of a reaction cooler, a decanter, and a dis­

tillation column. The recycle loop feeds back a certain percentage

of the raw materials and some byproducts of the chemical reaction.

This recycling introduces a significant time delay, often of the order

of a few minutes, into the system. To build a suitable mathematical

model for the analysis of such chemical control plants, a delay system

must be used.

Example 2. Estimation in Radar-Sonar Problems

We consider the simplest model of a radar system [11]:

-9-



+ ~~~-----------Returns of other targets

Additive External noise
receiver noise fields

Signal
processor

Transmitter1-- __

------.....a...J

Because of the distance of the target, the received signal is a delayed

(possibly distorted) version of the transmitted signal. If we assume

the target is a slowly fluctuating point target, the reflection is

linear, and there are K interfering targets, the received signal can

be written in the form [11]

ret)
K jw.t

2: '" '" . 1b. f (t-T.) e
1 1

i=O

'w tJ c
+ n(t)]e }

where f(t) is the complex envelope of the transmitted signal, Et the

energy of the signal, w the carrier frequency, net) the complex
c

representation of an additive Gaussian noise process, and for the i th

target, b. summarizes the amplitude information, T. is the round trip
1 1

delay time, and w. is the Doppler shift frequency. These multiple­
1

target situations are often referred to as communication over multi-

path channels. A basic estimation problem for these radar-sonar

systems is to find optimal estimates for the quantities T. and w.,
1 1

i = 0, ••• , K, since these give useful information about the ranges

and velocities of the various targets. This is clearly an important

application of the estimation theory of stochastic delay systems.
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Example 3. Modeling of Epidemics

Delay differential equations have often been used in the modeling of

epidemics. Let xl(t), x
2
(t), x

3
(t), and x

4
(t) denote the number of

susceptible but unexposed individuals; infective individuals, removed

individuals, and exposed but not infective individuals respectively.

Since the infective individuals are those who were infected some time

earlier, this introduces delays in the dynamics. The following equa-

tion has been proposed for the spread of measles [12]:

.
xl (t) = -S(t)xl (t)[2y + xl (t-14) - xl (t-12)] + y

where S(t) is a proportionality coefficient that is seasonally

dependent, y is the (constant) rate at which individuals enter the

population, and a unit of time is a day.

A more complex model of controlled epidemics has also been

proposed [13]. Letting u
l

represent active immunization, u2 passive

immunization, the model proposed is

~l (t)

r(t)

Here S is an "effective contact" rate, a(t) the normalized arrival rate

of infectives, r(t) the normalized removal rate of infectives, and T is

a delay time.
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Many more examples of processes modeled by delay, or more

generally, hereditary systems can be found in [8] and [9].

1.3 Outline of Thesis

From the above discussion, it is clear that delay systems arise

in many practical applications. This provides ample justification

for studying the theory of delay systems in depth. There is a large

literature on the existence and uniqueness of solutions to delay

differential equations without control and their qualitative properties

[2], [14]. However, from the system theory point of view, a large

number of system-theoretic concepts remain to be explored and examined.

In this thesis, we study two areas of interest: structural properties

of delay systems and their applications, and the estimation of sto­

chastic delay systems. In the first area, we are interested in seeing

what are the roles played by the structural properties in control and

estimation problems, and how properties peculiar to linear delay

systems can be exploited to solve control problems not handled by

finite dimensional linear systems. In the second area, we are motivated

by the desire to develop an estimation theory suitable for multipath

communication problems such as that described in Example 2 of this

chapter. Of course, these by no means exhaust the theoretical im­

plications or the practical applications of the ideas and results

developed in our work. An outline of the thesis is given below.

In Chapter 2, we study the concepts of controllability, sta­

bilizability, observability, and detectability in connection with
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delay systems. These are properties of great interest in any study

of dYnamical systems. While they merit an in-depth study in their

own right, our interest in them stems mainly from their relevance to

the stability properties of the linear optimal control system with

quadratic cost and the linear optimal filter. The various notions

of controllability and observability are therefore examined and

compared from the standpoint of these two problems. The results in

this chapter will be used in a crucial way in Chapter 6.

While Chapter 2 deals with standard system-theoretic concepts,

in Chapter 3 we study a property which is peculiar to delay systems:

the notion of pointwise degeneracy. This property has been studied

previously by various authors [15] - [20] as an interesting aspect

in the theory of delay systems. Our viewpoint, on the other hand,

is to apply it to the control of linear systems. This motivates the

development of a useful characterization of systems which can be made

pointwise degenerate by delay feedback. These results serve as the

foundation for the construction of delay feedback controllers.

In Chapter 4, we discuss the potential applications of the

pointwise degeneracy property in delay feedback control for the

minimum time output zeroing problem for linear systems. The results

of Chapter 3 are then applied to obtain conditions under which the

control problem can be solved. The sensitivity of such a control

system under perturbations of its parameters is also studied.

-13-



Starting with Chapter 5, we turn our attention to the filtering

problem for stochastic delay systems. We first give a general dis­

cussion and show how previous results are inadequate for solving the

filtering problem for delay systems. We next give a representation

theorem for conditional moment functionals of nonlinear stochastic

delay systems. Under suitable conditions, stochastic differential

equations for the conditional moment functionals can be derived from

the representation theorem. We then specialize these results to

linear systems and give a complete solution to the filtering problem

in this case. The similarities as well as differences between the

optimal linear filter for delay systems and that for ordinary dif­

ferential systems are discussed.

In Chapter 6, we study the stability properties of the linear

optimal delay system with quadratic cost and the linear optimal

filter. When appropriate system-theoretic properties of control­

lability, stabilizability, observability, and detectability hold,

asymptotic stability of these optimal systems can be established.

The striking duality between control and estimation is also demon­

strated. This gives what we believe is the first instance other

than the ordinary linear differential systems case where the control

and the filtering problems can both be satisfactorily solved.

Finally, we summarize our findings in Chapter 7 and suggest

some directions for future research. We shall see that many more

theoretical problems associated with delay systems remain to be

-14-



solved. It is hoped that the research reported in this thesis will

serve as a useful step in establishing a full-fledged theory for

these systems.
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CHAPTER 2

STRUCTURAL PROPERTIES OF LINEAR TIME-INVARIANT DELAY SYSTEMS

2.1 Introduction

In this chapter, we study four of the basic structural properties

of linear time-invariant delay systems: controllability, stabi1izabi1ity,

observabi1ity, and detectabi1ity. In contrast to finite dimensional

linear time-invariant systems, where simple necessary and sufficient

for these properties to hold are known [21], [22], the situation in

delay systems is considerably more complicated. For example, there is

more than one meaningful notion of controllability or observabi1ity,

and the one that is more appropriate depends on the application we have

in mind. The property that has been studied most extensively is that

of pointwise controllability [23] - [28] (also known as relative con­

trollability or Euclidean space controllability). Necessary and

sufficient conditions have been given for this property to hold, and

various algebraic criteria have been devised [23] - [28]. Stabi1iza­

bi1ity and functional controllability have also been studied by some

authors [23], [25], [29] - [34], but the results are far from complete.

On the other hand, observabi1ity and detectabi1ity have hardly been

touched upon in the literature [29]. Our motivation in studying

these properties is to see how they can be utilized to solve the

stability problems for the linear optimal control system and linear

optimal filter (see Chapter 6). The appropriate notions of con­

trollability and observabi1ity for these problems turn out to be

different from previously given definitions, and we shall explore

-16-



the relations of these various notions. We make no claim to comp1ete-

ness or depth of our investigations here. In fact, a great deal of

work is needed before these structural properties of delay systems

can be clarified.

2.2 Controllability

We shall be concerned with the controllability properties of

the system

x(t) Ax(t) + BX(t-T) + Cu(t)

x(8) = ¢(8) 8S[-T,O] (2.1)

where A, B, Care nxn, nxn, and nxm matrices respectively. We shall

denote the solution to (2.1) by x(t,¢,u). We shall also write xt(¢,u)

for the complete state of the system (2.1) due to the control u, and

it is defined by

xt (¢,u)(8) = x(t+8,¢,u) 8S[-T,O].

As indicated in Chapter 1, the state space of a delay system is a

function space. Several choices for the state space are possible.

The most common one is the space of continuous functions C([-T,O];Rn )

equipped with the sup norm which we will abbreviate by~[2]. Other

choices are M2 (which is isomorphic to Rn
xL

2) [29] and W
2

(1), the

Sobo1ev space of absolutely continuous function on [-T,O] with

derivatives in L
2

[-T,O] [33]. Each has its own advantages and dis­

advantages. For a discussion of this, see [35]. In this thesis,

we will usually take ~ as our state space. Occasionally, we will

discuss other spaces when~ proves to be inappropriate for the

-17-



problem at hand or when other choices shed light on the problem under

consideration.

Since the state space is a function space, there are more than

one notion of controllability that makes sense. The first systematic

study of controllability for delay systems is that by Kirillova and

Churakova [23] and is concerned with pointwise controllability. For

simplicity, we will take our set of admissible controls U to be all

Rm-valued piecewise continuous functions on some interval [O,T], which

we shall denote by PC([O,T]; Rm). The same basic arguments can be

used for U = L
2

([0,T]; R
m
), the space of Rm-valued square integrable

functions on [O,T].

Definition 2.1 The delay system (2.1) is called pointwise controllable

if for any ¢ and any xl € R
n

, there exists a time T and an admissible

control u on [O,T] such that x(T,¢,u) = xl. We also speak of point­

wise controllability on [O,T] or at time T if the terminal time T is

fixed.

By the variation of constants formula [2], [36], the solution to

(2.1) can be written as

x(t,¢,u)
\0 t

<p(t,O)<jJ(O)+ J <p(t,s+T)B<jJ(s)ds+ i <p(t,s)Cu(s)ds

-T 0 (2.2)

where W(t,s) is the fundamental matrix associated with (2.1) and

satisfies

-18-



d
dt ¢(t,s)

<P(s,s)

A¢(t,s) + B¢(t-T,S)

I

¢(t,s) = 0

We will also write (2.2) as

t < s (2.3)

x(t,¢,u) = x(t,¢,O) + Ftu

where for any fixed t ~ 0, F : U ~ Rn
t

A straightforward argument shows that the following is true

[37], [26].

Lemma 2.1 System (2.1) is pointwise controllable if and only if

nthere exists a time T such that ai'(F
T

) = R where ~(X) of an operator

X denotes the range. An equivalent condition is

rank j[T $(T,s)CC'$'(T,s)ds = n

°
(2.4)

In contrast to finite dimensional linear differential systems,

the fundamental matrix ¢(t,s) defined by (2.3) can be singular [17],

[35]. Furthermore, pointwise controllability to any point in Rn is

no~ equivalent to pointwise controllability to the null vector in Rn .

To distinguish these cases, we make the following

Definition 2.2 The delay system (2.1) is called pointwise null

controllable if for any ¢, there exists a time T and an admissible

-19-



control u on [O,T] such that x(T,¢,u) O.

It is clear that pointwise controllability implies pointwise

null controllability. The converse, however, is not true. To

discuss necessary and sufficient conditions for pointwise null

controllability, we need the notions of pointwise completeness

and pointwise degeneracy.

Definition 2.3 System (2.1) is said to be pointwise complete if

for each t, there exists a set of initial functions ¢: €~ i = l, ..• ,n
1

such that the vectors x(t,¢7,0) i = l, •.• n form a basis for Rn • If
1

the system is not pointwise complete, i.e., if there exists a proper

subspace V of Rn such that at some time t, x(t,¢,O) .- V for all

¢ €~ the system is said to be pointwise degenerate (at time t).
J

The relevance of these notions is shown by (see [26])

Lemma 2.2 If the system (2.1) is pointwise complete, then the

condition

J
T

rank ~(T,s)CC'~(T,s)ds

o
n

is necessary and sufficient for pointwise null controllability at

time T.

The point is that if the system is pointwise degenerate, we do

not need &l(FT) Rn for pointwise null controllability at T. We

only need&l(FT) ~ {x(T,¢,O): ¢ €~}, which is a proper subspace of

R
n

• The notion of pointwise degeneracy has other useful applications,

-20-



lability.

and we shall be studying it in much more depth in Chapters 3 and 4.

The condition (Z.4) can be replaced by a number of algebraic

criteria [Z3], [Z6], [Z8]. These can be thought of as generalizations

of the well-known controllability results for finite dimensional

linear systems. While pointwise controllability is useful in linear

control problems with target sets in Euclidean space [35], [38], it

is too weak for other problems. For control problems with target

sets in function space, we need a much stronger notion of control­

Here, following Banks et al., [33], we adopt the space W (1)Z

as our state space and L
Z

as our set of admissible controls U. The

reason for switching the state space to Wz(1) is that for u £ L
Z

and ~ £ Wz(1), eq. (Z.l) implies that x(t) E L
Z

• HenceW (1) is a
Z

natural choice for the state space when the control space is L
Z

•

For further discussions on this point, see [33].

Definition Z.4 The system (Z.l) is said to be functionally con-

trollable if for any functions ~ and ~ £ Wz(1), there exists a time

T and a control u £ LZ[O,T] such that ~(~,u) =~. If the terminal

time T is fixed, we say that the system is functionally controllable

on [O,T].

The following result of Banks, et al., [33] shows that functional

controllability on [O,T] where T > T imposes extremely stringent con-

ditions on the system which are rarely met in practice.

Lemma Z.3 The system (Z.l) is functionally controllable on [O,T]

where T > T if and only if rank C = n.

-Zl-



Functional controllability is too strong for many control

problems of interest, for example, the stability properties of

linear optimal feedback systems and linear optimal filters. We

now develop a new notion of controllability which is applicable

to these problems. We revert to ~ and piecewise continuous functions

as our state space and control space.

Let us first define the function

n nW
T

: PC([O,T]; R ) + C([T-T,T]; R )

by

(WTV)(t) = j[T ~(t,s)v(s)ds
o

Similarly, define

t c [T-T,T]

by

j[T ~(t,s)Cu(s)ds

°
tC[T-T,T]

Let us denote the space of all Rn-valued functions ~ on [t,t+T],

which are of bounded variation on [t,t+T] and continuous from the

left on (t,t+T), by B ([t,t+T]; Rn ). We equip B ([t,t+T]; R
n

)
o 0

with the total variation norm on [t,t+T), denoted by Var For
[t,t+T]

n n
~ C B ([t,t+T]; R ), ¢ C C([t-T,t]; R ), define the bilinear form

o

<~'¢>t by (see [2])

w'(t)¢(t) + it ~'(s+T)B¢(s)ds
t-T

-22-
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We shall refer to <W'¢>t as the hereditary product at time t.

We adopt the following

Definition 2.5 The system (2.1) is said to be controllable on

[O,T] if there exists no ~ E Bo([T,T+T]; R
n

) such that <~'¢>T = 0

for all ¢ E &l(WTC), but that <~, ¢1>T =;. 0, for some ¢l E &leWT).

This definition of controllability may not be very well-

motivated at the moment since PC([O,T]; Rn ) is not the space of con-

troIs. It is obtained strictly as the dual notion of observability,

which we will discuss in section 2.4. The physical meaning of~(WTC)

is clear and correspond:; to functions which can be attained at T by

suitable control. On the other hand, it is not clear to what~(WT)

corresponds. However, this definition of controllability is easily

seen to be stronger than pointwise controllability and weaker than

functional controllability. For if we take t = T, and take ~ to be

such that ~(T) # 0, ~(s) = 0, T < S < T + T, we get that

<~'¢>T = ~'(T)¢(T)

Controllability then says that there
T

W' (T) f <PeT ,s)v(s)ds of 0, for some

o

exists no ~(T) such that

nv E PC([O,T]; R ), but that

T
W' (T) f ¢(T ,s)Cu(s)ds

o
0,

m
for all u E PC«(O,T]; R). Since <P(T,s)

nfor arbitrary xl E R , we can define

A(T-s)e for s E [T-T,T],

o

f
T-T

A(T-t) A' (T-t) -1
e edt] xl

tE(O,T-T)
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(
T

This yields ~(Tts)v(s)ds

"'0

T
xl and shows that {ji ~(T,s)v(s)ds:

o

If {I
T

R
n

. ¢(T,s)Cu(s)ds: u E PC([O,T]; Rm)}

o
is a proper subspace of Rn , then we can find ~(T) such that

T
ljJ' (Ti ~(T, s) Cu(s )ds 0,

o
T

for all u E PC ([0, T]; R
ffi
). Choosing v such that f ~(T, s)v(s) ds = ljJ

o
we see that system (2.1) will not be controllable. Hence controllability

implies 3l(FT) = Rn ,..,hich is precisely pointwise controllability. On the

other hand, if rank C = n, then M(\.J
T

) is clearly the same as ~WTC), frOm

which controllability follows. Hence functional controllability implies

controllability.

Finally, there is a fourth notion of controllability, that of

approximate functional controllability.

Definition 2.6 System (2.1) is called approximately functionally

controllable if for any ¢ and ~ s ~, there exists a time T and a

sequence {un} in U such that xT(¢,un ) converges to ~.

Again approximate functional controllability is weaker than

functional controllability, but stronger than pointwise controllability.

Its relation to our definition of controllability is not known at

pre.sent. Its use in delay system problems seems to be rather limited.

However, it is one of the standard notions of controllability in in-

finite dimensional linear systems [39], and we have stated it for

completeness.
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2.3 Stabilizability

We start with the definitions of stability and asymptotic stability

of unforced delay systems.

Consider the system

x(t) = Ax(t) + BX(t-T)

x(8) = ¢(8)

where ¢ S ~.

8 S[-T,O] (2.6)

We shall denote the solution to (2.6) by x(t,¢) and the complete state

Definition 2.7 System (2.6) is said to be stable if for every S > 0,

there exists a 8(s) > 0 such that I¢l < 8 implies the solution of (2.6)

satisfies Ixtl < s, for all t > O.

Definition 2.8 System (2.6) is said to be asymptotically stable if

it is stable, and there is a 8 such that I¢I < 8 implies the
o 0

solution of (2.6) satisfies limlxt (¢)I = o.
t~

It is known that asymptotic stability of linear delay systems is

equivalent to exponential stability [2], [36]. In other words, (2.6)

is aSYmptotically stable if and only if there are positive constants

t ~ 0, for all ¢ S ~.

We are now ready to give the definition of stabilizability.
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Definition 2.9 System (2.1) is said to be stabi1izab1e if there

exists a matri.x function L: [-T,O] + Rnxn , of bounded variation on

[-T,O], such that the closed-loop system

x(t) Ax(t) +BX(t-T) + C Jr0 dL(8)x(t+8)

-T

(2.7)

is asymptotically stable. We also say (A,B,C) is stabilizable to mean

~his definition.

As in the control of finite dimensional linear systems, stabiliz-

ability is crucial for the well-posedness of infinite-time control

problems for delay systems (see Chapter 6). Necessary and sufficient

conditions for stabi1izability can be given in terms of controllability

of a finite dimensional system obtained by projecting the complete

state xt onto the generalized eigenspaces associated with the eigen­

values with nonnegative real parts [30], [31]. This result is

difficult to use, however, because it is necessary to compute the

eigenvalues and find a basis for the generalized eigenspaces assoc-

iated with them. One would like to have conditions expressed

explicitly in terms of the system parameters A, Band C. Since the

decomposition of the complete state x
t

has been given in detail by

Hale [2], this appears to be a hopeful, but still open task.

In finite dimensional systems, controllability is a sufficient

condition for stabi1izability. Since the controllability condition

is very easy to check, this is an extremely useful sufficient con-

dition. It is important to see, therefore, if some notion of con-

tro11abi1ity implies stabi1izabi1ity in infinite dimensional linear
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systems. This is an aspect of the theory of infinite dimensional

linear systems that has received quite a bit of attention recently

[40], [41]. We have seen in the above that for delay systems, there

is indeed a notion of controllability that is necessary and suf­

ficient for stabilizability. This notion, however, does not cor­

respond to any of those discussed in section 2.2. It is worthwhile

to give a few remarks concerning the relationships between those

notions and that of stabilizability.

It is clear that functional controllability is sufficient for

stabilizability, since functional controllability enables us to move

xt to the zero function in finite time. Approximate functional con­

trollability is also sufficient since this certainly implies that

finite dimensional projections are controllable. On the other hand,

pointwise controllability is not sufficient for stabilizability.

An example illustrating this has been given by Morse [42]. The

relationship between controllability in the sense of Definition

2.5 and stabilizability is not known.

2.4 Observability

Here we are concerned with the system

Ax(t) + BX(t-T)

¢(8)

x(t)

x(8)

z(t) Cx(t) t > °
8 S[-T,O] (2.8)

(2.9)

We would like to know when it is possible to deduce the trajectory of

the system x(t), ° < t ~ T, from the observations z(t), ° < t < T.
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In contrast to controllability, pointwise observability has very

little meaning. This is because knowledge of x(a) is in general

not sufficient in determining the evolution of the system for

t > 0. We shall define two notions of observability.

Definition 2.10 The system (2.8) - (2.9) is said to be observable

if for any <P, z(t) = 0, t ~ 0, implies x(t) 0, t > 0. It is

observable on [O,T] if z(t) = 0, ° < t ~ T, implies x(t) = 0,

°< t < T.

Since (2.8) - (2.9) are time-invariant, an equivalent definition

is: z(t) = 0, t ~ s, implies x(t) = 0, t ~ s, any s > 0. It is useful

to rephrase Definition 2.10 in terms of the initial function ¢.

Definition 2.10' The system (2.8) - (2.9) is said to be observable

if there exists no function ¢ s ~ such that z(t)

that x(t) is not identically zero for t ~ 0.

0, t ~ 0, and such

Let us express Definition 2.10' in terms of certain operators.

By the variation of constants formula

°z(t) = C<!>(t,O)<P(O) + f C<!>(t.S+T)B<p(s)ds

-T

Define the operator MT:~ + PC([O,T]; Rn ) by

f
o

(~¢) (t) = <P(t,O) ¢(O) + <P(t,s+T)B¢(s)ds

-T

for any t S [O,T]. Similarly, define C~:~+ PC([O,T]; Rm) by

f
o

(CM.y ¢) (t) = C<P( t , 0) ¢ (0 ) + C<P( t , s+ T) B¢ (s ) ds

-T

-28-
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for any t € [O,T]. Then the system (2.8) - (2.9) is observable on

[O,T] if and only if

where N(X) of an operator X denotes the nullspace of X. We will now

prove the following duality result which relates the notions of con-

trollability and observability.

Theorem 2.1 The delay system

x(t) = Ax(t) + BX(t-T) + Cu(t)

x(8) = ¢ (8) 8 €[-T,O] (2.14)

is controllable on [O,T] if and only if its hereditary adjoint system [2], [36]

Y(t) -A'y(t) - B'y(t+T)

y(8) 1jJ(8) 8 €[T,T+T], 1jJ€B ([T,T+T]; Rn ) (2. 15)
0

z (t) = C'y(t) (2.16 )

is observable on [0, T].

Remark We shall usually simply say (2.15) - (2.16) is the adjoint or

dual system to (2.14). Of course, the adjoint system (2.15) evolves

backwards in time starting at t = T.

Proof: Applying the variation of constants formula to the adjoint

system [2], [36], we obtain, for t € [O,T]

yet) ~1(T,t)W(T) + j[T+T~I(S_T,t)BIW(S)dS
T

-29~
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Hence observability of the adjoint system is equivalent to

Relative to the hereditary product, the adjoint of Rf is given by

n n
~: PC([O,T]; R ) + C([T-T,T]; R )

T

u' (t)v(t)dt.

"0
We calculate

v>
pc j[T~'(T)~(T.t)V(t)dt

o
(T iT+T

+ J
O

T ~'(s)B~(S-T.t)V(t)dsdt

i T (Tit jlT
~'(T) ~(T,t)v(t)dt + J~ ~'(s)B ~(S-T,t)v(t)dtds

T 0

Hence (~v) (t) iT~(t'S)V(S)dS tt:[T-T,T]

The reader may note here that ~ = WT' with WT defined in section 2.2.

Similarly, the adjoint of C'H¥ is given by

(~Cv) (t)

m n
HTC: PC([O,T]; R ) + C([T-T,T]; R )

iT ~(t.s)Cv(s)ds tt:[T-T,T]

(Note that ~C = WTC). Now ~ t: N(Rf) if and only if

<HT*~' v>pc o nfor all v t: PC([O,T]; R ),

-30-



i.e., ~ is in the annihilator of~(HT) relative to the hereditary

product. Hence the condition N(Hf) = N(C'H~) says that there exists

no ~ such that

<~,¢>
T

which is precisely the condition required for controllability of the

original system.

This duality result will be used in a crucial way in Chapter 6.

Since it is based on the use of the hereditary product, it is not

the same as the functional analytic duality between the various

operators and spaces involved. It would be interesting to see what

duality result would be obtained if we use functional analytic ad­

joints for delay systems, as expounded in Hale [2].

Another definition of observability which is stronger than

Definition 2.10 is that of strong observability.

Definition 2.11 The system (2.8) - (2.9) is said to be strongly

observable if z(t) = 0, t > ° implies the initial function ¢ =0.

Clearly, if the system is strongly observable, it is observable.

The converse is not true. Indeed, the matrix B must necessarily be

nonsingular if strong observability is to hold. Otherwise we can

choose an initial function ¢ €~ such that ¢(o) ° and ° ~ ¢(s) € N(B),

s € [-T,O). This yields z(t) = 0, t ~ 0, but ¢ t 0.
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By exactly the same arguments as in Theorem 2.1, we can show that

the dual of strong observability is the following notion of control-

lability: there exists no ~ S Bo([T,T+T]; R
n

) such that <~, ~(HTC»T 0.

Again B must necessarily be nonsingular. This may be taken as still

another notion of controllability if desired.

2.5 Detectability

As in finite dimensional linear systems, this is basically the

dual notion of stabilizability.

Definition 2.12 The system (2.8) - (2.9) is said to be detectable

if there exists a matrix function K: [-T,O] + R
nxm

, of bounded variation

on [-T,O], such that

~(t) = Ax(t) + Bx(t-T) + j[0 dK(8)z(t+8)

-T

is asymptotically stable.

(2.18)

Theorem 2.2 The delay system (2.8) - (2.9) is detectable if and

only if the adjoint system

yet) = 'A'y(t) - B'y(t+T) - C'u(t)

is stabilizable (again this system runs backward in time).

(2.19)

(2.20)

Proof: Stabilizability of (2.19) requires the existence of a matrix

function K': [-T,O] + Rmxn , of bounded variation on [-T,O], such that

-y(t) = A'y(t) + B'y(t+T) + C' Jr0 dK'(8)y(t-8)

-T

is asymptotically stable. The right hand side of (2.20) defines a

Stieltjes integral of the form
-32-



where n'(8)

J[: d~'(8)y(t-8)
C'K'(8)

-A'+C'K'(8)

-A'-B'-C'K'(8)

8 > 0

-T < 8 < 0

8 < -T

The hereditary adjoint system to (2.20) is given by [2]

.
x(t) Jr0 d~(8)x(t+8)

-T

(2.21)

Substituting for n(8), we get that (2.21) is

f
o

x(t) Ax(t) + BU(t-T) + dK(8)Cx(t+8)

-T

= Ax(t) + BX(t-T) + Jr0 dK(8)z(t+8)

-T

(2.22)

Since the stability properties of the adjoint system are the same as

those for the original system [2], stability of (2.20) is equivalent

to stability of (2.22). Hence the theorem follows.

The remarks following the proof of Theorem 2.1 concerning the use

of adjoint systems also applies to this case.

Analogous to the situation for stabilizability, it would be

interesting to see what notion of observability implies detectability.

Presumably this would be the dual of that notion of controllability

which implies stabilizability.

From the above discussion, it is clear that a great deal of

work remains to be done in studying the concepts of controllability,

stabilizability, observability, and detectability. We have merely
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formulated definitions which appear to be useful in control and esti­

mation problems, and pointed out some of the relationships between

these concepts. Our discussion has not even exhausted the definitions

of controllability and observability which have appeared in the lit­

erature. Motivated by the algebraic approach to finite dimensional

linear systems, Kamen and Morse [42], [43] have given some algebraic

definitions of controllability and observability which are useful in

realization theory for delay systems. It is not clear what the

physical interpretations of these definitions are, or what their

relationships to our definitions are. We shall leave this entire

area as a subject for future research.
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CHAPTER 3

POINTWISE DEGENERACY OF LINEAR DELAY SYSTEMS

3.1 Introduction

In Chapter 2, we studied some structural properties of linear

delay systems and introduced the concept of pointwise degeneracy.

In this chapter, we shall study the degeneracy property in much more

depth, with a view towards applying it to feedback control. The

degeneracy property of delay systems has recently attracted the

attention of many researchers [15] - [20], partly because of its

connections with other system-theoretic concepts (see Chapter 2),

and partly because it is peculiar to delay equations and has no

counterpart in ordinary differential equations. Popov [15] is the

first to make a systematic study of the subject. His fundamental

results have laid the foundations from which our results are de­

veloped. Since the publication of his paper, many other results

have been obtained on pointwise degeneracy. It is fair to say,

however, that this peculiar property is still far from being

completely understood. Our viewpoint differs somewhat from these

previous investigations in that we are primarily interested in

applying the property in the construction of delay feedback controls.

We do not therefore study pointwise degeneracy as an intrinsic

property of delay systems. Rather, we study conditions under which

a linear system can be made pointwise degenerate by delay feedback.

Since we rely heavily on the techniques developed by Popov, in
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Section 3.2, we shall first review his results and others which are

germaine to our subsequent development. In Section 3.3, we give a

characterization of systems which can be made pointwise degenerate

by delay feedback. We shall then explore some of the implications

of this characterization. This will prepare the way for the dis-

cussions in Chapter 4 where these results are used to obtain delay

feedback controls for certain problems in linear system theory.

3.2 Some Existing Results on the Pointwise Degeneracy of
Linear Delay Systems

We shall be concerned primarily with linear, constant delay

systems of the form

i(t) = Ax(t) + Bx(t-T) (3.1)

with an initial function s~. We first give an alternative de-

finition of pointwise degeneracy of Eq. (3.1).

Definition 3.1 The linear delay system (3.1) is called pointwise

degenerate if there exist an n-vector q # 0 and a number t
l

> 0

such that every continuous function x: [-T, t
l

] + Rn satisfying

(3.1) in the open interval (0, t
l

) satisfies also q'x(t
l

) = O.

If the system is not pointwise degenerate, it is called pointwise

complete.

Notation. We will abbreviate pointwise degenerate by p.d. and

pointwise complete by p.c. We will also say (A, B, q, T) is p.d.

at t l or (A, B, T) is p.c. to mean the above definition. If the

-36-



time of pointwise degeneracy is of no concern, we will drop the

qualification "at t
l

" from our statements.

Definition 3.1 is readily seen to be equivalent to Definition

2.3 of pointwise degeneracy. However, Definition 3.1 has proved

to be much more useful in obtaining results. We will adopt this

definition of pointwise degeneracy from now on.

Let us note the following important consequence of Definition

3.1:

If (A, B, q, T) is p.d. at t l , then it will be p.d. on an interval

of the form [t l , 00), which we will call the degeneracy interval. To

see this, take any number t
2

> t
l

• For any continuous function

x: [-T, t
2

] + Rn satisfying (3.1) on (0, t 2), define the shifted

function x: [-T, t
l

] + Rn by x(t) = x(t + t
2

- t l ). Then x is con­

tinuous and satisfies (3.1) in (0, t l ). Hence q'x(t
l

) = q'x(t
2

) = °
and x is p.d. at t

2
also.

This simple fact is of central importance in the application of

the p.d. property in delay feedback control, as will be explained

later. In fact, a stronger result holds for the structure of the

degeneracy interval. This will be given in Theorem 3.1.

Definition 3.1 admits a simple geometric interpretation. For

each initial function ~, there corresponds a solution of (3.1),

which we will denote by x(t, ~). Then pointwise degeneracy means

that there is a fixed vector q such that the solutions x(t, ~) evolve
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in a space perpendicular to q, for any choice of ¢ €~.

The first example of a p.d. system was given by Popov [15],

which has

[:
2

-~]A 0

0

[~
0

~]B 0

2

q' [1 -2 -1]

and T = 1 with a degeneracy interval of [2,00). This example sparked

a surge of interest in the p.d. property. By now, much more is known

about this example. We shall return to it in Chapter 4.
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Most of the basic results concerning pointwise degeneracy have

been given by Popov. The following theorems are fundamental.

Theorem 3.1 (Popov [15]). Assume that (3.1) is p.d. for the vector

q. Then the largest set of points t l at which (3.1) is p.d. for q

is the interval [£T, 00), where £ is the smallest integer with the

property

£+1
q'S(a) = 0

and Sea) is the nxn polynomial matrix given by

(aI-A)S(a) = B det(aI-A)

Moreover, 2 < £ < n-l

(3.2)

Theorem 3.2 (Popov [15]). The delay system (3.1) is p.d. for q at

time t
l

> 0 if and only if there exist an integer m > 0, k matrices

P
j

, mxn (k is the largest integer such that kT ~ t
l
), an mxm matrix

V, and an m-vector v such that

P B = 0
1

VP.
J

j 1,2 ...k-l

(3.3)

(3.4)

(3.5)

, VTpvel o (3.6)

, VTp ,
v e j+l-v Pj o j 1,2 ... ,k-l (3.7)

v'P
k

q'

-39-
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Moreover, if the above quantities exist, one can always choose them

so that rank (Pl.·· Pk ) = m.

From these theorems, one can deduce the following corollaries,

some of which were obtained by other authors.

Corollary 3.1 (Popov [15]). System (3.1) is p.c. if rank B 1.

Corollary 3.2. System (3.1) is p.c. if rank B n.

Proof: If rank B = n, (3.3) implies PI = O. Using (3.4) repeatedly,

we immediately see that P2 , ••. , Pk are all equal to zero, and the

corollary follows.

This result was apparently established earlier by E.B. Lee.

Corollary 3.3. System (3.1) is p.c. if n < 2.

Proof: If n = 1, Corollary 3.1 immediately shows that (3.1) is p.c.

Assume therefore n = 2. In this case, rank B is either 1 or 2. But

then Corollary 3.1 and 3.2 together imply (3.1) is p.c.

This result was apparently established earlier by J.A. Yorke and

J. Kato.

Although in the proof of Theorem 3.2, Popov gave a constructive

procedure for finding the matrices PI' ••• ' Pk , V, and the vector v,

it is so complicated that in applications, Theorem 3.2 will be difficult

to use. However, Popov was able to isolate a class of p.d. systems

which have a remarkably simple structure. These are the so-called
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regular pointwise degenerate (r.p.d.) systems.

Definition 3.2. A p.d. system of the form (3.1) is called "regular"

if the pair (A, B) is completely controllable and there exists an

n-vector q such that the pair (q', A) is completely observable, and

(3.1) is p.d. for q in the interval [2T, 00).

For such systems, the following theorem is true.

Theorem 3.3 (Popov [15]). Suppose (3.1) is r.p.d. with respect to q.

Then there exists an nxn. matrix Z such that

ZAZ = Z2A

2q'Z = 0

ATq'Z = q'e

Equation (3.1) then takes the form

i(t) = Ax(t) + (AZ-ZA)x(t-T)

(3.9)

(3.10)

(3.11)

(3.12)

(that is, AZ-ZA = B). Conversely, every equation of the form (3.12),

in which Z satisfies (3.9) - (3.11), is p.d. for q in [2T, 00) (even

though the other conditions for regularity may not be satisfied).

The following corollary can be deduced from Theorem 3.3.

Corollary 3.4. (Popov [15]). If B can be written as AZ-ZA where Z

is given by

Z (3.13)

and r is the solution to the equations
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q'r = 1 (3.14)

Arc
0 (3.15)q'e r

AT = 0 (3.16)q'e Ar

then (A,B,q,T) is p.d. on [2T, 00).

Finally, Popov [15] has proved the following important result

for 3 dimensional p.d. systems.

Theorem 3.4. Any 3 dimensional p.d. system is regular and can be

written in the form (3.12) with 2 given by (3.13) - (3.16).

For later reference, we emphasize here that our results on

pointwise degeneracy and delay feedback are heavily based on Corollary

3.4 and Theorem 3.4. It is also worth pointing out that while (3.13) -

(3.16) are considerably simpler than (3.3) - (3.8), they still involve

the calculation of matrix exponentials. Given a triple (A,q,T) it

is not obvious from (3.14) to (3.16) when a solution for r will exist.

Our results given in section 3.3 will be concerned precisely with

simple conditions on (A,q,T) under which a solution r to (3.14) -

(3.16) exists.

Some additional properties of r~p.d. systems can be deduced from

(3.9) - (3.12). For example, the 2 matrix is in fact unique for

regular p.d. systems. To see this, suppose 21 and 22 both satisfy

(3.9) - (3.12). Then

q' (2 - 2) 01 2
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Also

q'AZ
1

this implies

q'(Z A + B) = q'Z A + q'B
1 1

, ATA + 'Bq e q

Similarly, it can be shown that

i 0, ••• ,n-1

By observabi1ity of (q', A), Zl = Z2 and uniqueness follows. It can

n-1 n
also be shown that Z = ° and B = ° for r.p.d. systems. The sig-

nificance of these properties are not known at the present time and

we shall not pursue them further here.

We have summarized in the above some known results on pointwise

degeneracy. We will apply these in our investigations in the next

section.

3.3 A Criterion for Pointwise Degeneracy for Linear Delay Systems

Let us motivate our investigations by the following control problem

(see also Popov [44]). Consider the linear control system

y(t)

Ax(t) + u(t)

q'x(t)

(3.17)

(3.18)

The objective is to find a linear state feedback law, possibly delayed

with a fixed delay time T > 0, to drive the output y(t) to zero in
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minimum time for all initial conditions, remaining zero thereafter.

We shall call this minimum time output zeroing by delay feedback.

It is obvious that this problem cannot be solved by using in­

stantaneous state feedback

u(t) Kx(t)

However, if we can find a matrix B such that (A,B,q,T) is p.d. at

2T, then by definition of the p.d. property, y(t) = 0 for t > 2T.

Furthermore, since 2T is the smallest instant at which a delay

system can be p.d. (see Theorem 3.1), this matrix B will be the

solution to our minimum time control problem.

The first question to be examined concerning this approach is

to find conditions on the matrix A, the vector q, and the delay time

T, such that a matrix B will exist with the desired properties.

Corollary 3.4 tells us that if we can find a solution r to (3.14) ­

(3.16), then on constructing the Z matrix as in (3.13) and setting

B = AZ - ZA, we will obtain a p.d. system with degeneracy interval

[2T, 00). Furthermore, Theorem 3.4 shows that for 3 dimensional

systems, the above construction gives the unique B. Therefore, for

3 dimensional systems an equivalent problem is to find conditions

on A, q, and T such that (3.14) - (3.16) admit a solution. We will

exploit this in the proof of the following theorem.

Theorem 3.5. Given a 3x3 matrix A with eigenvalues AI' A
2

, A
3

, a

3-vector q, and a number T > 0, a matrix B with the property that
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(A,B,q,T) is p.d. exists if and only if the following conditions

are satisfied:

(i) The geometric multiplicity [45] of each distinct eigenvalue

of A is one;

(ii) If there is a pair of complex eigenvalues, say A2 A
3
*,

Al real, then

-ImA .
2'

(iii) (q',A) is observable.

Before proving Theorem 3.5, we first state a lemma which is

completely obvious. This lemma is not restricted to 3 dimensions.

Lemma 3.1. Suppose (A,B,q,T) is p.d. then for any nonsingular matrix

-1 FBF-l ,1F, (FAF, , F - q, T) is also p.d.

Lemma 3.1 implies that if we are free to choose B such that

.
(A,B,q,T) is p.d., there is no loss of generality in asstlming A

to be in Jordan form. We exploit this in

Proof of Theorem 3.5: Let q' = [q q q3].1 2 We will apply the p.d.

criterion established in Theorem 3.4. By the above remarks, we may

assume, without loss of generality, that A is in Jordan form. Since

n=3, the possible Jordan forms are as follows:
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(I)

J

A.'s may not be distinct, and there can only be a pair of complex
1

eigenvalues.

(II)

[:1
1

;JJ Al

a

[:1
a

~]or
A

2
a

AI' A
2

may not be distinct, but they are necessarily real.

(III)

J =

A is necessarily real.

We first note that if there exists a solution r to (3.14) - (3.16),

the vectors q', q'eAT , and q'eATA are necessarily linearly independent

(cf. Popov [15], p. 559). Theorem 3.4 then requires that

det ~ det W :f a
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We consider each of these cases separately.

Case I. We require

ql qz q3

det W = det
AIT AZT A

3
T

qle qze q3e

qlAle
AIT

qzAze
AZT

q3A3e
A3T

Clearly if any q. = 0, then det W = 0 and (3.1) cannot possibly be
1

degenerate for this q. We must also not have

(3.Z0)

(AZ+A 3)T
Dividing throughout bye, (3.Z0) becomes

Let Yl

o (3.Zl)

(3.ZZ)

Our problem now is reduced to finding conditions under which f(yl,y Z) # O.

We first consider the case where all the Ai's are real (so that Yl and YZ

are also real).

Yl > 0 is fixed.

Without loss of generality, we may assume Yl ~ 0

If Yl = 0, we have immediately f(yl,y Z) = O. Suppose

Y T Y T
We plot YZ(e 1 -1) and yl(e Z -1) as functions of YZ•

f(Yl,yZ) = 0 at the points where these two functions are equal. Note

that at YZ 0, both functions are zero, and at Y
Z

= Y
l

, they are equal.
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d Y T
[YZ(e 1 -1)]

dYZ

Y T
e 1 -1

and
d Y T Y T

--- [y (e Z -1)] = Y Te Z
dyZ 1 1

Y T Y T
In the region where yz 2 0, Y1Te Z ~ Y1T < e 1 -1, for Y1 > O. In

this region, therefore

We can now see that the graphs of the two functions look like
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The functions can only intersect at two points. But we already know

that they do intersect at YZ = ° and YZ = Yl • Hence these are the

only two points at which they can be equal. So in the region Yl > 0,

f (yl'YZ) = ° if and only if YZ = Yl or YZ 0. We can now conclude

that if all the A. 's are real, f(yl,yZ) ° if and only if Yl = 0,
1

or Y = 0, or Yl = YZ. In other words, det W = ° if and only ifZ

either Al AZ' or AZ A
3

, or A = AI' or any of the q.' s = 0.
3 1

Next we consider the case when there is a pair of complex

eigenvalues, say,Az = A3*. This implies AI' AZ' and A
3

are neces­

sarily distinct. With Y
l

and YZ defined as before, we have that

Yl = YZ*· Define n = Al - ReA Z' ~ = -ImAZ (i.e., Yl = n + i~).

Then

a pair of complex eigenvalues, we require precisely condition (ii) of

Theorem 3.5, in addition to no q. = 0. This completes the consideration
1

of Case I.

Case II. Since the same arguments hold for either

J or
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we only discuss the former situation. In this case,

AIT AIT
0e Te

JT
0

AIT
0e e

0 0
AZT

e

Thus

det W= det

after some calculations. Hence

det W # 0 if and only if ql # 0, q3 # 0

AZT AlT
and (AZT-l-AlT)e +e # O.

if and only if

yf + 1 = eyT (3.Z4)

The only real solution to (3.Z4) is y = O. Hence det W # 0 if and only

if ql # 0, q3 # 0, and Al # AZ. The same arguments show that if
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det W 1 0 if and only if ql 1 0, qz 1 0 and Al 1 AZ• This completes

the consideration of Case II.

Case III. In this case

AT AT 1 Z ATe Te zre

J
0

AT ATe e Te

0 0
ATe

ql qz

det W det AT AT
qle (qlT+qZ)e

AT AT
ql Ae (q1+AqlT+Aq 2) e

3
2 2ATT

= q1 2 e

Thus det W 1 0 if and only if ql 1 o.

If we now combine all three cases, it is clear that the eigenvalues

A. are required to satisfy conditions (i) and (ii) of Theorem 3.5.
1

Furthermore, if a pair (q', A) is observable, then (q'T-l , TAT-I) is

also observable for any nonsingular T. Take T such that

-1 -1It is known that for observability of (q'T ,TAT ), the components of

-1q'T must satisfy precisely the same conditions imposed on the q. 's in
1

the above discussion [46]. Hence observabi1ity of (q', A) is also re-
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quired for the solution of (3.14) - (3.16). Since conditions (i),

(ii) and (iii) of Theorem 3.5 are necessary and sufficient for the

solvability of (3.14) - (3.16), they are also necessary and sufficient

for the existence of the matrix B. The proof is finished.

As an easy corollary of Theorem 3.5, we have

Corollary 3.5. Suppose n > 3. Given an nxn matrix A, an n-vector q,

and a number T > 0, if at least three of the eigenvalues satisfy con­

ditions (i) and (ii) of Theorem 3.5, and if (q', A) is observable, then

there exists a B such that (A,B,q,T) is p.d. on [2T, 00).

Proof: Without loss of generality, we may assume that A is in Jordan

form and in fact the first three eigenvalues satisfy conditions (i)

and (ii) of Theorem 3.5. By observabi1ity of (q', A), the first three

components of q satisfy the conditions imposed in the proof of Theorem

3.5. If we now consider a solution r to (3.14) - (3.16) in the form of

r
1

r 2

r =

o

(3.25)

a little thought shows that the equations to be satisfied for the

solvability of r 1 , r 2 , and r
3

are precisely the same as those in

Theorem 3.5. By that theorem, we can solve for r
1

, r
2

, and r
3

with

the assumptions in this corollary. Thus a solution to (3.14) - (3.16)

exists in the form (3.25) and the corollary follows.
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We make several remarks to clarify the contents of Theorem 3.5

and Corollary 3.5.

Remark 3.1. In contrast to Theorem 3.5, Corollary 3.5 gives only a

set of sufficient conditions for the existence of the desired B matrix.

The reason for this is that for n > 3, solvability of (3.14) - (3.16)

constitutes only a set of sufficient conditions~ generally not necessary,

for the existence of the B matrix. To obtain necessary and sufficient

conditions in the style of Theorem 3.5 for n > 3 seems to be rather

difficult and remains an open problem. Nevertheless, it is worthwhile

to make a few comments on how Corollary 3.5 can be extended. For

example, if A is 4x4 and has two distinct pairs of complex eigenvalues,

Al = A2*, A
3

= A
4
*, then condition (ii) of Theorem 3.5 cannot be

satisfied since there are no real eigenvalues. However, in this case,

the modified condition

,
~, + en.T(n'sin~'T-~'COS~'T) ~ 0

where ~' = ReAl - ReA
3

, n' = ImAl - ImA
3

, can be used instead. We can

also relax the requirement that (q', A) be observable. On the other

hand, Corollary 3.5 is easy to state and apply, and is sufficient for

our purposes later in Chapter 4. We shall therefore be contented with

giving Corollary 3.5 as it stands.

Remark 3.2. Theorem 3.5 and Corollary 3.5 can be given the following

interpretation:

Given A, q~ and T, and n .:. 3, there "almost always" exists a B

such that (A,B,q,T) is p.d. on [2T, 00). This is because observability
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of (q', A) is a generic property of a pair (q', A) [47] (conditions

(i) and (ii) are also generic properties of square matrices). Thus,

while pointwise degeneracy of the delay system (3.1) is a singular

property, the existence of a B for which (A,B,q,T) is p.d. on [2T, 00)

is a generic property of A, q, and T.

Remark 3.3. The singular cases where no B exists are basically

related to the eigenvalues of A. For example, if in the 3x3 case,

A is symmetric and has two equal eigenvalues, then no B exists

regardless of what q and T are. Furthermore, if B is obtained as

in Corollary 3.4, it will depend on the eigenvalues of A. This

remark will be very useful when we apply Theorem 3.5 and Corollary

3.5 to construct delay feedback controllers in the next chapter.

Remark 3.4. If the matrix B is obtained in the manner described in

Corollary 3.4, the eigenvalues associated with the delay equation

(3.1), i.e., those values of A such that

-ATdet(AI-A-e B) = 0 (3.26)

are precisely the same as the eigenvalues of A. To see this, first

note that (3.14) - (3.16) imply Z2 ZAZ = O. We obtain successively

det(AI-A-e-ATB) det[AI-A-e-AT(AZ-ZA)]

det[AI-A-e-AlAZ+e-AlZA+e-2AlZAZ)

det[AI+(e-AlZ-I)A(e-AlZ+I)]

= det(I-e-AlZ) (AI-A) (I+e-AlZ)

det(AI-A)
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eigenvalues of A to the delay time T.

By a result of Henry [48], the spectrum of the infinitesimal generator

of the semigroup for the delay equation is finite, and the range of

the semigroup is finite dimensional. Kappel [20] has proved a number of

interesting results for this class of p.d. systems.

Remark 3.5. The peculiar condition (ii) in Theorem 3.5 relates the

Indeed, if n = 0, ~ = 2TI ,
T

~ + enT(nsin~T-~coS~T) = O. This suggests that for degeneracy to

occur, the period of the natural frequency of A should not "match up"

with the delay time. A more precise interpretation of (ii) is not

known.

Theorem 3.5 and Corollary 3.5 give relatively simple and trans-

parent conditions for the existence of the B matrix. Only simple

calculations are necessary to check the conditions. More important,

they give us a hold on when singular situations will arise. As such,

they form the basis for the development of delay feedback controllers

investigated in the next chapter.
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CHAPTER 4

DELAY FEEDBACK CONTROL OF LINEAR SYSTEMS

4.1 Introduction

In the previous chapter, we developed a theorem which allows us,

under certain conditions, to assert the existence of a matrix B such

that (A,B,q,T) is pointwise degenerate. This was motivated by the

control problem described at the beginning of section 3.3. In this

chapter, we would like to generalize the formulation of the control

problem to include an input matrix C. Specifically, we would like

to solve the problem of minimum time output zeroing by delay feed­

back for the linear system

x(t) Ax(t) + Cu(t) (4.1)

y(t) = q'x(t) (4.2)

Let us consider the 3 dimensional case. If we just use delay feedback

of the form

u(t) Lx(t-T)

Theorem 3.5 will impose certain conditions on A, q and T for the

existence of a suitable matrix L. Furthermore, if we construct a

matrix B for which (A,B,q,T) is p.d., we must also have the range

of B included in the range of C in order for L to exist. These

are rather severe restrictions. On the other hand, since the

eigenvalues of A play such an important role (see remark 3.3), we

may be able to solve the problem of minimum time output zeroing if

we can modify the eigenvalues of A. This suggests using a feedback

law of the form
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u(t) Kx(t) + LX(t-T) (4.3)

We shall see that this choice of the feedback law enables us to solve

the minimum time output zeroing problem for (4.1) and (4.2) under

rather mild conditions. We first study the 3 dimensional case, as

the required notation is relatively simple, and the techniques used

can be readily extended to higher dimensions. In section 4.2, we

establish the form of the matrix B for which (A,B,q,T) is p.d. in

terms of the parameters A, q and T. We then prove a theorem in

section 4.3 which gives necessary and sufficient conditions for the

solvability of the minimum time output zeroing problem in 3 dimensions.

In fact, the proof of the theorem gives a constructive procedure for

finding the desired matrices K and L. For greater clarity and com-

p1eteness, a summary of the algorithm is given after the proof of

the theorem. Next, the techniques are adapted to obtain a solution

to the control problem in higher dimensions. Again, we summarize

the algorithm for this case at the end of section 4.4. In section

4.5, we study the properties of the feedback control system under

perturbation of its parameters. Finally, we give some examples which

illustrate the theory.

4.2 ConstruCtion of the Matrix B in 3 Dimensional
Pointwise Degenerate Systems

In the development of delay feedback control using the p.d.

property, it is very useful to know the explicit form of B. We

shall carry out the necessary calculations in this section. Using

these results, we show that in Popov's example (see section 3.2),
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degeneracy in fact occurs for a unique T and a unique q (up to

scalar multiples).

Notation. Since all our p.d. systems will be constructed using

Corollary 3.4, they will have a degeneracy interval of [ZT,OO).

From now on, the term p.d. will mean p.d. on the interval [ZT,oo).

As in section 3.3, we consider three cases:

(I) A has three real distinct eigenvalues

(II) A has two repeated eigenvalues

and has a Jordan form

Al I 0

J o

o

Al and AZ are distinct and necessarily real.

(III) A has three repeated real eigenvalues and has a Jordan form

J

~

o

o

I

A

o

o

I

A

Throughout this section, we assume (q' ,A) to be observable. By

Theorem 3.5, we know that there exists a B such that (A,B,q,T) is

p.d.

Case I: Let T be the matrix which diagonalizes A, i.e.,

Al 0 0

T-IAT 0 A
Z

0 ~ A

0 0 A3
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with A. 's real and distinct. Equations (3.14) to (3.16) can be
1

rewritten as

-1q'TT r 1

'T ATT-1 0q e r =
t.;

AT -1
q'Te AT r = 0

(4.5)

(4.6)

(4. 7)

Letting a' = q'T, n

a'n = 1

AT
a'e n 0

ATa'e An = 0

-1
T r, we obtain

(4.8)

(4.9)

(4.10)

Letting 6. = a.n., i = 1,2,3, we can write (4.8) - (4.10) as
111

61 + 62 + 63 = 1

A1T A2T A
3
T

61e + 62e + 63e 0

A1T A2T A3T
61A1e + 62A2e + 63A3e 0

Solving for 61 , 62 , and 6
3

, we obtain

(A2-A3)eA2T

D

D

(4.11)

(4.12)

(4.13)

(4.14)

(4.16)

where D
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Note that D is always nonzero since the A. 's are real and distinct
1

(see section 3.3).

Next, we construct a matrix Z.

lI.T
Z = na' e

(Al+~) T
(Az- A3)e

1 a l 2A l T
(A

3
-A

l
) - e- D a

2

a
l

(2A
l

+A
2

-A
3

)T
(A

l
-A

2
) a

2
e

And B = 11.2 - 211.

o

o

o

(4.19 )

Now Z is related to the original system parameters by

and 13 = Az - Z!I.
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Thus the desired matrix B is given by

We note that the range space of B is spanned by the vectors

(4.20)

o
1

CYv
2

(A
2

-A
3

) T
- - eCYv

3

and

1

o

CYvl (A
l

-A
3

)T
- - e

CYv
3

(4.21)

Case II: Let T be the matrix which brings A to its Jordan form, i.e.,

T-IAT J

Completely analogous arguments show that the desired matrix B is given by

AIT AIT A2T
n2CYv l

e [n2(CYvlT+CYv2)-nlCYvl]e [(Al-A2)nlCYv3+n2CYv3]e

B T 0
AIT

(Al-A2)n2CYv3e
A

2
T

-1-n2
CYv

l
e T

(A2-Al)n3CYvle
AIT AIT

[(A2-Al)n3(CYvlT+a2)-n3CYvl]e 0

(4.22)

where CYv' = q'T and the n.'s satisfy
1

CYv2 A2T
[(A2-Al )T + ar(A2-Al )-1]e

CYvlD
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The range space of B is spanned by the vectors.

(4.24)

(4.25 )

(4.26)

o and (4.27)

Case III: Let T be the transformation matrix such that

B

where a'

o

q'T and the n.'s satisfy
1
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-2(a
l

T + ( 2)

a2T2
1

The range space of B is spanned by the vectors

(4.29)

(4.30)

(4.31)

and (4.32)

It is important to note that the transformation matrix T will in

general depend on A. Thus the expressions for B given above do not

show B as an explicit function of A. However, the form that B must

assume will be useful in our subsequent analysis.

As an application of the above construction, let us re-examine

Popov's example. Using the uniqueness of B, straightforward ca1-

cu1ations show that for degeneracy to occur, T must be 1, and the q

vector must be such that q2 = - 2q1' q3 = -q1. We can therefore

conclude that Popov's example will be p.d. for a unique vector q,

up to scalar multiples, and a unique T.
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4.3 Delay Feedback Control of 3 Dimensional
Linear Systems

In this section, we apply the results developed in sections 3.3

and 4.2 to obtain the solution of the minimum time output zeroing

problem using the feedback law (4.3) for the system defined by (4.1)

and (4.2). We shall assume throughout this section that the system

(4.1) is 3 dimensional. As in every theorem related to pointwise

degeneracy, the result is simple and elegant in three dimensions.

Theorem 4.1

loop system

For matrices K and L to exist such that the closed-

x(t) (A + CK)x(t) + CLX(t-T) (4.33)

satisfies q'x(t) = 0, t ~ 2T, for all initial conditions, it is

necessary and sufficient that rank C ~ 2, and (A,C) be controllable.

It is helpful to discuss the conditions of Theorem 4.1 before

the proof. This will help to motivate the construction given below.

Rank C > 2 is clearly necessary since otherwise rank CL ~ 1 and by

Corollary 3.1, (4.33) is always p.c. Controllability of (A,C) is

introduced so that we can choose K to shift the eigenvalues of A

arbitrarily (of course, it is necessary for another reason; see the

necessity proof of Theorem 4.1 below). This enables us to avoid the

singular situations described in Theorem 3.5. For example, if C is

3x3 and of full rank, then obviously we can find a matrix K such that

the conditions of Theorem 3.5 are satisfied. Furthermore, if we con-

struct a matrix B such that (A+CK,B,q,T) is p.d., then since C is

nonsingular, there always exists a matrix L such that B = CL. Of
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more interest is the case where rank C = 2. We can still choose K

such that (A+CK) has eigenvalues which satisfy conditions (i) and

(ii) of Theorem 3.5. However, it is not clear ~ priori that there

will always exist L such that B = CL, where B is such that (A+CK,B,q,T)

is p.d. Indeed, most of the work involved in proving Theorem 4.1 is

to show we can choose the eigenvalues of A+CK in such a way that the

matrix B, constructed as in section 4.2, always lie in the range space

of C.

We shall need the following lemmas whose proofs are given in

Appendix A.

Lemma 4.1 Let aI' a2 , a 3 be real numbers with the property

A real has one maximum and one minimum. Furthermore there exist

straight lines of the form g(A) = YS(A-S) and g(A) w each of which

intersect f(A) at three real distinct points, none of which is a zero

of f(A). Here S is a finite real number not equal to any of the zeros

of f(A), Y
S

is some real number dependent on S, and w is some real

constant.

Lemma 4.2 Suppose we are given a 3-vector q, a 3x3 matrix A, and

a 3x2 matrix C of full rank, with (A,C) controllable. Suppose q'c. ::f 0
1

h . h . th 1 f C Th h . . K d Pwere c. 1S tel co umn 0 • en t ere eXlst matr1ces an
1

such that P-l(A+CK)P is in companion form, q'P = (a
l

a
2

a
3

) is such that

2 4 0 d h p-lC h ..th 1a
2

- a
l
a

3
> ,an t at as as 1tS 1 co umn
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Furthermore, if the other column can be written as

S2
with Sl ~ 0, then P can be chosen such that -- is not a zero of

Sl

Proof of Theorem 4.1 (Necessity) That rank C ~ 2 is necessary has

already been discussed above. If (A,C) is not controllable, (A+CK,C)

is also not controllable for any K since constant state feedback has

no effect on controllability. NotIng that

n-l n-l
(CL ACL ••• , A CL) = (C AC •.• , A C)L

we see that (A+CK,CL) is also not controllable for any L. Since by

Theorem 3.4, all 3 dimensional p.d. systems are regular, this implies

that the feedback system (4.33) is p.c. for any K and L. Thus con-

trollability of (A,C) is necessary.

(Sufficiency) By the discussion following the statement of Theorem

4.1, it suffices to consider the case where C is a 3x2 matrix of full

rank. We give a constructive procedure for finding the matrices K and L.

Step 1: We may assume, without loss of generality, that q'c
l

j 0. We

-1
choose matrices Kl and PI such that PI (A+CKl)Pl is in companion form,

p-lC is of the form
1
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and q'P
l

= (a
l

a
Z

a3) with a; - 4~a3 > O. By Lennna 4.Z, such

matrices exist (see the proof of Lemma 4.Z in Appendix A for the

constructive procedure for Kl and PI)'

Step Z: Choose a matrix K
Z

such that the matrix

has three real distinct eigenvalues AI' AZ' and A3•

arbitrary. Their specification will be given later.

Step 3: Use the Vandemonde matrix

The A's are not
i

to diagonalize AZ' i.e.,

Al 0 0

-1 = A 0 A
Z 0Pz AZPZ

0 0 A
3

If we define z(t)

that

-1 -1
Pz PI x(t), vet)

z(t)

-1 -1
Az(t) + Pz PI Cv(t) (4.34 )

Step 4: We now restrict AI' AZ' A3 to be such that they are not

solutions of the equation
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o (4.35 )

components all nonzero. By Theorem 3.5, we can construct a matrix

B such that (A,B,q'P
l

P
2

,T) is p.d. In fact, the results in section

4.2 show that B is given by

1B= ­
D

o

o

o

where D

Step 5: We now show that there exists a 2x3 matrix L
l

such that

-1 -1
P

2
PI eLl = B. We know from section 4.2 that~(B), the range space

of B, is spanned by the vectors

o

1 and

1

a

A necessary and sufficient condition for the existence of L
l

is that
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-1 -1 -1 -1
~(B) C&l(P

2
PI C). Since dim&l(B) = dim&/(P2 PI C) = 2, L1

-1 -1
exists if ~(B) =&l(P2 PIC). Thus we only need to find a 2x2

nonsingu1ar matrix

such that

o

1

n2 (A2-A3)T
- - en3

1

o
n1 (A1-A3)T

- - e
n3

The first column of L
1

is then given by

• , The second column of L
1

is

given by

The last column of L
1

is

given by
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-1
Using the particular forms of PI and Pz we obtain

(4.36 )

We consider three cases

Case A. 61 = 0.

This requires

and

These can be rewritten as

(4.37)

ZSince a
Z

- 4a
1

a
3

> 0, by Lemma 4.1, we conclude that there exists a

Z ATconstant w such that the line A = W intersects (a
1
+a

Z
A + a

3
A )e
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at three real distinct points AI' A2, and A3 • These will be the

eigenvalues that we choose. We can solve for ~ll' ~12' ~2l' and ~22

from (4.36) explicitly by

A2-A3
~2l = (3

2

Al -A3
(32

Case B. (32 o.

This requires

(4.38)

By appealing to Lemma 4.1, we conclude that real and distinct AI' A
2

and A
3

satisfying (4.38) exist. With the eigenvalues thus chosen, the

matrix L2 can be obtained from (4.36).

Case C. (31,(32 both nonzero.

Completely analogous considerations show that we must have

(4.39)

Appealing to Lemma 4.1 once again, we conclude that desired eigenvalues

Ai' i = 1,2,3 exist, and the matrix L
2

can be evaluated from (4.36).
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We have now constructed a p.d. system of the form

z(t) (4.40)

o t > ZT

In terms of the original coordinate system, we have

x(t) (4.41)

is p.d. for q.
-1

The desired feedback matrices are thus K = Kl+KZPl
-1 -1

and L = LlPZ Pl. The theorem is proved.

For greater clarity and completeness, we summarize the algorithm

for constructing the matrices K and L in the three dimensional case.

We assume, without loss of generality, that q'c
l

~ 0.

(i) Construct, as in the proof o~ Lemma 4.Z in Appendix A, PI'

Kl such that p~l(A + CKl)Pl is in companion form, p~lc is of the form

(ii) If Sl = 0, choose three real

and distinct numbers AI' AZ' and A
3

such that n (A.) ~ 0, i=1,Z,3,
1

AIT AT A3T
and that n(Al)e n(AZ)e ;2 n (A 3)e • If Sz = 0, choose real

and distinct AI' AZ' and A
3

such that n (A .) :/: 0, i=1,Z,3, and
1
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If Sl and Sz are both nonzero, choose real and distinct AI' AZ' A3

such that n(Ai ) ~ 0, i=1,2,3, and

(AI - :~) ~~::: = (A2- :~) ~~:::

(iii) Once AI' AZ' A3 are chosen, choose a matrix KZ such that

the matrix p~l(A + CKl)Pl + p~lCKZ has as its eigenvalues AI' AZ' and A3"

(iv) Compute the Vandemonde matrix

1'_ 1 1

Pz Al A
Z A

3

AZ AZ AZ
1 Z 3

(v) Calculate the matrix L
l

as in step 5 of the proof. In

-1 -1 -1other words, find Ll such that (PZ PI (A + CKI + CKZPl )PlPZ'

P- l p-l CL P' P' ). dZ 1 1 ' Z 1 q, T 1S p. "

(ii) guarantees that Ll exists.

The choice of AI' AZ' and A3 in

(vi) Finally, the desired feedback matrices are given by

K

and

-1
Kl + KZP l

-1 -1
L = LlPZ PI

Note that once the eigenvalues AI' AZ' and A3 are chosen, the cal­

culations involved in steps (iii) to (vi) are completely explicit
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and straightforward. The calculations involved in step (i) are

detailed in the proof of Lemma 4.Z in Appendix A. They are all

explicit excepting perhaps the choice of f l and fZ. The numbers f
l

Z dZZ
and f Z are chosen to satisfy Uz - 4uiU3 > 0 and~ not being a

lZ
zero of ai + UZA + U

3
A

Z
• A simple search procedure will enable us

to find an appropriate f l and fZ. As for step (ii) , we need to find

eigenvalues AI' AZ' A3 which satisfy (4.37), or (4.38), or (4.39).

One way of doing this is to plot, as in the proof of Lemma 4.1 in

Appendix A, the function f(A) and draw the appropriate straight

line to intersect f(A) at three real distinct points. While other

methods for solving (4.37) - (4.39) can probably be devised, the

computations involved in step (ii) will, unfortunately, be nonexplicit.

Remark 4.1 The proof of Theorem 4.1 is rather clumsy and involved.

Since we only assume controllability of (A,C) we only have freedom

in assigning the eigenvalues. The lengthy construction shows that

we can find a suitable set of eigenvalues so that the matrix B we

constructed necessarily lies in the range space of the input matrix

C. Certainly a simpler and more elegant proof is desirable. However,

because of the nonlinear nature of the problem, a substantial simpli-

fication may not be possible.

Remark 4.Z Remark 3.4 shows that the eigenvalues of the delay feedback

-1
system (4.41) are precisely those of [A + C(K

I
+ KZP

l
)], and these

satisfy (4.44) or (4.45) or (4.46). In general, there are many

solutions to these equations (see Appendix A). If we can choose the

eigenvalues so that they are negative, we will have obtained an
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asymptotically stable p.d. system. We have not been able to show as

yet that such a choice is always possible. Thus, the closed-loop

p.d. system (4.41) may be unstable.

Remark 4.3 We have assumed that the delay time T is prescribed in

advance and not available as a design parameter. However, if it is

to be designed, the smaller T is, the larger the elements of the B

matrix will be (see eqs. (4.19) and (4.17)). Hence we have a tradeoff

in this situation. We shall not investigate this point further.

4.4 Delay Feedback Control of Higher Dimensional
Linear Systems

Our goal in this section is to extend the feedback control results

for 3 dimensional systems to higher dimensions n > 3. The method of

proof is substantially the same as that of Theorem 4.1. Notationally

however, it is much more involved.

Theorem 4.2 For matrices K and L to exist such that the closed-loop

system

~(t) (A + CK)x(t) + CLX(t-T)

satisfies q'x(t) = 0, t ~ 2T, for all initial conditions, it is

sufficient that rank C > 3, and (A,C) be controllable.

Proof: Consider the equations

q'r = 1

q'eAT °r

AT

°q'e Ar

(4.42 )

(4.43)

(4.44)
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where q'

Al 0 · · . . . 0

A = 0 A2 0 · · . . .

0

A
n-l 0

0 0 . . · · 0 A
n

Suppose at least three of the eigenvalues A. are real and distinct
1

with the corresponding q.'s nonzero. Without loss of generality,
1

we may take AI' A2 , and A3 to be these eigenvalues with ql' q2' q3

nonzero. Under these conditions, (4.42) - (4.44) can be solved to

give

~ q.w.r./L..J 1 1 1

i=4

(4.45)

1 (4.46)

1 -
n

L
i=2

q.r.
1 1

(4.47)

where

AiT A2T AIT AiL AIT A2L
(Ai-Al)e (e -e )-(e -e ) (A2-Al )e

wi = -~~----~A-2-T---::-A-l-L-----::;;""-"-;;;"--

e - e

-76-

(4.48)



Thus r
l

, r
2

and r
3

are completely determined in terms of the 2n-3

"free" variables AI' A2 ,·.·,An , and r 4 , rS, ..• ,rn . Constructing

AT
Z = rq'e and B = AZ - ZA we obtain

o

B =

o

A T
n

r l(A l-A)q en- n- n n

o

Note that B is of rank 2, and its range space is spanned by the vectors

o

r (A -AI)n n

and

o

r (A -A2)
n n

We now proceed as in the proof of Theorem 4.1. We need only to

consider the case where C is nx3 of full rank. Construct matrices K

and PI such that p~l(A + BK)Pl is in companion form with distinct

eigenvalues, and
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0 d
lZ

d
l3

p-IC
0

I

0

I d
nZ

d
n3

The restrictions on the eigenvalues will be given later. Next, we

diagonalize p~I(A + BK)PI by a Vandemonde matrix

I I •

Pz
Al A

Z

n-l n-l
Al A

Z

so that

I

A
n

o

o

o

o

o

o . . . . 0

o

o

o

A
n

We now impose the restriction that three of the eigenvalues, say AI'

AZ and A3 are real and distinct, and that the resulting n
l

, n
Z

' and

n
3

are nonzero. Under these conditions, we may construct a matrix B

-78-



such that ( ,B,q'PIP
Z

' ) is p.d. Analogous to step 5 of the proof of

Theorem 4.1, we see that we need to find a matrix L2 such that

Let

L
i#1

L
i#1

o

r (A -AI)n n

r. (A. -AI)
1 1

r. A. (A. -AI)
111

r (A -A2)
n n

r. (A. -A2)
1 1

n-Ir.A. (A.-A2)
111
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Then

P-lCL
2

d12£2l+d13£3l

d22£2l+d23£3l

d12£22+d13£32

d22 £22+d23£32

We can solve for £11 and £12 independently. Thus we only need to show

that we can solve for £21' £22' £31' and £32 consistently from the

equations

j=l, •.• ,n-l

j=l, ••• ,n-l

(4.50)

(4.51)

We now eliminate £21' £22' £31' £32 from (4.50) and (4.51). Using the

fact that rank C 3, a little thought shows that we will obtain 2n-6

equations relating AI' ••• ' An' rl, .•• ,rn • Since the number of "free"

variables is 2n-3, we expect that it would be possible to choose the

A.'s and r.'s in such a way that all the requirements are fulfilled.
1 1

The simplest way to see this is to examine the special case where

dj2 = 0 for all j except j = m, and dj3

This gives rise_to equations of the form

o for all j except j = k.

L
i#l

o j=l, ••• ,n-l

j#m,k
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and 2:
j-lr.A. (A.-AZ)

111

i=/:Z
° j=l, ••• ,n-l

j=/:m,k

(4.53)

If we take AI' AZ' and A
3

as fixed real distinct constants, these give

rise to Zn-6 equations in the Zn-6 variables A4 ,···, An' r 4,···, r n •

Eliminate the variables r
4

, •.• ,r
n

in the above equations. This yields

n-3 equations in the variables A
4

, ••• , An. Next we note that these

equations are invariant under permutation of the indices in A.• Hence
1

if we reduce these n-3 equations into a single equation involving A.
1

for some i, say of the form f(A.) = 0, then f(A.) = 0, j=4, ••• n also.
1 J

However, the form of equations (4.5Z) and (4.53) implies that f is an

exponential polynomial [1] and it is known [1] that the zeros of

these functions are distributed symmetrically about the real axis with

asymptotic distribution separated at a certain distance. Since there

is an infinite number of zeros of these exponential polynomials, it

is possible to choose A
4

, ••• , An such that they form a symmetric set

with the properties (al+aZA.+..•+ a A~-l) =/: 0, A. 's distinct i=l, ••• ,n,
1 n 1 1

With such a choice, the conditions for the existence of the matrix

LZ
are satisfied and we can construct, from LZ' a matrix Ll such that

-1 -1
While we h"ave only discussed the case where d

jZ 0,Pz PI eLl = B.

j = 1, .•. , n-l, j =/: m and dj3 = 0, j = 1, ••• , n-l, j =/: k, the other

cases can be treated in exactly the same way. We can eliminate

variables from (4.50) and (4.51) in a similar fashion to that dis-

cussed above and show that the desired AI' AZ' ••• ' An exist. The

details are therefore omitted. The rest of the proof now proceeds
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in exactly the same way as that of Theorem 4.1.

We summarize here the algorithm for constructing the matrices

K and L in the higher dimensional case. Again, we assume q'c
l

I O.

(i)
-1

Choose PI' Kl such that PI (A + CKl)Pl is in companion form,

p-lC is of the form
1

o

o
, and q'P

l
.
o

1

(ii) Choose eigenvalues AI' A2 , ••• ,A n such that (4.50) - (4.51)

can be solved consistently for £.. , i = 1,2,3, j = 1,2. Such a choice
1J

is possible by the proof of Theorem 4.2.

has as its eigenvalues AI' A2 ,···, 'An "

(iv) Compute the Vandemonde matrix

1 1 1

A
n

(v) Calculate the matrix L
l

from £.. , i = 1,2,3, j
1J

1,2 such that
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(vi) The matrices K and L are given by

K

Except for step (ii), all the calculations involved in the

algorithm are explicit. To choose the appropriate eigenvalues

AI' A2 ,···, An in step (ii), we can first eliminate ~2l' ~22' ~3l'

~32' r l , r 2 ,···, r n from (4.S0) - (4.Sl). This elimination involves

only algebraic operations. We are then left with n-3 coupled trans-

cendental equations involving exponential polynomials in the variables

AI' A2 ,···, An· For fixed, real and distinct AI' A2 , A3 , an iterative

procedure is now needed to find the appropriate values for A4 , AS'···' An.

We have not had time to investigate the numerical aspects involved in

solving these transcendental equations. However, quite a lot of work

has been done on the solutions of transcendental equations involving

exponential polynomials. The reader may, for example, consult [1] and

the references therein.

Remark 4.4 Theorem 4.2 gives only a sufficient condition for the

solvability of the feedback problem. It is not possible to obtain

necessary and sufficient conditions by our approach, since for n > 3,

solvability of (4.42) - (4.44) is not a necessary condition for p.d.

Remark 4.S It may be possible to prove Theorem 4.2 under the assumption

that rank C > 2. A similar argument will then show that we have 2n-4

equations in 2n-3 variables. However, the algebraic difficulties in
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showing that these equations can be consistently solved for suitable

eigenvalues AI' ..• ' An are much more formidable.

4.5 Sensitivity of Pointwise Degenerate Systems

In the last two sections, we have given conditions under which a

delay feedback system will have its output identically zero after 2T

units of time. If these results are to be used in practice, we must

ensure that the feedback system will behave reasonably well under

perturbation of its parameters. Since we usually know which particular

combination of state variables serves as the output, it is reasonable

to assume that the output vector q is fixed, and we shall do so. There

are two questions of interest. Suppose for a fixed set of parameters

A , C , T , there exist matrices K and L which give rise to a p.d.
00000

system (A + C K , C L , q, T). This yields a (nonunique) "design"
00000 0

function f: (A, C, T) ~ (K,L), and a "performance" function g (t) :

(A,C,T,f(A, C , T )) Hq'x(t) for t > 2T. Continuity of f at
000

(A , C , T ) implies that the delay feedback design procedure is well­
000

posed. Similarly, continuity of g(t) at (A , C , T , K , L ) implies
o 0 000

that small variations in the parameter values give rise to a small

degradation in the system performance. Note that the continuity

properties of the functions f and g(t) are related to those of f l

and gl(t), where f l : (A,T)~ B with (A, B, q, T) p.d., and gl(t):

(A, T, fl(A , T )) I---)q'x(t), for t > 2T. This is because in our
o 0

construction of the matrices K and L, we first construct a matrix Bl

such that (A + CK, B
l

, q, T), is p.d., and then we construct a matrix L such

that B
l

= CL. If C is the identity matrix and K can be taken to be
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zero, then the properties of the functions f and g(t) reduce to those

of f
l

and gl (t). We shall only study the behavior of f l and gl(t).

This section contains some simple results in this direction.

For the study of f
l

, we will assume that A has distinct eigen-

values. This is the case of most interest to us since in our proof

of Theorems 4.1 and 4.2, we assign distinct eigenvalues to the matrix

A + eK. We shall concern ourselves only with perturbations of the

~form A + SAl = A(s) and T + ST I =T(S). The following perturbation

result for matrices is known [49].

Lerrnna 4.3 If A is a simple eigenvalue of A, then for sufficiently

small lsi, there is an eigenvalue A(S) of A(s) with a power series

expansion

and there is a corresponding eigenvector x(s) with a power series

expansion

x(S)
(1)

x + sx +...

where x is the eigenvector of A corresponding to A.

A procedure for computing the A(i),s and x(i),s from A and Al

may be found in [49]. We can now state

Theorem 4.3 Suppose A has n distinct eigenvalues AI' .•• ' An. The

matrix B(s) = fl[A(S), T(S)] has a power series expansion in S for

sufficiently small lsi
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B(S)
(1)

B + sB + •••

where B = fl(A,T)

Proof: Since A has distinct eigenvalues, a transformation T that

diagonalizes A consists of the n eigenvectors of A. By Lemma 4.3,

the eigenvectors of A(s) can be expanded in a power series in s for

sufficiently small lsi. We can therefore also expand T(s) and T-l(S)

in a power series. This implies q'T(s) can be expanded in a power

series. Equations (4.45) - (4.49) show that B(s) can again be ex­

panded in a power series in s. Finally, since B(s) = T(S)B(S)T-l(s),

B(s) can also be expanded in a power series in s for sufficiently

Next, we consider the behavior of gl(t) again under perturbations

of the form A(s) = A + sAl' T(S) = T + STI .

Theorem 4.4 Suppose the system

i(t) = Ax(t) + BX(t-T) (4.54)

is p.d. with respect to q for t ~ 2T. Then the system

X (t) = A(s)x (t) + Bx (t-T(S))
S S S

will have, for each t ~ 2T,

(4.55)

Proof: Let z(t) = Plxs(t-(k-l)T(S))+ ••• + PkxS(t) where PI'···' Pk

satisfy Popov's condition (3.3) - (3.8). Then
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Thus,

+ sIt eV(t-s) {P1A1XS(s-(k-l)T(S))

t-T(S)

Using equations (3.6) -. (3.8) in Chapter 3,

VT(E)v'z(t) - v'e Z(t-T(E))

VT VT(S) VTv'zet)-v'e Z(t-T(~))-v'(e -e )Z(t-T(S))

VT(S) VT= q'xs(t)-v'(e -e )Z(t-T(S))

Combining (4.61) and (4.62), we get

(4.56)

(4.57)

(4.58)

2The right hand side of (4.58) is precisely of the form sY l (t) + S Y2(t)+... ~

proving the theorem.
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Remark 4.6 Theorem 4.4 does not give any estimate of the magnitudes

of Yl(t), y
2
(t), etc. Furthermore, no claim is made on the uniform

behavior in t of the output ys(t). In fact, if the system (4.55)

is unstable, Y
l
(t),Y2 (t), etc., which are really derived from xs(t),

can become large as t gets large. However, if the original system

(4.54) is asymptotically stable, then for small enough lsI, the

perturbed system (4.55) is also asymptotically stable [2]. In that

case, yl(t), Y
2
(t), etc., will go to zero as t gets large.

To a certain extent, the above remark limits the applicability

of the delay feedback approach we have explored so far. If the

parameters of the system are perturbed, the errors in the output may

grow, and hence the performance may become unacceptable after some

time. However, if in the proofs of Theorems 4.1 and 4.2, we can

choose the Ai's such that~eAi < 0, then the resulting feedback p.d.

system will be asymptotically stable. In that case, the above

mentioned problem does not arise. Whether we can always find feed­

back matrices K and L such that the resulting closed-loop system is

asymptotically stable in addition to being p.d. remains an open

problem.

4.6 Some Examples

We give two examples which illustrate the use of delay feedback

in certain problems in linear system theory.

Example 1: "Deadbeat" output control.

Consider the system
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where

x(t) Ax(t) + Cu(t)

A =

1

o

o

1

1

o

o

o

1

o 0

C o 1

1 0

yet) = q'x(t)

with q' (2 -2 1)

The problem is to drive yet) to zero in minimum time by delay feedback

control of the form

u(t) = Kx(t) + Lx(t-1)

Let us note that (A,C) is controllable and rank C = 2. Also A

violates condition (i) of Theorem 4.1. Thus we cannot solve this

problem by using only delay feedback control (i.e., K = 0).

One convenient choice for K is

[:
0 :]K =
0

then
1 1 0

A + CK 0 1 1

0 0 1
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and a suitable B is

B

If we take L

o

2e

o

o

o

-2e

-2e

o

o

o

o

:]
we see that CL B.

With these choices, one can easily verify that (A + CK, CL, q, 1)

is p.d. The output yet) has been controlled to zero and will remain

zero for all t > 2.

The problem that is in a sense "dual" to the deadbeat control

problem is that of a "deadbeat" observer. Consider the system

x(t) Ax(t)

y (t) Cx(t)

We would like to reconstruct the state of the system. The usual

approach is, under the assumption of observability, to construct

an observer of the form

x(t) = Ax(t) + K[y(t) - Cx(t)]

such that the estimation error e(t) = x(t) - x(t) goes to zero

asymptotically. The theory developed here suggests the use of

a delay observer of the form
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x(t) Ax(t) + K[y(t)-Cx(t)] + L[y(t-T)-CX(t-T)]

such that a linear combination of the error, q'e(t), is driven to

zero in minimum time. If we can observe all but one component of

the error, q'e(t), is driven to zero in minimum time. If we can

observe all but one component of the error vector, this will enable

us to reconstruct the estimation error and hence the state of the

system in finite time. While finding necessary and sufficient con­

ditions for the existence of such a delay observer is an open problem

at the present, we can give an example illustrating the technique

involved.

Example 2: "Deadbeat" observer.

Consider the system

x(t) Ax(t)

y (t) Cx(t)

where

A

C

-1

2

1

2

-2

2

a

2

a

-1

a

(A,C) is observable and rank C = 2. Since xl and x
2

are directly

observed, we need only estimate x
3

• Using the usual reduced order

observer, we can asymptotically reconstruct the state by a 1 di­

mensional observer.
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form

Here we shall use delay feedback. Consider an. observer of the

x(t) Ax(t) - K[y(t)-Cx(t)] - L[y(t-l) - Cx(t-1)] (4.59)

Then the estimation error e(t) = x(t) - x(t) satisfies

e(t) = (A + KC)e(t) + LCe(t-1) (4.60)

We want to find K and L such that (4.60) is p.d. One such choice is

I 0

K = -2 1

-1 -1

0 0

L 1 0

0 1

Then

0 2 0

A + KC 0 0 -1

0 0 0

0 0 0

LC 1 0 0

0 2 0

Equation (4.60) becomes precisely Popov's example, and it satisfies

e1 (t) - 2e (t) - e (t) = 0 t > 2
2 3
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for t > Z

x3 (t) + e
3

(t)

x3 (t) + el (t) - ZeZ(t)

x3 (t) + YI (t) - xl (t) - [YZ(t) - ZXZ(t)] for t > Z

We know xl (t), xZ(t), and x3 (t) from the solution of the observer

equation (4.59). Hence x3 (t) is reconstructed after Z units of time.

The tradeoff between using the delay feedback observer (4.59) and

the usual reduced order observer is clear. Delay feedback allows us

to determine the state exactly after Z units of time. However, the

delay feedback observer must be 3 dimensional.
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CHAPTER 5

OPTIMAL FILTERING OF LINEAR AND NONLINEAR
STOCHASTIC DELAY SYSTEMS

5.1 Introduction

After studying various deterministic aspects of the theory of

delay systems in the previous chapters, we turn our attention to

stochastic problems. In this chapter, we study the filtering problem

for stochastic delay systems of the form

dx(t)

x(8) x (8)
a

8S[-T,O] (5.1)

dz(t)

z(s)

h(xt,t)dt + N(t)dw
2

(t)

w2 (s) = ° s < ° (5.2)

We assume the reader to be familiar with the basic elements of stochastic

processes [50], and we simply collect the basic definitions here for

future reference. All stochastic processes are defined relative to a

given probability space (~,~P) and on an interval of the form [O,T].

The system process x(t) takes values in R
n

, the observation process

z(t) in RP• For simplicity, we take wI (t) and w
2

(t) to be standard

Wiener processes in R
m

and RP respectively, completely independent of

each other. The initial function x is taken to be some random function
a

on [-T,O], completely independent of wl(t) and w
2
(t). The maps f and h

are functionals, possibly nonlinear, defined on ~x[O,T]. R(t) and N(t)

are mxn and pxp matrix-valued continuous functions respectively. Further-

more N(t) is assumed to be symmetric and positive definite.
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We shall write dw(t) = H'(t)dwl (t) and dv(t) = N(t)dw
2
(t).

Define Q(t) = H'(t)H(t), R(t) = N
2

(t). With this notation, wet)

is an "unnormalized" Wiener process in Rn , with

cov[w(t); w(s)] i
min (t, s)

Q(u)du

o

Similarly, vet)

cov[v(t); v(s)]

is an "unnormalized"

i
min (t, s)

= R(u)du.

o

Wiener process in RP , with

This notation will be used

throughout this chapter.

The basic filtering problem is to estimate some function ~ of

x(t) given the observations z(s), 0 < S < t. It is well-known that

the optimal estimate with respect to a large class of criteria, for

example minimum mean square error, is the conditional expectation

E{~[x(t)] Iz t }, where zt denotes the a-algebra generated by the ob­

servations z(s), 0 ~ s < t. We shall also write E{~(x(t))lzt} as

A t
~[x(t)] or E {~[x(t)]}. Our objective in this chapter is to obtain

formulas for ¢[x(t)] in the case of delay systems.

The nonlinear filtering problem has been extensively studied

by many authors. In particular, Fujisaki, et al., [51] have given

a stochastic differential equation for the evolution of ¢[x(t)]

for rather general stochastic systems, which includes our delay

model. Specifically they showed that for the delay system (5.1)

and (5.2)
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(5.3)

where ~t is a differential operator. If there are no delays in the

system, the unknown terms on the right hand side of (5.3) are of the

---------------form ¢[x(t)]h[x(t),t] and, assuming suitable differentiability con-

ditions, one can write another stochastic differential equation for

¢[x(t)]h[x(t),t1, leading, in general, to a countably infinite-order

system of moment equations. While there is no known method of analyzing

this infinite set of equations, at least the way in which they arise is

clear. One can thus use approximation techniques to study these

equations, and develop suboptimal filtering schemes.

Unfortunately, when there are delays in the system, the above

procedure does not go through. The reason is that one of the terms

on the right hand side of (5.3) iS~, and since h is a

functional on the segment xt ' it is not clear how one can develop a

stochastic differential equation for~ using (5.3).
t

These difficulties motivated the development of a representation

theorem for a functional of xt • Using this representation, we derive

stochastic differential equations for certain functionals f and h.

The linear case with Gaussian distributions is then studied in detail.

Stochastic differential equations generating the conditional mean as

well as partial differential equations for the conditional covariance

are derived. This will prepare the way for the filter stability

discussions in the next chapter. We will also discuss some of the

basic difficulties in deriving stochastic differential equations for

general nonlinear functionals ¢(xt ).
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5.2 Existence, Uniqueness and Other Properties of Solutions
of Stochastic Functional Differential Equations

In order for our estimation problem to be well-defined, we need

conditions which guarantee existence and uniqueness of solutions to

the functional stochastic differential equations (5.1) and (5.2).

Since (5.1) can be solved independently of (5.2), we shall be meinly

concerned with conditions to be imposed on (5.1). Conditions on (5.2)

will be stated at the end of this section.

Existence and uniqueness of solutions to stochastic functional

differential equations of the type (5.1) have been studied by Ito and

Nisio [52], and Fleming and Nisio [53]. We state their results here.

Assume

(A.l) f(¢,t) is measurable and continuous on~x[D,T];

(A.2) there exists a bounded measure r on [-T,D] and a positive

constant K such that

If(~,t)-f(~,t)1 < K JlOI~(s)-~(s)ldr(S)
-T

(A.3) on the interval [-T,D], x(t) is continuous w.p.l with

Elx(8)1 4 < 00, -T < 8 < D.

Proposition 5.2.1 Assume (A.l) to (A.3) are satisfied. Then there

exists a unique solution to (5.1) which is continuous w.p.1 and has

bounded second moment, and

Elx(t)1 4 ~ ye
yt

for some positive y < 00.

Furthermore x is a Markov process.
t
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The proof of Proposition 5.2.1 can be found in Ito and Nisio [52],

or Fleming and Nisio [53], and Kushner [54].

Let us now study some of the properties of linear functional

stochastic differential equations which are relevant to our later

investigations. We consider the equation

dx(t) = a(xt,t)dt + dw(t) (5.4)

"here a(xt,t) is given by the Stieltjes integral

a(xt,t) = JlO deA(t,e)x(t+e)

-T

Here, A(t,8) is a function on RxR, jointly measurable in (t,8),

continuous in t, of bounded variation in 8 for each t, with

Var A(t,·) 2 met), a locally integrable function on Rn , where Var
[-T,O] [-T,O]

means the total variation in [-T,O]. Furthermore, A(t,8) = ° for e ~ 0,

A(t,8) =A(t,-l) for 8 2 -T, and it is continuous from the left in 8 on

(-T,O). We shall prove a type of variation of constants formula for

(5.4). We first prove a lemma which will be used later and may be of

some independent interest.

dat G(t,s)).

G(t,s)dw(s) has a differential on

for all ts[t ,T], G(t,s) is continuously differ­
o

in t, and that j[T j[T

to to

Wiener integral get) =

[t ,T]o

entiable

Then the

Lemma 5.2.1 Let G(t,s) be a deterministic function on RxR such that

j[T IC(t,s)1 2ds < 00,

to
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dg(t) -- Jt G(t,s)dw(s)dt + G(t,t)dw(t)

to

(5.5)

Proof: Proving (5.5) is equivalent to proving that for any t
l

, t z in

[t ,T],
o

(5.6)

By the assumption of square integrability of G(t,s), the Fubini type

theorem for Wiener and Lebesgue integrals [50], is valid, and so

•G(t,s)dw(s)dt
.
G(t,s)dt dw(s)

.
G(t,s)dt dw(s)

_ (tzJ+- G (s , s) dw (s )

t l

G( t Z ' s ) dw (s )

The right hand side of (5.6) now yields

which is precisely the left hand side of (5.6).

Using Lemma 5.2.1, we can easily obtain a variation of constants

formula for (5.4). Let ~(t,s) be the fundamental matrix associated
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with (5.4), i.e., that unique matrix which is absolutely continuous in

t, essentially bounded in s, and such that

d¢(t, s)

i: d eA(t,8)¢(t+e,s)dt

¢(t,s) e for s-T < t<s

t > s

t=s

A discussion of the properties of ¢(t,s) may be found in Hale [2].

Theorem 5.2.1 The solution x(t) of (5.4) can be written as

x(t) <l>(t ,O)xo (0)+ 1: ds{(<l>(t ,s)A(s, S-s )dS}Xo (S) + i\(t, s)dw (s)

(5. 7)

Proof: The fundamental matrix ~(t,s) satisfies the conditions required

in Lemma 5.2.1. We may therefore apply Lemma 5.2.1 to the right hand

side of (5.7) to obtain

dx(t) = 10
dSA(t,S)<l>(t+S,O)xo(O)dt

-T

+ it iO
dSA(t,S)<l>(t+S,s)dw(s)dt + dw(t)

o -T

Applying the unsymmetric Fubini theorem of Cameron and Martin [55], we

obtain
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dx(t) = ~O deA(t.e)x(t+e)dt + dw(t)

-T

so that (5.7) is indeed a solution of (5.4).

Remark 5.2.1 Similar variation of constants formula for linear

stochastic functional differential equations have been obtained by

Lindquist [56]. All are related to the representation of solutions

of linear functional differential equations given by Banks [57].

The mean of x(t), x(t), can easily be seen to satisfy

~t ~(t) = Jr0 deA(t.e)x(t+e)

-T

x(G) = x (e)
o

whose solution is given by

ee[-T,O] (5.8)

x(t) (5.9)

As for the covariance associated with the solution of (5.6), we

shall be interested not only in the covariance of x(t), i.e.,

E{ [x(t)-x(t)] [x(t)-~(t)]'}, but also in the covariance "operator"

L:(t,8,s) = E{[x(t+e)-~(t+G)][x(t+s)-x(t+s)]'}, --T ~ e, S < 0.

Heuristically, this corresponds to the covariance of xt • We first

compute it and then give it a more precise interpretation in terms

of the characteristic functional of the~-valued random variable x
t

•

Let e(t) = x(t)-x(t) then from (5.7) and (5.9), and using the

fact that ¢(t,s) = 0, t < s, we get that
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e (t+8) = <l> (t, Ole (0) + 1: dsJf~ <l> (t+8,s)A (s, S-s )dSf e (S) +it<l>(t+8, s)d"'(s)

Using the independence of x and w(t), we get
o

E(t,e,~) = E{e(t+e)e'(t+~)}

<l>(t,O)l:(O,O,O)<l>' (t,O)+ fO delfT <l>(t+8,s)A(s,S-s)dal

-T ° f
°E(O,S,O)<P' (t,O)

+ i0
<l> (t ,0) d

S
JT E(0, 0, B) A' (s , B-s) <P' (t+~ , s) ds

-T °

+ 1: do. 1: d S1(<l>(t+8, s)A(s, S-s) dS! L (0, S ,a)

·If: A' (s, f)-s)<l>' (tH;, s) dS~

+ J:<l> (t+8,s) Q(s)<l> I (t+!;, s) ds (5 010)

If we view x as a ~-valued random variable, then its character­
t

istic functional ¢(y,x
t

) is defined by

<y, x >
t

where y is an element of~*, the ~ual space of ~, which is the space

of functions of bounded variations on [-T,O] with y(O) = 0, and <,>

is the pairing between ~* and C(5 defined by

°<y,x> = i dy(8)x(8)

-T
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o
Recognizing that for each t, <y, x

t
> = j[ dy(8)x(t+8) is a Gaussian

-T

random variable, we can easily evaluate

= e (5.11)

where xt is given by (5.9) and Qt(y) is a quadratic form in y given by

Jr0 j[0 dy(8)~(t,8,~)dy'(~)
-T -T

(5.12)

The form of ¢(y,xt ) implies that we may interpret x t as a~-valued

Gaussian random variable for eact t, with ~(t,8,~) as its covariance

operator. These considerations will be useful later in section 5.5

when we study the linear filtering problem for delay systems.

We now state conditions concerning eq. (5.2).

(A.4) h(¢,t) is measurable and continuous on ~x[O,T].

(A.5) i T E[h(x ,t)'h(x ,t)]dt < 00
t t

o

We note that (A.l) - (A.5) are not the weakest assumptions for which

our results are valid. However, we have not striven for more gener-

ality because this will only introduce technical complications without

adding insight into the optimal filter structure for delay systems.

From now on, (A.l) to (A.5) will be assumed to hold.

5.3 A Representation Theorem for Conditional Moment
Functionals

In this section, we derive a representation theorem for the

conditional expectation of functionals of the form ¢(xt ) given the
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observations z(s), 0 ~ s < t. As before, we shall denote a{z(s), 0 ~ s < t}

by zt, and we shall call objects of the form E{¢(xt ) Iz
t

} conditional

moment functionals. Our approach makes use of the Girsanov measure

transformation technique as given in Wong [58]. Using the represent-

ation theorem so derived, stochastic differential equations can be

obtained for suitably smooth functionals ¢, f, and h.

We first note that we can rewrite (5.2) as

generate the same a-algebra.

-1 -1
N (t)dz(t) = N (t)h(xt,t)dt + dw2 (t)

(s -1 !J.
Clearly z(s), 0 ~ s ~ t and )0 N (a)dz(a) = zl(s), 0 < s < t

-1
Define hI (xt,t) = N (t)h(xt,t).

(5.13)

In deriving the representation theorem, we shall use (5.13), i.e.,

zl (t) and hI (xt,t), rather than (5.2). The reason for introducing

zl (t) and hI (xt,t) is that the absolute continuity results given

in Lemma 5.3.1 are phrased in terms of standard Wiener processes.

Define a new measure P on (n~~ by the formula
o

dP
_0_ = exp

dP

Lemma 5.3.1 P is a probability measure with the following properties:
o

(a) Under Po' zl (s), 0 ~ s ~ T has components that are in-

dependent standard Wiener processes.

(b) Under Po' the processes zl (t) 0 ~ t ~ T and x(t), 0 < t < T

are independent.

(c) The restriction of P to a{x(s), -T < s < T is the same as
o
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(d)

the corresponding restriction of P.

P «P and
o

(5.15 )

Proof: The conditions imposed on the processes involved give rise to

a virtually identical situation to that of Proposition 5.1, Chapter 6

of Wong [58]. The proof there applies without change to our case.

Let us denote integration with respect to P and P by the ex­
o

pectation operators E and E ,respectively. The reader should note
o

that the true measure relevant to our estimation problem is P.

is strictly a device for obtaining the representation theorem.

The measure P
o

Let us write ~ for the least a-algebra containing a{z(s), 0 < s ~ t}

and a{x(s), -T < S < t}. It is well-known [59] that the function L
t

defined by

i t 1 - -21 (ot -1exp[ 0 h'(xs,s)R- (s)dz(s) In h'(xs,s)R (s)h(xs,s)ds]

(5.16 )

is a (3f
t

, Po) martingale. Let ¢ be a real-valued measurable function

on~, with the property that EI¢(x )1 < 00. Then we have the following
t

(compare [60])

Lemma 5.3.2

written as

The conditional expectation of ¢(x
t

) given zt can be
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EO[¢(Xt)Ltlzt]

E [L Izt]
o t

a.s. P (5.17)

Proof: dPSince --- = L
T

, it is known [61] that
dP

o

Using the properties of conditional expectations and the fact that

Lt is a (Sf , P ) martingale, we can write
t 0

In what follows, we shall omit the qualification of almost sure

equality for conditional expectations. Such qualifications will

always be considered understood when conditional expectations are

involved.

An application of the exponential formula [59] to the functional

L
t

yields

(5.18)

We shall recast the numerator of (5.17) into a more convenient form

for later calculations. To that end, we make one more assumption:

(A.6) j[T EI~(xt)h(Xt,t)12dt< 00.

o
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From now on, (A.6) will be assumed to hold. We then have

Lemma 5.3.3

E [
o

-1 I t¢(xt)L h'(x ,s)R (s)dz(s) z ]
s s

= {t E [¢(x )L h' (x ,s)lz t ]R-1 (s)dz(s)
J() 0 t s s
o (5.19)

Proof: An almost identical lemma is proved in Zakai [62]. His proof

can be adapted to our case without difficulty.

Lemma 5.3.4 We can then write the numerator of (5.17) as

r

E [¢(x)L Iz
t

] = E [¢(x)] + i- E {E [¢(x )lx]L h'(x ,S)!Zs}R-l(s)dz(s)ott 0 too t s s s
o

(5.20)

Proof: Applying (5.18), we can write

E [¢(x )L Iz t ] = E [¢(x )(1+ it L h'(x ,S)R-1 (s)dz(s»lz t ]ott 0 t s s
o

i
t

t -1 t= E [¢(x )Iz ]+E [ ¢(x )L h'(x ,s)R (s)dz(s)lz]o tot s s

o (5.21)

Since under P , x(t) and z(t) are completely independent, E [¢(x )Izt ] =
o 0 t

Eo[¢(xt )]. Combined with (5.19), we get

i
t

t t -1
E [cp(Xt)L Iz ] = E [cp(xt )]+ E [cp(x)L h'(x ,s)lz]R (s)dz(s)o too t s s

o

Now i
t

t -1
E [cp(x )L h'(x ,s)lz]R (s)dz(s)

o t s s
o

t s t -1
E {E [¢(x)L h'(x ,s)lz Vx ]lz}R -(s)dz(s)

o 0 t s S I
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= it E {E [¢(x )IZtVXS]LSh' (Xs,s)lzt}R-l(S)dz(s)
o 0 t

o

(5.22)

. t sSluce L h'(x ,s) is measurable with respect to the a-algebra z vx , the
s s

tsmallest a-algebra containing z and a{x(t), -T ~ t ~ s}. Using the

Markov property of xt and the independence of x(t) and z(t) under Po'

we get

i
t

t s t -1
E {E [¢(xt)lz vx ]L h'(x ,s)lz}R (s)dz(s)

o 0 s s
o

t

= i E {E [¢(xt)lx ]L h'(x ,s)lzs}R-l(s)dz(s)o 0 s s s

o (5.23)

The lemma follows from (5.21), (5.22) and (5.23).

In order to get the representation for the conditional expectation

E[¢(xt)lz t ], we need to evaluate the denominator of (5.17). This is

done in the following lemma.

Lemma 5.3.5 i
t

t -1
E (L Iz) = 1­

a t
o

I s -1 I s -1Eo(Ls z) E[h'(xs's) z]R (s)dv(s)

(5.24 )

where v(t) = z(t) - J[t E[h(xs,s)/zSjds is the innovations.

Proof: Since L = 1 + it L h' (x ,s)R-l(s)dz(s) Lemma 5.3.3 yields
t s s

o

= 1 + it E [L h'(x ,S)lzS]R-1(s)dz(s)
o s s

o
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t -1Applying the Ito differential rule to the function Eo(Ltlz) gives

I t -1 I t- E (L z) E[h(x ,t) z ]dz(t)ott

I t -1 I t -1 I t+ E (L z) E[h'(x ,t) z]R (t)E[h(x ,t) z ]dt
ott t

I t -1 I t -1- E (L z) E[h (x ,t ) z ]R (t ) dV(t)
ott

Since (5.25) is equivalent to (5.24), the lemma is proved.

(5.25 )

From Lemma 5.3.2, we know that E[¢(x ) Iz
t

] is given by the product
t

of the right hand sides of (5.20) and (5.24). In order not to complicate

the computations too much, we evaluate one of the terms separately and

state it as a lemma.

Lemma 5.3.6 i
t

t -1 s -1
E (L Iz ) E {E [¢(xt)lx ]L h'(x ,s)lz}R (s)dz(s)o too s s s

o

S A-l
E {E [¢(x )Ix ][h'(x ,s)-h' (x ,s)]}R (s)dv(s)o t s s s

I
s -1 A -1

E (L z) E [¢(x )]h'(x ,s)R (s)dV(s)
o sot s

(5.26)

Proof: For convenience, define the functions
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pet,s)

q (s)

Using (5.24), we can write the left hand side of (5.26) as

J(t p(t,s)dz(s) - J[t p(t,s)dz(s) J(t q(s)dv(s)

By properties of Ito integrals [63], (5.27) can be rewritten as

J(t p(t,s)dz(s) - J[t J[s p(t,u)dz(u)q(s)dV(s)

_ it pet,s) (S q(u)dV(u)dz(s) _ j[t p(t,s)q'(s)ds

o Jo 0

(5.27 )

f i
t

s -1E (L Iz) p(t,s)dz(s) - p(t,s)q'(s)ds
o s

a

- (ot (OSJ" J" p(t,u)dz(u)q(s)dv(s)

(where we have used Lemma 5.3.5)

i
t

s -1= E (L Iz) p(t,s)dv(s)
o s

o
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Now - J[t J[S p(t,u)dz(u)q(s)dv(s)

+ it E [¢(x )]q(s)d\J(s)
o t

o

-it is{E [E (¢(x ) Ix )]+ E [E [E (¢(x ) Ix vx ) Ix ].
o 0 t s 000 t s u u

a

I u -1·L h'(x ,u) z]R (u)dz(u)}q(s)d\J(s)
u u

+it
E [¢(x )]q(s)d\J(s)o t

o

(where we have used the smoothing property of conditional expectations)

_it £S{E [E (¢ (xt ) Ix )]+E [E [E (¢ (xt ) Ix ) Ix ]L h' (s , u) IzU ] •
00 s 000 s u u u

a

-1 }·R (u)dz(u) q(s)d\J(s)

(using the Markov property of x )
t

i t ES[E (¢(x )Ix )]ES[h'(x ,s)]R-1 (s)d\J(s)
o t s S

o

I
s -1 A -1

E (L z) E [¢(x )]h'(x ,s)R (s)d\J(s)o sot S

(5.29)
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(where we have successively used Lemma 5.3.4, the definition of q(s),

and Lemma 5.3.2). Combining (5.28) and (5.29) gives the conclusion of

the lemma.

We are now ready to state the representation theorem for the

conditional moment functiona1s.

Theorem 5.3.1 Suppose ¢:~ + R is such that EI¢(xt )! < 00, and (A.l) ­

(A.6) hold. Then we have the following representation for the con­

ditional expectation of ¢ given zt

s . A

E {E [¢(xt)lx ][h'(x ,s)-h'(x ,s)]}·
o s s s

A

¢(x )
t

-1
• R (s) dv (s) (5.30 )

Proof: From Lemmas 5.3.2 and 5.3.4, we know that

EO[¢(Xt»)EO(Ltlzt)-l+ J(t Eo{Eo[¢(xt)lxs]Lsh'(xs,s)lzs}.

'R-l(s)dz(s)E (L Izt)-l
o t

(5.31)

From Lemma 5.3.5, we conclude that

= E [¢(x )] - {t E [¢(x )]E (L Izs)-lf' (x ,S)R-l(s)dV(s)
o t In 0 t 0 s s

o (5.32)

Substituting (5.32) and (5.26) into (5.31) gives (5.30). The proof is

completed.
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Corollary 5.3.1 The smoothed estimate Et [x(t+8)], -T ~ 8 < 0, is

given by

t
Et +8 [x(t+8)]+ (

Jt +8

A -1
[h'(x ,s)-h'(x ,s)]}R (s)dV(s)

s s

(5.33)

Proof: Using Theorem 5.3.1,

i
t

t s A-l
E [x(t+8)] = E [x(t+8)]+ E {E [x(t+8)/x ][h'(x ,s)-h'(x ,s)]}R (s)dv(s)o 0 s s s

°

i
t +8 s A

E [x(t+8)]+ E {E [x(t+8)lx ][h'(x ,s)-h' (x ,s)]}·o 0 s s s

° -1
·R (s)dv(s)

+ it ES{E [x(t+8)lx ][h'(x ,s)-h'(x ,s)]}R-l(s)dV(s)
o s s s

t+8

= Et+8[x(t+8)]+ rt

Jt +8

which is precisely (5.33).

ES{E [x(t+8)lx ][h'(x ,s)-h'(x ,s)]}·o s s s

-1
• R (s) dv (s)

Remark 5.3.1 Theorem 5.3.1 is a generalization of the corresponding

representation results for nonlinear filtering of stochastic systems

without time delays. While the measure transformation techniques

employed here has been used before in connection with systems without

delays [58], [62], the present form of the representation appears to

be novel even when specialized to systems without delays. The reason
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for this is that in [58] and [62], the authors were interested in

deriving equations for the unnorma1ized conditional density. They

did not, therefore, give explicit formulas for the true conditional

moments. In our case, conditional densities for the xt process do

not even make sense. This motivated us to derive the Representation

Theorem 5.3.1 for conditional moment functiona1s. We feel that the

present form of the representation is much more convenient to use

when we derive stochastic differential equations for conditional

moment functiona1s. Furthermore, it shows clearly the role played

by the infinitesimal generator of the Markov process x
t

• In the

next two sections, we shall apply Theorem 5.3.1 to derive stochastic

differential equations for the nonlinear and linear filtering problems.

5.4 Stochastic Differential Equations for Nonlinear
Filtering of Delay Systems

While Theorem 5.3.1 can be thought of as solving our nonlinear

filtering problem abstractly, it does not give a recursive solution.

That is, for any fixed t, formula (5.30) is valid. However, knowledge

of E[¢(xt)lz t ] and the observations z(s), t < s < t +~, is not

sufficient to determine E[¢(xt+~)lzt+~]. In fact, we must completely

re-process our past observations. For implementation purposes, one

would like to obtain a stochastic differential equation for the

evolution of E[¢(x )Iz t ]. As is expected, this will require certain
t

smoothness conditions on the functional ¢. In this section, we shall

investigate the following question: under what conditions on ¢ can we

obtain a stochastic differential equation for E[¢(xt)!zt]?
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Let us first make a few preliminary calculations. Let € > 0 be

A s
fixed and let hex ,s) = E[h(x ,s)/z]. Then

s s

i
t +€

A s
E [~(Xt+ )-~(x )]+ E{E [~(x + )Ix ][h(x ,s)-h(x ,s)]'lz }.o € t 0 t€ s s s

o -1
·R (s)dv(s)

i
t

A s -1
- E{E [~(xt)lx ][t(x ,s)-h(x ,s)]'lz}R (s)dv(s)o s s s

o

t

Eo[$(xt+s)-$(xt )]+ J[ E{Eo[$(xt+s)-$(xt)lxs ]'

[hex ,s)-h(X ,s)]'lzS}R-l(S)dV(s)
s s

i
t +€ 1

+ E{E [~ (x + )Ix ] [h (x ,s) -h(x , s) ] , Izs }R- (s ) dV (s )o t € s s s
t

(5.34 )

We will be primarily interested in the limit as € ~ O. The last term

in (5.34) is straightforward to evaluate in that case. The difficult

calculation is that of evaluating terms of the form

E {E [~(Xt+ )-~(Xt)IXtvX ]Ix }o 0 € s s

where we have used the Markov property of xt . The evaluation of

Eo[~(Xt+€)-¢(xt)lxt] corresponds to the determination of the in­

finitesimal generator of the Markov process xt .
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Let us assume for the time being that the functional ¢ is in

the domain of the generator,Jit , of the Markov process xt • Then it

is true (see Dynkin [64]) that

t
E [¢ (x ) Ix ] - ¢ (x ) =1 E [Ji ¢ (x ) Ix ]duo t s sou u s

s

In this case, we have the following

(5.35 )

Theorem 5.4.1 Let ¢ satisfy the conditions of Theorem 5.3.1. In

addition, let ¢(x ) be in the domain of the infinitesimal generator
t

JfI of
t

suppose that

E I [Ji ¢ (x )]h (x ,t) 1
2

d tt t t

Then the functional ¢(xt ) satisfies the stochastic differential equation

E[~¢(xt)lzt]dt + E[¢(Xt)(h(Xt,t)-h(Xt,t))'lzt]R-l(t)dV(t)

(5.36 )

Proof: We start with (5.34). For simplicity, let eh(t)

Then

i
t +€ 1

E{E { E [A¢(x )/x ]dulx }eh'(s)lzs}R- (s)dv(s)
o 0 u u t s

t

i t it+€ 1
E{ E [Ji ¢ (x ) Ix ]e

h
' (s) Izs }duR- (s ) dv (s )

o u u s
o t
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f t+E:ft 1
= E {E [A ¢(x ) Ix ]e

h
' (s) Iz

s
}R- (s)dv(s)duo u u s

t 0

using Lemma 5.3.3.

Next,

(5.37)

f t+E: it+E:
= E{ x + s -1[¢ ( s) E [A ¢ (x ) Ix )] e

h
' (s) Iz }R (s ) dV (s )

o u u s
t s

i t+E:it+E:
+ E{E [A ¢ (x ) Ix ]e

h
' (s) Iz s }R-1 (s ) dV (s )

o u u s

t s (5.38)

Finally

I t+E: I= E { E [A ¢ (x ) x ]du}
o 0 u u t

t

f
t+E:

E [A ¢(x ) ]du
o u u

t

t+E:fU 1-1 E{E [A ¢ (x ) Ix ] e
h
' (s) Iz s }R- (s ) dv (s ) duo u u s

t 0

(5.39)
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using the representation in Theorem 5.3.1. Adding (5.37) - (5.39),

we get

f t+rt +€ 1
+ E{E (v{¢(x )Ix ]eh'(s)lzs}duR- (s)dv(s)

o u u s
t s

- (t+r
u

E{E [v{¢(x ) Ix ]e
h
' (s) Izs}R-l(s)dv(s)du

J+- 0 u u s
t t (5.40)

Another application of Lemma 5.3.3 shows that the last two terms of

(5.40) add to zero. The proof is completed.

Theorem 5.4.1 is a generalization to systems with delays of the

usual formula for conditional moments of ordinary diffusion processes.

l~ile the form of the stochastic differential equation is exactly the

same as that for diffusion processes, there is a subtle difference.

In the diffusion process case, x(t) itself is a Markov process. In

the delay case, while x(t) still satisfies a stochastic differential

equation, it is no longer a Markov process. This special structure

of stochastic delay systems is clearly shown in (5.36), where the

infinitesimal generatorJt
t

of x
t

plays a crucial role. Thus, in

order to apply Theorem 5.4.1, we need to characterize the domain

of the infinitesimal generator of the Markov process xt • These are

functionals for which the limit
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(5.41)

necessarily exists. This immediately rules out functionals of the

form ¢(xt ) = ¢[x(t+8)] for some 8 E (-T,O). For in this case,

¢[x(t+8+h)]

whenever -T < 8 + h < 0. Since the sample path x(t) is not differ-

entiable, the limit in (5.41) does not exist. It is not possible

therefore, to derive a stochastic differential equation for a

functional of the form ¢[x(t+8)] using Theorem 5.4.1.

There are certain special classes of functionals ¢ which are

in the domain of the generatorJi. These are those considered by
t

Kushner [54]. We shall simply state these results.

Case 1: Suppose the functional ¢(xt ) = ¢[x(t)], and is twice con-

tinuously.differentiable in its argument, then

where ¢x is the n-vector whose i
th

component is ~:.[x(t)]. Sub­
1

stituting into (5.36) gives

d¢[x(t)] = Et{f(xt,t)'¢ [x(t)]+ -2
1

tr Q(t)¢ [x(t)]}dtx xx

(5.42)
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This is precisely the formula derived in Fujisaki et al., [Sl]

using a different technique.

in this special case by JP
t

•

x(t) satisfies

We shall denote the operatoru{
t

In particular, the conditional mean

d~(t) = Et[f(xt,t)]dt + Et{x(t)[h'(x ,t)-h'(x ,t)]}R-l(t)dV(t)
t t

(S.43)

Equation (S.43) and the formula for the smoothed estimate, (S.33),

will be useful in discussing the optimal linear filter.

Case 2: Let ¢(xt ) = jr0 ~(8)g[x(t+8). x(t)]d8 where ~ is continuously

-T

differentiable on [-T,O] and g is twice continuously differentiable

in its second argument. Then

f
o 0

- ~(8)g[x(t+e) ~ x(t) ]d8+ f 1JJ(8)~g[x(t+8), x(t) ]d8

-T J -T (S • 44 )

where ~ is the operator defined in Case 1 and act8 on g as a function
t

of x(t) only.

Case 3: Let ¢(x
t

) = D[F(xt )] where D is a twice continuously dif­

ferentiable real-valued function, and F(x
t

) = jr0 ~(8)g[x(t+8). x(t)]d8

-T

is the type of functional described in Case 2. Then

D (a)1 Ji,F(x) +-21D (a)1 ·Ga t t aaa=F(x ) a=F(x )
t t
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where

G = 1° fO l/J (8)l/J(n)~ gs. [x(t+8), x(t) ]gB. [x(t+8), x(t) ]Qi . (t) d8dn
-T J-T 1,J 1 J J

and gS. denotes partial differentiation of g with respect to the i
th

1

component of the second argument.

From the above special cases, we can see that basically we need

twice continuous differentiability of ¢ with respect to the dependence

on x(t), and Frechet differentiability with respect to the dependence

on the piece of the trajectory xto As discussed before, this rules

out functionals of the form ¢[x(t+8)],6 E [-T,D). Hence for nonlinear

systems with point delays, any attempt in deriving stochastic differ-

ential equations for conditional moment functionals will have to face

the difficulty of functionals not being in the domain of the generator

of the ~1arkov process x ° For example, as in the multipath communica­
t

tion problem mentioned in Chapter 1, if the observation process is of

the form

then for a twice continuously differentiable ¢[x(t)], we get

d$[x(t)] =~- + [fGc~ +~

A A A A -1
-¢(x(t»hl(x(t» - ¢(x(t»h2 (x(t-T»]'R (t)dv(t)

(5 ° 45)

If we try to write stochastic differential equations for the unknown

quantities on the right hand side of (5.45), we see that this cannot
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be done for all the unknowns, since ¢(x(t))hZ(x(t-T)) does not lie

in the domain of~4. Of course, there are many physical problems
t

(for example, radar problems with spread targets [11]) where the

observations are of the form h(xt ) = jr°~(8)H[X(t+8)'X(t)]d8.
-T

Moreover, one can approximate point delays by distributed delays of

the above form, This will allow us to write a stochastic differ-

ential equation for~. Hm..;rever, 'tile will then get the

unknown~C;)~ in our equation for~. If 1J;(-T) :f:. 0,

Jit¢[x(t)]h(x
t

) will contain a term with point delay (see Case 2 above),

and we are faced with the same problem as before. In general, if

the functionals involved are in the domain ofud~, i = l, ... n, we can

write n coupled stochastic differential equations involving the

moment functionals, just as in the diffusion process case. It should

be clear from the above discussion that this puts rather severe re-

strictions on the functionals involved. Thus, the study of approx-

imations to the optimal nonlinear filter for delay system remains an

important and open problem.

There is, however, one special case where the optimal filter can

be completely specified even when there are point delays in the system.

This is the linear case with Gaussian distributions and will be treated

next.

5.5 Optimal Filtering of Linear Stochastic Delay Systems

We consider the system defined by
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dx(t) = a(x ,t)dt + dw(t)
t

x(8) = x (8)
o

8 € [-T,O] (5.46)

dz(t) = c(xt,t)dt + dv(t)

Here a: ~x [0, T] -+ R

c: <ex [°,T] -+ R

are continuous linear functionals given by

(5.47)

a(xt,t) f
o

d8A(t,8)x(t+8)

-T

C(xt,t) = jr0 d9C(t,9)x(t+9)

-T

where A(t,8) and C(t,8) satisfy the same conditions as those imposed

on such functions in section 5.2. Also, we take x to be a Gaussian
o

process on [-T,O] with sup Elx (8)1
2 < 00. By a similar argument to

e 0

the case without delays [56], it is readily seen that the conditional

distributions of X(t+8), for any 8 S[-T,O], given z(s), °~ s ~ t,

is Gaussian. For greater clarity in the subsequent exposition, we

shall write i(t!t) = E{x(t)lz
t

} and i(t+8It) = E{x(t+8Iz t }, 8 S[-T,O].

Using (5.43), we immediately obtain the following stochastic differ-

ential equation for the conditional mean

I
-1

x(tlt)x'(t+8 t)deC'(t,8)]R (t)dv(t)

(5.48)
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Here the innovations process Vet) is given by z(t)- (tiD dec(s,e)x(s+elo)ds

Jo -1

and hence depends, in general, on the smoothed estimates x(s+8Is),

-T .~ 8 .::. 0, 0 < s < t. Define the "smoothed" condi tional error co-

variance as

P(t,8,E,:)

Then (5.48) can be rewritten as

dx(tlt) = j[0 deA(t,e)x(t+8I t )dt

-1

j[

0 1
+ P(t,0,8)d

8
C'(t,8)R- (t)dv(t)

-1

(5.49)

To evaluate the unknown terms on the right side of (5.49), we use

(5.44) to write the smoothed estimate as

x(t+8It)

for 8 S[-T,O].

x(t+8It+8)+ rt
ES {x(t+8)[c' (x ,s)-2' (x ,S)]}R-l(s)dV(s)

J~ s s
t+8

x(t+8It+8)+ It fO p(s,t+e-S,~)d~C(s,~)'R-l(S)dV(S)
t+8 -1"

(5.50)

An inspection of (5.49) and (5.50) shows that the optimal linear filter

is completely characterized by x(t+81t), -1" < 8 < 0, and the "smoothed"

error covariance function P(t,8,E,:). It remains only to derive ap-

propriate equations for P(t,8,~). Since the derivations are quite

lengthy, we will present them in Appendix B, and state the final

result here as
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Theorem 5.5.1 The optimal filter for the system (5.46), (5.47) is

characterized by the following sets of equations:

(i) Generation of the condition mean x(tlt):

dx(tlt) = Jr0 deA(t,e)x(t+elt)dt

-T

(0 1
+ J_ p(t,O,e)deC'(t,e)R- (t)dv(t)

-T

(5.51)

(ii) Generation of the smoothed estimate x(t+8It), -T < 8 < 0:

x(t+elt) x(t+elt+e)+ j[t jr0 p(s,t+e-S,~)d~C(s'~)'R-l(S)dV(S)
t+8 -T (5.52)

(iii) Generation of the smoothed error covariance P(t,8,~):

~t P(t,O,O)= Jio p(t,O,e)deA'(t,e)+ Jio deA(t,e)p(t,e,O)

-T -T

-1
P(t,0,8)d8 C' (t,8)R (t)dt,:C(t,t,:)P(t,t,:,O)+Q(t)

(5.53)

12 Pn(t , e,°)= Jr0 P( t , e,~) d~A' (t ,0
-T

-1
p(t,e,~)d~C'(t,~)R (t)daC(t,a)P(t,a,O)

(5.54 )

where n is the unit vector in the (1,-1) direction, a is the unit

vector in the (1~-1,-1) direction, and P (t,8,0) and P (t,8,~) aren a
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the directional derivatives of P(t,8,0) and P(t,8,~) in the directions

nand 0 respectively. The init~al conditions are given by

;z (0), x(810)
o

x (8)
o

8 E[-T,O]

E{[x (8)-x (8)][x (~)-;Z (~)]'}
o 0 0 0

(5.56 )

A few comments about Theorem 5.5.1 is in order. Notice the great

similarity as well as the striking differences in the form of the

solution to the filtering problem for linear delay systems with

Gaussian distributions and the corresponding solution for linear

systems without delays. In our case, we need to characterize not only the

conditional mean x(t/t) (as in the non-delay case), but also the

smoothed estimate x(t+8It), not only the estimation error covariance

P(t,O,O), but also the smoothed error covariance function P(t,8,~).

The complexity of the solution is clearly considerably increased when

there are delays in the system. It is hoped, however, that the results

presented in this and the next chapter will provide a theoretical

foundation for the study of implementable filters for delay systems.

Note that our development only shows that P(t,8,~) is continuous

and has directional derivatives. Of course, if P(t,8,~) were actually

differentiable in (t,8,~), we could rewrite

12 P (t,8,0)
n (~t - ~e) p(t,e,O)

We would then obtain partial differential equations for P(t,8,~).
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Theorem 5.5.1 completely solves the filtering problem for general

linear stochastic delay systems. Notice that although functionals of

the form ¢(x
t

) = x(t+8), -T < 8 < 0, do not lie in the domain of the

generator of x
t

' we are still able to calculate the directional de­

rivatives of the covariances. This is a consequence of the linearity

and Gaussian assumptions.

Let us make a few remarks on the relationship of our work to past

investigations. The linear filtering problem for systems with only

point delays was first considered by Kwakernaak [65], whose results

are similar to those presented in this section. He restricted his

attention to linear filters and followed the approach of Kalman and

Bucy [66], and his derivations were formal. In particular, he used

partial derivatives liberally when these were not defined. His

"proofs", therefore, were far from satisfactory. Lindquist also

considered the linear filtering problem in [56]. However, he only

gave a complicated integral equation for the filter gain, and did

not derive equations for the covariances. His results are thus in­

complete and do not display the structure of the filter equations.

In particular, they are not suitable for the filter stability in­

vestigations that we pursue in Chapter 6. Recently, Mitter and

Vinter [67] have studied the linear filtering problem from the

viewpoint of stochastic evolution equations. While they did take

in account some of the special features of delay systems, they had

to exclude point delays from their observation model, an unsatis­

factory restriction from various points of view. Furthermore,

their derivation of the optimal filtering equations proceeds via a
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dual control problem. As such, their approach cannot be extended

to the nonlinear situation. By contrast, our approach enables us

to allow a very general model for the stochastic delay system under

consideration, including distributed as well as point delays. Co-

variance equations have been derived rigorously and the structure

of the optimal filter is clearly displayed. We feel, therefore,

that our results on linear filtering are the m~st complete and

satisfactory to date.

In the special case where x =0, a(x ,t) = Ax(t) + BX(t-T),
o t

c(xt,t) = Cx(t),Q, R constant matrices, it can be shown by exploiting

the connection between linear optimal filtering and optimal control

with quadratic criterion that p(t,e,~) are in fact continuously

differentiable in (t,e,~). lVhen we compare the solutions to the

linear optimal control and optimal linear filtering problems in

Chapter 6, it will be helpful to use the notation

P (t) = P(t,O,O)
o

(5.57)

p(t,e,O) (5.58)

In this case the optimal filter is given by the equations

dx(tlt)=Ax(t!t)+Bx(t-T!t)+P (t)C'R-
1

[dz(t)-Cx(tlt)dt]
o

(5.59)

(5.60 )

x(t-Tlt)=x(t-Tlt-T)+ j[t PZ(S,t-T-S,O)C'R-1[dz(s)-cx(sls)ds]

t-T (5.61)

x(elo) = ° -T < e < °
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d
-d P (t)

t 0
AP (t)+P (t)A'-P (t)C'R-1CP (t)+Q+BP1(t,-T)+P1'(t,-T)B'
000 0

(5.62)

(5.63)

(5.64 )

with P (0)
o

P
l

(0,8) o -1 2 8, ~ < 0

(5.65 )

He shall be using these equations extensively in the next chapter.

Notice that in this special case, x(tlt) depends only on

x(sls), t-T ~ s ~ t, and from (5.60) and (5.61), we can obtain

an explicit delay equation for x(tlt). This is because we have

no delays in the observations. If c(xt,t) were of the form

Cox(t) + C
l
X(t-T), then t;.;e t;vould have the following equations

dx(tlt)=AX(tlt)+BX(t-Tlt)+[Po(t)C~+Pi(t,-T)Ci]R-l.

· [dz(t)-Cox(t!t)dt-Clx(t-Tlt)dt] (5.66 )

I
t

A A -1
x(t-Tlt)=x(t-1It-T)+ [P2(S,t-T-S,0)C~+P2(s,t-T-S,-T)Ci]R.

t-T

(5.67 )

-129-



If we substitute (5.67) into (5.66), we see that x(tlt) depends not

only on x(sls), t-T < s ~ t, but also on delayed smoothed estimates

x(s-Tls), t-T < s < t. The presence of the delayed smoothed

estimates prevents us from obtaining a delay equation for x(tlt).

The additional complications which delayed observations introduce

will be discussed further in section 6.7.

It is worth pointing out that in the case where x =0,
o

x(t+8It), -T ~ 8 ~ O,can be expressed as a Wiener integral with

respect to the observations z(s), °~ s ~ t, i.e.,

x(t+Slt) tJK(t,S,S)dZ(S)

°
(5.66)

for some kernel K(t,8,s). To see this, note that x(t) is a Gaussian

process. Hence the orthogonal projection of x(t+8) onto the Hilbert

space spanned by the observations z(s), °< S < t is the same as the

conditional mean. Since the orthogonal projections can be expressed

in the form of the right hand side of (5.66), so can x(t+8It). This

fact will be used in Chapter 6.

So far, we have studied optimal filtering for stochastic delay

systems on a finite time interval. To make the filtering theory of

delay systems more complete, we shall study the asymptotic behavior

and stability properties of the optimal linear filter in the next

chapter.
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CHAPTER 6

STABILITY OF LINEAR OPTIMAL FILTERS fu~D CONTROL SYSTEMS

6.1 Introduction

In the previous chapter, we derived optimal filter equations for

linear and nonlinear stochastic delay differential systems. In this

chapter, we study the stability of the linear optimal filter for delay

systems. We shall concern ourselves primarily with stochastic systems

with delays in the system dynamics, but no delays in the observations.

Extensions to the general case, including delays in the observations,

will also be discussed. In proving the stability results, we make

essential use of the duality between optimal filtering of linear

stochastic delay systems and optimal control of linear delay systems

with quadratic cost. We shall therefore begin the development with a

summary of the known results for optimal control of linear delay systems

with quadratic cost, and give some new results on the asymptotic sta­

bility of the optimal closed-loop control system. This brings into

focus the role played by the concepts of stabilizability and observa­

bility. Next, we give a duality theorem which establishes the connection

between optimal linear filtering and optimal control of linear delay

systems. This enables us to identify the gains of the optimal linear

filter with the gains of a "dual" control system in an appropriate

way. We can therefore exploit the known convergence of the control

gains to infer the convergence of the filter gains. The stability of

the optimal filter is then established by constructing a Lyapunov

functional. Once the stability of the optimal linear filter has been
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established, it is relatively straightforward to prove the asymptotic

stability of the optimal linear stochastic control system, drawing

upon known results on the separation theorem for stochastic delay

systems [56], [68].

6.2 Optimal Control of Linear Delay Systems with
Quadratic Cost

The problem of optimal control of linear delay systems with

quadratic cost has received considerable attention in recent years.

Various methods [69] - [73] have been devised for solving this problem.

The simplest version of the problem can be formulated as follows:

We are given a linear constant delay system of the form

dx(t)
dt

Ax(t) + Bx(t-T) + Cu(t)

x(8) ep (8) 8 E: [-T, 0] (6.1)

Our choice of function space will be~, although basically the same

results hold for other choices, such as M
2

[29] , [73]. The admis-

sible control set U is the set of Rm-valued L
2

functions on [0, T].

The cost functional is given by

TJf [x'(t)Qx(t) + u'(t)Ru(t)]dt

°
where Q and R are symmetric matrices of appropriate dimensions, Q ~ 0,

R > 0. The objective is to find a control u E: U such that JT(u, ep) is

minimized. The cases when T is finite or infinite have been studied.

We shall briefly survey the known results and then give some extensions.
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\~e start with the case when T < 00. Then it is well-known [69] -

[73] that the optimal control can be expressed in feedback form by

u*(t) f
o

K
l

(t,8)x(t+8)d8 (6.2)

-T

The feedback gains satisfy the following coupled set of partial dif-

ferential equations

dd K (t)
t 0

-A'K (t) - K (t)A + K (t)CR-1C'K (t) - Q - K
1

(t,0) - K
1
'(t,0)

0' 0 0 0

(6.3)

K2 (t,O,8)

(6.4)

(6.5)

The boundary conditions are

Ko(T) = K1 (T,8) = K2(T,8,~) = ° -T .2.. 8, ~ < °
K

l
(t,-T) = K (t)B

0

K
2

(t,-T,8) = B'K
1

(t,8)

Furthermore,

K (t) K' (t), K2(t,8,~) = K;(t,~,8)
0 0

(6.6)

(6.7)
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The optimal cost can be expressed as

f
o

¢'(O)KO(O)¢(O) + ¢' (0)Kl (0,8)¢(6)de

-T

+ fa ¢'(6)Ki(0,6)¢(0)d6

-T

+ fO fO ¢'(6)K2(0,6,~)¢(~)d6d~

-T -T

(6.8)

The integral term in Eq. (6.2) represents the effects of the delay on

the optimal control. Thus the optimal control is seen to be given by

a linear map K operating on the complete state xt ' Similarly, the

optimal cost can be thought of as a generalized quadratic form.

We now discuss the infinite-time control problem, i.e., T = 00

For the control problem to be meaningful, we need some condition to

ensure that the optimal cost will be finite. It turns out that Lhe

system-theoretic concepts of stabilizability and observability intro-

duced in Chapter 2 playa crucial role. The following is the basic

result on the convergence of the optimal control law and control

gains for the infinite-time problem [32], [72].

Proposition 6.2.1 Assume that system (6.1) is stabilizable. Then

the gains Ko(t), Kl (t,8) and K2(t,8,~), for t < T, converge uniformly

in t to Ko ' Kl (8), and K2(6,~) respectively as T ~ 00. The optimal

control law for the infinite-time control problem with quadratic cost

is given by
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o
u*(t) = -R-1C'KOX(t) - jr R-1C'K1(S)X(t+S)dS

-T

(6.10)

where Ko ' Kl (8) and K2(e,~) satisfy the following set of equations

A'K + K A-K CR-1C'K +Q+K' (O)+K' (0)
00001 1 o (6.11)

[A'-K CR-lC']K (8) + K
2

(0,8)
o 1 (6.12)

(6.13)

with boundary conditions

K (-T) = K B
1 0

and symmetry conditions

(6.14 )

K K'
o 0

(6.15 )

The optimal cost is given by

jr
0

¢' (O)K ¢(O) +
o

-T

¢'(O)Kl (8)¢(8)d8

000
+ f $' (S)Ki (S)<jl (O)dS + f f $' (S)K2(S, 0$ (~)dSd~

-T -T -T

(6. 16)

Asymptotic stability of the closed-loop system have also been

studied previously by Datko [72], and Delfour et al., [32]. In both

papers, the assumption that Q > 0 was made. Here we relax the assumption

to observability.
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Let Q = H'H and let x(t) denote the optimal trajectory corres-

ponding to the optimal control u*(t), i.e., x(t) satisfies

a
x(t) (A-CR-1C'Ko)X(t) + Bx(t-T)- Ji CR-1C'K1 (8)x(t+8)d8

-T

(6.17)

We then have

Theorem 6.2.1 Assume (A,B,C) is stabilizable and (A,B,H) is observable.

Then the optimal control for the infinite time problem is given by (6.10)

and the optimal closed-loop system (6.17) is asymptotically stable.

Proof: The first part of the theorem is just Proposition 6.2.1. To

prove asymptotic stability of the closed-loop system, consider the

Lyapunov functional

Vex )
t f

a
x'(t)Kox(t) + x'(t)Kl (8)x(t+8)d8

-T

f a fO
x' (t+8)Ki(8)x(t)d8 +

-T -T

(6.18)

This, however, precisely corresponds to the optimal cost for the infinite-

time problem starting at time t with initial function xt ' Thus we can

write

fOO [x' (s)Qx(s) + u*'(s)Ru*(s)]ds

t

V(x
t

) is clearly nonnegative. We claim that V(x
t

) = 0 implies x(t) 0:
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V(x ) = 0 if and only if
t

u(s) o s > t

and x' (s )Qx(s) x' (s)H'Hx(s) = 0 s > t

By observabi1ity of (A,B,H), this implies

x(s) = 0 s > t

Let U£

Ix(t) I
{¢: V(¢) < £}. Then for some £1 > 0, xt E U£ implies

1
< K for some nonnegative constant K. Since V(xt ) ~ 0 and

V(x) = -[x'(t)Qx(t) + u*' (t)Ru*(t)] < 0 we can apply the invariance
t -

principle for functional differential equations [74] to conclude

that the solutions of (6.17) x
t

tends to M, the largest invariant set

contained in the set

S = {¢: V(¢) O}

.
Since V(x

t
) -[x'(t)Qx(t) + u*' (t)Ru*(t)]

o

By observabi1ity, the largest invariant set M in S are those solutions of

(6.17) for which Ix(t)1 = 0 for - 00 < t < 00. Hence M = {O}, and the

asymptotic stability of (6.17) is proved.

Remark 6.2.1 It is known that asymptdtic stability of autonomous

linear functional differential equations is equivalent to exponential

stability [2]. Hence the optimal closed-loop system for the infinite-

time problem is globally asymptotically stable under the conditions of

stabilizability and observabi1ity.
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Corollary 6.2.1 Assume (A,B,C) is stabilizable and Q > 0. Then the

optimal closed-loop system (6.17) is asymptotically stable. Since Q > °
implies Ql/2 = H > 0, we immediately have that (A,B,H) is observable and

we may invoke Theorem 6.2.1.

Remark 6.2.2 Corollary 6.2.1 was proved earlier by Datko [72] and

Delfour et al., [32] using somewhat different techniques.

Corollary 6.2.2 If (A,B,C) is stabilizable and (A,B,H) is strongly

observable, then (6.17) is asymptotically stable.

Proof: Follows from Theorem 6.2.1 since strong observability implies

observability.

In proving asymptotic stability of the optimal filter, the same

basic technique will be used: construction of a suitable Lyapunov

functional and an appeal to the invariance principle. The system-

theoretic concepts of detectability and controllability are exploited

there in a natural way. Before proceeding on that route, we shall

first study the duality between optimal estimation and control for

linear delay systems.

6.3 Duality Between Estimation and Control for Linear
Delay Systems

In this section, we extend the duality principle between estimation

and control for linear ordinary differential systems to linear delay

differential systems. We shall exploit this duality in proving the

convergence of the optimal filter gains in the next section. Similar

results on duality are given by Lindquist [75], and Mitter and Vinter [67].
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Consider the optimal filtering problem (in the minimum mean

square error sense) for the stochastic delay system

dx(t) = [Ax(t) + Bx(t-T)]dt + dw(t)

x(8) = 0 e < 0 (6.19)

(6.20)

where wet) and vCt) are independent Wiener processes with cov[w(t); w(s)]

Qmin(t,s), cov[v(t); v(s)] = Rmin(t,s), Q ~ 0, and R > O. We know from

Chapter 5 that for any vector b, the optimal estimate for b'x(t) can be

expressed as ~t k'(s)dz(s) for some function kt(s). We define the
o t

"dual" control problem to the optimal filtering problem to be:

T
minimize JT(b,u) =1 [y' (t)Qy(t)+u' (t)Ru(t) ]dt

o
subject to the constraint

with the boundary conditions

YeT) b

(6.21)

(6.22)

y (s)

u(s)

o

o

s > T

s > T

As in section 6.2, the admissible controls are L~ functions on [0, T].
L

The following duality theorem holds.

Theorem 6.3.1 Consider the optimal estimation of the quantity b'x(T)

in the system (6.19) - (6.20). Let the optimal estimate for b'x(T) be

b'x(TIT) and let the optimal control for the dual problem (6.21) - (6.22)
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be UTa Then b'x(TIT) is related to uT by

T
b'x(T IT) = - f u,~(s)dz (s)

o

Proof: Consider the function

(6.23)

8, ft.Yt'(y,x,t) = y' (t)x(t) +

t-T

y' (s+T)Bx(s)ds

where yet) and x(t) are solutions of (6.22) and (6.19) respectively.

Applying Ito's differential rule, we see that

dtYe(y"x,t) = -[y' (t)A+y' (t+T)B+u' (t)Co+u' (t+T)Cl]X(t)dt

+ y'(t){[Ax(t)+Bx(t-T)]dt+dw(t)}

+ y' (t+T)Bx(t)dt-y'(t)Bx(t-T)dt

= -[u'(t)Cox(t)+u' (t+T)C1X(t)]dt+Y'(t)dw(t)

= -u' (t) [dz(t)-C1x(t-T)dt-dv(t) ]-u' (t+T)C1X(t)dt+y' (t:.)dw(t)

In view of the boundary conditions for (6.19) and (6.22), we obtain

.Yt'(y,x,T) -~(y,x,O)

y'(T)x(T) = b'x(T)

-II
u' (t) dz (t) +

o

+I
T

Y , (t) dw ( t ) +

o

lo
{
o

u' (t)dv(t)

I
u' (t) C

1
x(t-T)dt - I u' (t+T) C

1
x(t)d:t

o

_(T iT ITu'(t)dz(t) + u'(t)dv(t) + y'(t)dw(t)

{ 0 0

-140-



Hence
T

E{b' x(T) + i
°

2u ' (t) dz (t) }
Tj[ [y'(t)Qy(t) + u'(t)Ru(t)]dt

°
Minimizing the mean square estimation error is thus the same problem as

the dual optimal control problem, and the theorem follows.

Remark 6.3.1 The duality theorem can be extended to more general delay

systems such as those with multiple or distributed delays. However, as

we shall not need such generality in subsequent developments, we shall

not pursue them here. The restriction of x(8) = 0, for 8 ~ 0, is

imposed because we want the dual control problem to be one whose

solution is known explicitly. If we allow a zero-mean random initial

function x , with E[x (8)x'(~)] = ~ (8,~), -T < 8, ~ ~ 0, similar
000 0

arguments show that the dual control problem is to minimize

°J~(b,u) = y'(O)Lo(O,O)y(O) + f y'(6+T)BL
o

(6,0)d6y(0)

=T

+ry' (0) L
o

(0,6) B'y (6+T)d6+rfO y' (6+T) BL
o

(6 ,EJ B' y(,;+T )d6dt;

-T -T -T

T T
+ I y' (t) Qy (t) dt + I u' (t) Ru (t ) dt

° °
In order to use the duality theorem, we would have to first solve the

control problem for the cost J~(b,u). These are additional complications

which do not require any new concepts. To avoid obscuring the main

points of our development, we have opted to concentrate on the case

x(8) = 0, e < 0.
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We will now restrict our attention to the case where C
l

O.

Denoting C by C, the system nm" under consideration is
o

[Ax(t) + BX(t-T)]Jt + dw(t)dx(t)

x(8) o -T < 8 < a
(6.24)

dz(t) = Cx(t)dt + dv(t) (6.25)

The case where C
l

~ a will be discussed at the end of this chapter

since additional difficulties arise. We first recall from Chapter 5

the optimal filter equations for the system defined by (6.24) - (6.25).

dx(t\t)

-B fOp 2(t ,-1: ,8) c' R-lCx(t+8 I t+8) d8 + Po (t)C I R-1dz{;t;l

-T

+B f \ 2 (8, t-1:-8 ,O)C'R-1dz (s)dt

t-T

(6.26)

x(810) a -T < 8 < °
By the '<,ariation of constants formula from Chapter 5, we can write the

solution to (6.26) as

x(TIT)
-1¢(T,s)P (s)C'R dz(s)

o

T s
+I ~(T,8)B f

o s-T

-1
P2(U,S-T-U,O)C'R dz(u)ds

(6.27)

where ¢(t,s) is the fundamental matrix associated with (6.26), and

satisfies the matrix differential equation
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a<p(t,s)
at [A-P (t)C'R-1C]<P(t,s) + B<P(t-T,S)

o

f
o

-B

-T

-1
P2(t,-T,e)C'R c<p(t+e,s)de

(6.28)

<P(s,s) = I, <pet,s) = 0 t < 5

Applying a Fubini-type theorem for Lebesgue and Hiener integrals to

(6.27) [50], we can write

fT fS -1
<P(T,s)B P2(u,S-T-U,O)C'R dz(u)ds

o s-T

T U+T 1Jf JI ~(T,S)BP2(u,S-T-U,O)C'R- dsdz(u)

-T u

-1
(T,u+e)BP1(u,e-T)C'R d8dz(u)

using the definitions of P2(t,e,~) and PI (t,e), and the fact that z(u) 0

u < O. Hence

x(TI T) = f\ ~ (T, s)P0 (s)C' R-1+ j\(T ,8+e )BP 1 (s, e-T) C· R-lde }dz(8)

o 0
(6.29)

This gives an explicit representation of x(TIT) in the form

x (T IT) = f K(T , s) dz (s)

o

On the other hand, Theorem 6.3.1 gives a representation of b'x(TIT)

in the form
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(6.30)

We can therefore compare the representations in (6.29) and (6.30) and

identify the control and filter gains appropriately. This will enable

us to exploit the known convergence properties of the optimal control

gains. We shall do this in the next section and also prove the asymptotic

stability of the optimal linear filter.

6.4 Stability of the Optimal Filter for Linear Systems with
Delays in the Dynamics

In this section, we shall put together the results developed in

the previous sections and prove the aSYmptotic stability of the optimal

filter. It is worth noting here that our proof of the convergence of

the filter gains is rather indirect, being based on the convergence of

the optimal control gains for the dual control problem. However, it is

not obvious how a direct argument can be used. Indeed, variational

arguments for proving convergence of the control gains do not as yet

have a probabilistic interpretation in the filtering context for delay

systems. At the present state of our knowledge, it appears that the

indirect approach has to be adopted.

We begin now our investigations on the stability of the optimal

filter. We first adapt the solution of the optimal control problem

for linear delay systems with quadratic cost to solve the dual control

problem posed in Eq. (6.21) - (6.22) in the previous section. Through-

out this section, we will only consider the case where C1 = 0, Co = C.
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We make the change of variables s = T-t (s will be defined this

way until further notice). Then Eq. (6.22) becomes

d
- -- Y (T-s)ds -A'y(T-s)-B'y(T-s+T)-C'u(T-s) (6.31)

Define y (s) y(T-s) = yet)

u(s) u(T-s) u(t)

(6.31) becomes

E.-- y(s) = A'y(s)+B'Y(S-T)+Cf~(S)ds
(6.32 )

y(o) = b, y(8) = 0, -T < 6 < °
(Although the initial function here is not continuous, the results in

section 6.2 can be readily extended to cover this case as well [35].)

The cost functional JT(b,u) can be written as

J
T

(b, u) = f [y(s)' Qy(s) + ~, (8 )R~(s) ]ds

°
(6.33)

The dual control problem has now been cast into the standard form, and

the results of section 6.2 can be applied. '~e can therefore state that

the optimal control u*(s) is given by

u*(s)
-1 - -

R CK (s,6)y(s+8)d8
o

(6.34 )

where K (s)
o -KO(S)A'-AKO(S) + Ko(S)C'R-1CKo(S)-Q-Kl(s,0)-Ki(s,0)

(6. 35)
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(~- ~) Kl(s,e)-= -[A-K
o

(S)C'R-1C]Kl (S,e)-K2 (S,O,e),as ae (6.36)

(6.37)

with boundary conditions

o -T .:. e, t;, < 0

= K (s)B'
o

(6.38)

and symmetry conditions

K (s) = K' (s)
00'

(6.39)

The closed-loop optimal system is given by

dYes)
ds

[A'-C'R-1CK (s)]y(s) + B'y(S-T)
o

-fO C'R-1CK
1

(s,S)y(s+S)dS

-T

(6.40)

Using the variation of constants formula and the fact that yes) 0

-T < S < 0, we get that

yes) = ¢(s,O)b (6.41)

where ¢(s,r) is the fundamental matrix associated with (6.40). Now

define

K (t) = K (s) = K (T-t)
000
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The following lemma is now immediate and su~~arizes the solution of

the dual control problem.

Lemma 6.4.1

given by

The optimal control for the problem (6.21) - (6.22) is

u*(t)
-1-R CK (t)y(t)-

o
{o 1J_ R CKI (t,-8)y(t-8)d8

-T

(6.42)

where .
K (t)

o
AK (t) + K (t)A'-K (t)C'R-lCK (t)+Q+K

1
(t,O) + Kl' (t,O)

000 0

(6.43)

(L_.L _ L) (8 r-) - _ '( 8)C' -1 ( t")dt d8 d~ K2 t, ,~ - K1 t, R CK1 t,s (6.45)

with o °~ 8, ~ < T

(6.46)

and K (t) = K'(t), Kn(t,8,~) = K2'(t,~,8)
o 0 t.

Furthermore, the optimal closed-loop system satisfies
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d
dt yet)

yeT) = b

yet) = 0

-[A'-C'R-1CK (t)]y(t) - B'y(t+T)
o

T

+ j[ C'R-1CK
1

(t,6)y(t+6)d6

o

t > T (6.47)

Let the fundamental matrix associated with (6.47) be Y(t,r). We

then have the following:

Lemma 6.4.2

(6.41) by

Y(t,r) is related to the matrix ¢(s,r) introduced in

Y(t,T-r) = ¢(s,r) (6.48)

Proof: By straightfonvard verification, the above two matrices satisfy

the same delay equation as well as boundary conditions. Uniqueness then

yields (6.48).

Combining Lemmas 6.4.1 and 6.4.2 and using (6.41), we obtain an

alternative formula for the optimal control

u*(t) = -[R-1CKo(t)Y(t,T) + jr0 R-1CK
1

(t,-6)Y(t-6,T)d6lb

-T

-1 j[T 1-[R CKo(t)Y(t,T) + R- CK
I

(t,8)Y(t+8,T)d8]b

o (6.49)

Substituting (6.49) into (6.30) gives

b 'I IT Y' (t,T)Ko (t) C' R-ldz (t)

o

j[TY(t+6,T)'Ki(t,6)C'R-1d6dZ(t)1

a
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Since b is arbitrary, we obtain

Lemma 6.4.3 The optimal estimate x(TIT) for the stochastic delay

system (6.24) - (6.25) can be written as

x(TIT) =~{Yl(t,T)Ko(t)ClR-l+ j[TY(t+8,T)lK
1

(t,8)C lR-1d8}dZ(t)

o 0

(6.50)

We are now in a position to compare (6.50) and (6.29). First note

that they are of exactly the same form, with ¢, Po' BPI occurring at

the same positions as Y, Ko ' and K
l

. One suspects therefore, that

¢(T,t) = Y(t,T)'

P (t) = K (t)
o 0

and BP
1

(t,8-T) = Ki (t,8)

We proceed to confirm this. Define

P (t) P (t)
o 0

and recall that poet), PI (t,8), and P2(t,8,~) satisfy (5.62) - (5.65).

Then it is straightforward to verify that poet), PI (t,8), and P2(t,8,~)

satisfy exactly the same equations and boundary conditions as K (t),
o

Kl (t,8), and K2(t,8,~). By uniqueness of the optimal control and

optimal filter, we may identify
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P (t) = K (t)
o 0

Pi (t,8-T)B' = K1(t,8)

(6.54)

o < t < T o 2. 8, ~ 2. T

that

It remains to prove that Y(t,T)' = ¢(T,t). Using (6.54), we see

K
1

(t,-8) Pi (t,-8-T)B'

(6.55)

(6.54), (6.55) and (6.47) imply that Y(t,r) is the fundamental matrix of

d
dty(t)

-1-[A'-C'R CP (t)]y(t)-B'y(t+T)
o

o
+ Jr C'R-1CP2(t-8,-T,8)'B'y(t-8)d8

-T

(6.56)

But (6.56) is precisely the adjoint equation to

d
dt x(t) [A-P (t)C'R-1C]x(t) + BX(t-T)

o

o 1-Jr BP2 (t.-T,8)C'R- Cx(t+8)d8

-T

and it is known [2], [57] that

Y(t,r) = ¢(r,t)'

We summarize this development in

Lemma 6.4.4 The optimal filter gains for (6.19) - (6.20) are related

to the optimal control gains for the dual problem (6.21) - (6.22) by
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P (t) = K (t)
o 0

o < t < T o < 8,~ < T

The fundamental matrix ~(t,r) associated with the optimal filter (6.26)

is related to that of the optimal control system (6.47) by

~(t,r) = Y(r,t)'

We are now ready to prove asymptotic stability of the optimal

filter for (6.19) - (6.20). Let Q = H'H.

Theorem 6.4.1 Suppose (A,B,C) is detectable and (A,B,H') is con-

tro11ab1e. Then the gains of the optimal filter converge, and the

steady state optimal filter is asymptotically stable.

Proof: From the results of Chapter 2, we know that our hypothesis

implies that (A' ,B' ,C') is stabi1izab1e and (A',B',H) is observable.

By stabi1izabi1ity, Proposition 6.2.1 shows that the optimal gains

for the dual control problem Ko(s), K1 (s,8) and K2(s,8,~) converge to

matrices Ko ' K1 (8) and K2(8,~) respectively as T ~ 00. The definitions

of Ko(t), K1 (t,8) and K2(t,8,~) now imply that these converge to Ko '

K1 (8), K2(8,~) respectively as t ~ 00. By Lemma 6.4.4, we can conclude that

P (t) ~ P
o 0

as t ~ 00

where (see also section 6.2)

-151-



AP +P A'-P C'R-lCP +Q+BPl(-L)+P
l
' (-L)B'

000 0
o (6.57)

(6.58)

BP (e)C'R-1CP'(~)B'
1 1

(6.59)

P
o

P'
0'

(6.60)

Stability of the steady state filter is then governed by the stability

of the equation

d- x(t\dt ) [A-P C'R-1C)x(t) + BX(t-L)
o

o
-B f P

2
(--T,8)C'R-

1
Cx(t+8)d8

-T

(6.61)

Using Lemma 6.4.4 and (6.47), we see that the adjoint to the undriven

steady-state filter equation (6.61) is given by

d
dt yet) -[A'-C'R-1CP ]y(t) - B'y(t+T)

o

:r
+ I C'R-1CPi (8-T)B'y(t+8)d8

o
(6.62)

Let s = -t, yes) = y(-s) = yet). Then

d -
d; yes) =

:r
- jr C'R-1CPi(8-T)B'y(s-8)d8

o
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We prove that (6.63) is asymptotically stable. Introduce the

Lyapunov functional

:r
V(Ys) = y' (s)Poy(s) + y' (s) f Pi (8-T)B'y(s-8)d8

a

+ fTy • (s-8)BP1 (8-T)y(S )d8 + IT ITy' (s-8) BP 2 (8-T, t;-T)B'

a 0 a

•y (s-~) d8d

Some standard computations show that

(6.64)

• [R-1CPoY(s)+ f\-lCPi (8-T)B'y(S-8)d8 Jj
a

(6.65 )

Comparing (6.64) and (6.65) with the situation in Theorem 6.2.1, we see

that they are completely analogous. By the same arguments and the ob-

servabilityof (AI ,B',H), we conclude that (6.63) is asymptotically

stable. Let the fundamental matrices associated with (6.61), (6.62)

and (6.63) be ¢ (t,r), Y (t,r) and Y (t,r) respectively. Then it is
o 0 0

easy to see that Y (t,r) = Y (-t,-r). It is known [2] that asymptotic
o 0

stability of (6.63) is equivalent to the existence of constants a > 0,

M > 1 such that

IIy (s, r) II < He-a (s - r )
o

Thus I IYo(t,r)1 I = IIYo(-t,-r)1 I ~ Me-a(r-t)

Since <P (t,r)
o

-a(t-r)< Me
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The proof of the theorem is now complete.

Remark 6.4.1 It should be pointed out that the convergence of the

filter gains poet), BPI (t,8) and BP2(t,8,~)B' do not provide as yet

the convergence of the "smoothed" error covariance P2(t,8,~). Of

course, if B is nonsingular, BP2(t,8,~)B' converging will imply that

P2(t,8,~). It is interesting to note that the nonsingularity of B

seems to be related to many questions in the theory of delay equations.

For example, it is related to the solution semigroup T(t) being one-

to-one [2], the completeness of exponential solutions [76], and the

convergence of projection series [77].

Instead of identifying P (t), BP (t,8), and BP2(t,8,~)B' with the
o 1

corresponding control gains as in Lemma 6.4.4, one can directly identify

poet), Pl (t,8), and P2(t,8,~) with the Fredholm kernel Pc(t,8,~) intro­

duced by Manitius in the optimal control with quadratic cost [71].

The details are straightforward and are left as an amusement for the

reader.

6.5 Convergence of Estimation Error Covariance Operator

The results of the last section show that under suitable detect-

ability and controllability conditions, the estimation error covariance

P (t) converges. Our objective in this section is to prove the con­
o

vergence of the error covariance operator for the steady state optimal

filter. If we express the estimation error e(tlt) = x(t) - x(tlt) in

terms of a stochastic delay equation, its solutions define a trajectory

in the space of continuous functions. By the error covariance operator
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we mean the function

L(t,e,~) E{e(t+elt+e)e'(t+~lt+~)}, -T < e, ~ < 0.

Of course L(t,O,O) = poet). However, L(t,e,O) # P
l
(t,8), and

L(t,8,~) # P2(t,8,~). This is because L(t,8,0) and L(t,8,~) are co-

variances of the filtering estimation error, whereas Pl(t,8) and

P2(t,8,~) are covariances of the smoothing estimation error. While

we' can show that L(t,e,~) converges to a steady-state operator

L~(8,~), we have not been able to show the convergence of p(t,e,~),

Lnles3 B is invertible (see Remark 6.4.1).

It is easy to see that e(tlt) satisfies the stochastic differ-

ential equation

de(tlt) = [(A-P C'R-lC)e(tlt) + Be(t-Tlt-T)]dt
o

+fO -1 IBP2(-T,e)C'R Ce(t+8 t+e)d8dt + dw(t)

-"[

(6.66)

Note that for any fixed t, v(t+e) 8S[-T,0] is a Brownian motion, and

hence the last stochastic integral is well-defined. Again, let ¢ (t,s)
0'

be the fundamental matrix associated with (6.66).

6autonomous equation ¢o(t,s) = ¢o(t-s,O) = ¢l(t-s).

of constants formula gives
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e(tlt) i t _ rt -1
~l(t-s)dw(s) J~ ¢l (t-s)PoC'R dv(s)

o 0

t a -1-I ~l (t-s)B J P2 (-T, El) c' R dElv (s+El)ds
o -T

(6.67)

Using a Fubini-type theorem in Doob [50], the last term in (6.67) can

be written as

I t fS¢l (t-s)

o s-T

t min (0+1" , t )

= j[ I ~1(t-s)P2(-T,G-s)dsdv(G)
o a

t min(t-a,T)
= I j[ ~l (t-cr-S)P2(-T,-S)dSdv(G)

o 0

(6.68)

where we have used vet) 0, t < O. For convenience, we define

L(t-s)
1 min(t-s,T)

~l(t-s)PoC'R- + j[ ~1(t-s-S)P2(-T,-S)dS
a

If we now compute the characteristic functional of the ~-valued random

variable e t l t (et !t(8) = e(t+8It+8)),then by exactly the same arguments

as in Chapter 5, we get, for y E: t:fi*,

,0 ttl
E ex!' 1i J dy' (r) [I ~l (t+r-s )dw(s)- j[ L(t+r-s) dV(S~1

~ 0 0
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using ¢l (t-s) = 0, t < s.

Since for each fixed t, the exponent is a sum of Gaussian random

variables, and wet) and vet) are completely independent, we can evaluate

the expectation as

1 ~ 0 0 t
exp - 21 J J dy'(r) I <1>1 (t+r-s)Q<I>i (t+o-s) dsdy (0)

-'[ -'[ 0

o 0 t 1
+ J J dy' (r) I L (t+r-s) RL' (t-hJ-s) dsdy (O)j

-'[ -'[ 0

Therefore, the covariance operator is given by

t

L(t,8,~) = f <l>1(t+8-s)Q<I>i(t+~-s)ds
o

t
+ I L(t+8-s) RL' (t+~-s)ds

o

tI [<1>1 (8+s)Q<I>i(~+s) + L(8+s)RL'(~+s)]ds
o

(6.69)

(6.70)

The convergence of the covariance operator L(t,e,~) is given by

Theorem 6.5.1 The covariance operator L(t,e,~) for the optimal

estimation error converges pointwise in e and ~ to a stationary

covariance operator L (e,~), with
00
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00

Eoo ( 8,1;) =J¢1 (8+s) Q¢i (;;;+s) ds

o

00

J min(6+s, T)
+ [ ~l ( 8+s ) PC' R-1+ Jo 0 ~1 (6+s - (3 ) P2 (- T , - (3) d S] ,

·0

(6. 71)

Proof: From (6.70), it is clear that L(t,e,~) is a symmetric operator,

monotonically increasing in t. (See Remark 6.5.1 following the proof.)

Since the optimal filter is asymptotically stable, II ~l (t-s) II < He-ex(t-s)

for some ex > 0, M > 1. We can therefore make the estimate

t

I I J ¢1(8+s)Q¢1(I;+s) ds l I
o

t

< i II ¢1 (8+s)Q¢1 (I;+s) II ds

o

t
< II QII I M2e -a(8+s) e -a (I;+s)ds

o

(
-2ext )

= I IQI I~e-ex(e+~) 1 - e 2ex

which converges as t + 00. By a similar argument, the second term in

(6.70) is also uniformly bounded in t for each fixed e and~. We can

now apply a theorem on the convergence of monotone symmetric operators
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[78] to conclude that

lim
t+ 00

L: (8,~)
00

exists pointwise in 8 and ~, and is given by (6.71).

Remark 6.5.1 The filtering error covariance operator L:(t,8,~) is

monotonically increasing in t because we have zero initial estimation

error (i.e., the initial condition for the system is deterministic

and known, taken to be zero in our formulation). If we have a random

initial condition, we may still be able to prove (although we have

not done so) that the resulting L:(t,8,~) converges to E (8,~), since
00

initial conditions are usually "forgotten" as t + 00. We may note

that analogous situations also arise in the filtering problem for

systems without delays.

6.6 Stochastic Control of Linear Delay Systems
and Stability

The preceding development in the stability of the optimal closed-

loop control system and the stability of the optimal linear filter

suggests that by putting the two together, asymptotic stability of

the closed-loop stochastic control system can be obtained. This is

of course the case in linear stochastic system without delays. In

this section, we examine the corresponding stochastic control system

for delay systems and prove a similar result.

We shall first discuss the separation theorem for delay systems

as proved by Lindquist [56]. Again we consider the following linear
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stochastic delay system

dx(t) = [Ax(t) + Bx(t-T) + Gu(t)]dt + M'dwl(t)

x(8) = 4>(8)

dz(t) = Cx(t)dt + Ndw
2

(t)

8E:[-T,O]
(6. 72)

(6. 73)

WI' w2 are standard Wiener processes, completely independent of each

other, and independent of the initial function ¢, which is a Gaussian

process. The matrix N is assumed to be positive definite. The ob-

jective is to choose a control law u in a suitable set of admissible

controls such that the cost functional

E J
T

[x'(t)Qx(t) + u'(t)Ru(t)]dt

°
(6.74)

is minimized, where T< 00.

Before we define the set of admissible controls, we establish

some notation. By the variation of constants formula, we obtair-

t t 0
z (t) = I C<!>(s ,0)<1> (O)ds+ I f C<!> (s ,aH)B¢(a)dads

o 0 -T

Jt s It IS+ j[ C<!>(s,a)Gu(a)dads + c<!>(s,a)M'dw(a)ds+Nw
2

(t)

o 0 0 0

(6.75)

Define the set U consisting of the class of processes u(t) satisfying
o

the following conditions~
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(i) u(t) is measurable with respect to O{z(s), 0 < s ~ t}

for each t;

(ii) For each u E U , there exist unique solutions to (6.72) and
o

(iii)

(iv)

(6.73);

j[T Elu(t)12dt < 00

o

For each u E U , o{z(s), 0 < s < t} = o{z (s), 0 < s < t}.
o - - 0 -

In words, (iv) means that by using a control law ·'U C U ,o

~ve cannot gain, from the resulting outputs, more information

about the system than that obtained by using no control at all.

We shall take U to be the set of admissible controls. The following
o

theorem has been proved by Lindquist [56].

Proposition 6.6.1 The problem of determining u c U so as to minimize
o

(6.74) has the following solution

" -1 A I -1u*(t) =:-R G'K (t)x(t t)-R G'
o f

-1'

(6.76)

where Ko(t) and K
l

(t,8) are the optimal gains for the deterministic

optimal control problem (section 6.2), and x(slt), t-1' ~ s ~ t is the

conditional expectation of xes) given z(o), 0 ~o.s. t (section 5.':').

Remark 6.6.1 A few comments on the choice of U as the set of ad­
o

missible controls ar2 in order. Let us define the set U to be the

class of processes u(t) that are measurable with respect to

o{z(s), 0 .s. s .s. t} for each t, such that for each u E U,

I
T

unique solutions to (6.72) and (6.73), and for which

o
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Clearly U C U. The basic difference between the sets U and U is
o 0

that the requirement o{z(s), 0 ~ s ~ t} = c{zo(s), 0 ~ s ~ t} is

not imposed on U. However, if we examine the proof of Proposition

6.6.1 in [56], we see that the requirement of a{z(s), 0 ~ s ~ t}

a{z (s), 0 < s ~ t}, for any u in the set of admissible laws, is
o

crucial. One would really like to prove that the separation theorem

holds also for the set U (which is equivalent to showing U = U) but
o

the truth or falsehood of this is not known at present. We may note

that in the separation theorem without delays [79], the conditions

(i) to (iv) satisfied by all u E U are obtained by requiring the
o

control laws to be Lipschitz functiona1s of the past observations.

Even in the case without delays, it has not been established that

U U.
o

The expression for the optimal cost is given in

Lemma 6.6.1 Corresponding to the optimal control (6.76), the optimal

cost J* associated with the stochastic control problem (6.72) - (6.74)

is given by

J* = EV(x )o
trM'MK (t)dt

o

+ JiT tr{Ko(t)CR-1C'Ko(t)Po(t)+ JO Ki (t,8)CR-1C'Ko (t)Pi (t,S)dS

o -T

+ JO Ko(t)CR-1C1K1 (t,8)P
1

(t,8)dS+ JO JOKi (t,S)CR-1CrKl(t,~).
-T -T -T

(6.77)

-162-



where v (x )
t S

O
x'(t)KO(t)x(t)+ x'(t)K

l
(t,8)x(t+8)d8

-T

Jo fOfo+ x' (t+8)Ki. (t, 8)x(t)d&t x' (t+8)K
2

(t, 8, ~)x(t+~)d8d~

-T -T -T

(6.78)
Proof: See Appendix C.

Remark 6.6.2 Lemma 6.6.1 shows that the optimal cost in the delay case

has the same structure as the case without delays: there is a term due

to initial conditions, a term due to the noise in the system dynamics,

and a term due to the estimation error.

We turn our attention now to the stochastic control system defined

by using the steady state version of (6.76):

a
u(t) = -R-1C'Kox(tlt)-R-1C' jI K1 (6)x(t+6I t )d8 (6.79)

-T

where x(tlt) is generated by the steady state optimal filter. Heuristi-

cally, this law is the optimal one for the functional

E ~oo [x' (t )Qx(t) + u' (t) Ru (t) ]dt (6. 80)

with observations started back at _00, except that it would give rise to

an infinite J*. One must therefore modify the control problem to be

one of minimizing

lim
T+ 00

1 IT~E [x' (t)Qx(t) + u'(t)Ru(t)]dt}

a

-163-



or lim t iT [x'(t)Qx(t) + u'(t)Ru(t)]dt
T~ 00

a

This introduces notions of ergodicity and invariant measures into the

discussion. Even in the case without delays, the infinite problem has

not really been completely resolved. We therefore content ourselves

with simply the result on asymptotic stability of the closed-loop

system under the law (6.79).

Theorem 6.6.1 Let Q = H'H. Assume (A,B,G) is stabilizable, (A,B,M')

is controllable, (A,B,C) is detectable, and (A,B,H) is observable.

Then the control law

-1 ~ I -1 fOu(t) = -R G'Kox(t t)-R G' Kl (8)x(t+8It)d8,

-T

where x(tlt) is generated by the steady state filter of Theorem 6.4.1,

and Ko ' K1 (8) are generated by the deterministic stationary control

law of Theorem 6.2.1, gives rise to an asymptotically stable closed-

loop system.

Proof: Stabilizabi1ityof (A,B,G) ensures that Ko ' Kl (8), and K2(8,~)

are well-defined. Observability of (A,B,H) then guarantees that

solutions of the system

x(t) 1 fO(A-GR- G'Ko)x(t)+Bx(t-T) -

-T
(6.81)

are asymptotically stable (see Theorem 6.2.1). Detect~bility of

(A,B,C) ensures that the steady state filter is well-defined, and con-

trollability of (A,B,M') guarantees that the steady-state filter is

asymptotically stable. The closed-loop system is defined by the

coupled set of equations
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dx(t) = Ax(t)dt + BX(t-T)dt-GR-
1

G'K x(tlt)
o

o-J GR-1G'K1 (8)x(t+8/t)d8 + dw(t)

-T

dx(tlt) = Ax(tlt)dt + Bx(t-Tlt-T)dt

(6.82)

I
t

+B

t-T

-1 A IP
2

(-T,s-t)C'(NN') [dz(s)-Cx(s s)ds]dt

Expressing x(tlt)

dx(t)

+P c' (NN,)-l[dz(t) - Cx(tlt)dt]
o

x(t) - e(t/t), we get

(A-GR-1G'K )x(t)dt + BX(t-T)dt
o

o- .f GR-
1

G'K1 (8)x(t+8)d8 + dw(t)

-T

(6.83)

and de(t!t)

+GR-1G'Koe(t/t)+ fO GR-1G'K1 (8)e(t+8It)d8 (6.84)

-T

[A-P C'(NN,)-lc]e(t/t)dt + Be(t-Tlt-T)dt
o

+ SO BP2(-T,8)C'(NN·)-lce(t+8It+8)d8dt

-T

+ dW(t)-PoC'R-1dv(t) - B SO P
2

(-T,8)C'R-1d
8
v(t+8)dt

-T

(6.85)
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Since (6.85) is decoupled from (6.84), the stability properties of

the closed-loop system are precisely those of (6.81) and the steady

state optimal filter. Since both of these are asymptotically stable

as a consequence of our assumptions, the closed-loop stochastic control

system is asymptotically stable as well.

Remark 6.6.3

of minimizing

J
r

When the control law (6.79) is applied to the problem

T
lim i E f [x' (t) Qx (t) + u' (t) Ru (t) ]dt
T-+ 00

o

Lemma 6.6.1 shows

J trM'MK
r 0

+ tr{K GR-lG'K P +
000 t

-T

K'(0)GR-1G'K P' (8)d8
101

000
+ f KoGR-lG 'K1 (8) PI (8)d8+ f J Ki (8)GR-lG' K

1
(i;)P 2(t;,~'~i:li;d8}

-T -T -T

This can be thought of as the cost rate associated with the control

law' (6. 79) .

6.7 Filter Stability for Systems with Delays in
The Observations

In the previous sections, we have discussed the stability propertieis

of the optimal filter and control system rather thoroughly for linear

stochastic systems with a single delay in the system dynamics. It is

relatively straightforward to extend the duality theorem of section 6.3
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to cover situations with multiple delays in the state dynamics.

Combining this with the results of Delfour, McCalla, and Mitter [32]

on optimal control, it should not be difficult to extend our stability

results to these systems. tihat is more interesting is the case in

which there are delays in the observations. Since similar difficulties

arise for distributed delays as well as point delays, we shall, for

convenience, consider systems of the form

dx(t) = [Ax(t) + Bx(t-T)]dt + dw(t) (6.86)

x(8) = 0 -T < 8 < 0

(6.87)

From the results of Chapter 5, we know that the optimal filter is given

by the equations

[AX(tlt) + Bx(t-Tlt)]dt

. [dz(t) - Cox(t!t)dt - C1X(t-Tlt)dt]

(6.88)

x(t+8It+8)+ j(t [PZ(s,t+8-s,O)C~ + Pz(s,t+8-s,-T)Ci JR- 1

t+8

• [dz(s) - Cox(sls)ds - C1X(S-Tls)ds]

(6.89)

If we apply the same technique as that of section 6.4 to (6.88) - (6.89),

we see that
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[Ax(tlt) + Bx(t-Tlt-T)]dt

+ BJft [P2(S,t-T-S,O)C~+ P2(S,t-T-S,-T)Ci]R-
l

t-T

(6.90)

which is not a stochastic delay equation in x(tlt). Indeed, it is not

possible to express x(t-Tlt) solely in terms of x(sls), t - T < S < t.

Without this, the technique presented in section 6.4 cannot be applied.

The situation is very similar in the dual control problem, which

is to minimize:

JT(b,u) =j[T [y'(t)Qy(t) + u'(t)Ru(t)]dt

o

subject to the constraint

y(t) -A'y(t) - B'y(t+T) - Cou(t) - C
1
u(t+T)

y(T) b

y(s)

u(s)

o

o

s > T

s > T

Theorem 6.3.1 shows that the optimal estimate of b'x(T) for (6.86) - (6.87)

is given by J(T u~(s)dz(s), where uT(t) is the optimal control to the

dual problem.
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By the time reversal technique of section 6.4, we see that the

above control problem is equivalent to an optimal control problem

for systems with delays in the control as well as in the state. It

is known [80] that this problem is much more complex than the optimal

control problem with delays in the state only. To understand the

structure of the optimal filter when there are delays in the observa-

tions, it is worthwhile to discuss briefly the control problem with

delays in both the state and control.

Consider the system

x(8)

u(8)

ep (8)

°

8 E [-'[,0]

8 E [-'[,0) (6.91)

The problem is to find a control u such that the cost functional

JT(u,~) = j[T [x'(t)Qx(t) + u'(t)Ru(t)]dt

°
is minimized.

u(t)

The solution to this problem is given in [80]:

= -R-lC' [P (t,t,t)x(t)+ it P (t,s+'[,t)Bx(s)ds
o c c

t-'[

-y(t)R-1Ci[Pc(t+T,t,t)X(t)+ ~t Pc(t+T,S+T,t)Bx(s)ds

t-'[

+ ~t Pc(t+T,S+T,t)C1u(s)ds] (6.92)

t-'[
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where yet) I: if t c [T-T,T]

otherwise

and P (t,s,r) is a type of Fredholm kernel introduced by Manitius [71]
c

and satisfies appropriate partial differential equations.

The optimal control u(t) is not expressed solely in terms of xt '

but also in terms of u(s), t-T < S < t. In order to express u(t)

solely in terms of x, we can regard (6.9Z) as an integral equation in

u(t). In fact, if we write

q(t) -R-IC~[Pc(t,t,t)x(t)+ Jft Pc(t,S+T,t)Bx(s)ds]

t-T

1 It-y(t)R- c' [P (t+T,t,t)x(t)+ P (t+T,s+T,t)Bx(s)ds]
1 c c

t-T

and N(t,s)

(6.93)

we get

u(t) f
t

q(t) + N(t,s)u(s)ds

t~

(6.94)

The properties of P (t,s,r) [80] clearly implies that N(t,s) is a
c

Volterra LZ-kerne1. Substituting (6.94) into itself, we obtain
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u(t) q(t) + It N(t,s)q(s)ds

t-T

+ it N(t,s) fSN(s, r)u(r)drds

t-T s-T

q(t) + It N(t,s)q(s)ds+

t-T

it Lmin(r+T,t)
+ N(t,s)N(s,r)dsu(r)dr

t-2T max(t-T,r)

By induction, it is easily seen that in fact u(t) satisfies a Volterra

integral equation of the form

t
u(t) = q(t) + J[ M(t,s)u(s)ds

with M(t,s) an L
2
-kerne1. The solution for the optimal control u in

state feedback form can therefore be expressed as

u(t) q(t) + J(t R(t,s)q(s)ds

= it dsF(t,s)x(s) (6.95)

-T

where F(t,s) is an L
2
-kerne1 of bounded variation in s. Notice that

in state feedback form, the entire past of the state trajectory must

be used.
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There are two ways to study the stability of the closed-loop system.

We can either study the system defined by (6.91) and (6.94) as system of

coupled differential and integral equations, or we can substitute (6.95)

into (6.91) and study the resulting integrodifferential equation. In any

case, the situation is considerably more complex than that without delays

in the control. Stability properties of the optimal system are left as

a subject for future research.

One can see that a similar situation happens in the optimal filter

for systems with delays in the observations. Defining

W(t,s)

W(t,s)[dz(s)-C x(sls)ds]
o

- ft W(t,s)C1x(s-Tls)ds

t-T

(6.96)

One can view (6.96) as an integral equation in x(t-Tlt). Again the

kernel W(t,s)C
l

is a deterministic L
2
-kernel. As before, we can solve

X(t-T/t) in terms of x(sls), 0 ~ s ~ t. The stability of the optimal

filter can thus be studied from either an integrodifferential equation

or from a coupled set of differential and integral equations. In view

of the duality theorem between estimation and control, the stability of

the dual control system should be intimately related to the stability of

the optimal filter, in the same sense as the connection discussed in

section 6.4.
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6.8 Perspective

In this chapter, we have studied the stability of the optimal

linear control system and the optimal linear filter for systems with

delays only in the state dYnamics. Since the main results are inter­

connected in a rather complicated way, it seems worthwhile to recapitu­

late the various steps involved and put our results in perspective.

We first showed that under the conditions of stabi1izabi1ity and

observability, the infinite-time optimal linear control system with

quadratic cost is asymptotically stable. This result not only extends

previous work by other investigators, but also shows the important

role played by system-theoretic concepts.

In section 6.3, we established a duality theorem which relates

the solution of the optimal linear filtering problem to the solution

of a dual optimal control problem. This result was motivated by the

work of Lindquist [75], and Mitter and Vinter [67], and paved the way

for exploiting the results of section 6.2 in studying the stability of

the optimal linear filter.

Theorem 6.4.1 in section 6.4 contains the central results of

this chapter, and combines the results of Chapter 2 with those of

sections 6.2 and 6.3. First, we used the duality theorem to give

the precise formulas relating the optimal gains and the fundamental

matrix of the optimal filter to those of the corresponding dual

optimal control system. This is the content of Lemmas 6.4.1 through

6.4.4. Next, we used the duality results of Chapter 2 to assert that
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detectabi1ity and controllability of the original system corresponds

to stabi1izabi1ity and observabi1ity of the dual system. Thus, under

the assumptions of detectabi1ity and controllability of the original

system, we were able to invoke the stability result of section 6.2 to

conclude asymptotic stability of the dual optimal control system.

Finally, the formulas relating the optimal filter and the dual optimal

control system allowed us to conclude asymptotic stability of the

optimal filter from that of the dual control system. Once these

results were established, it was straightforward to prove, in section

6.5, that the closed-loop stochastic control system is also asymptotically

stable. While the analogs of these results for ordinary differential

systems are well-known, they are new for linear delay systems, and

constitute the first complete extension of the finite dimensional

1inear-quadratic-Gaussian theory. Furthermore, they bring into focus

the importance of the structural properties and duality relations in

control and estimation problems for linear delay systems. While our

results deal only with a special class of delay systems, we feel that

the ideas and techniques will be fundamental to the development of a

complete 1inear-quadratic-Gaussian theory for more general delay

systems. We hope that the work reported in this thesis will serve

as a stimulus to the development of such a theory.
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CHAPTER 7

CONCLUSIONS AND SUGGESTIONS FOR FUTURE RESEARCH

In this thesis, we have studied two areas in the theory of delay

systems: structural properties and their applications to control in

linear time-invariant delay systems, and optimal linear and nonlinear

filtering for stochastic delay systems. We summarize our findings

here and indicate what we feel are the main contributions of the

thesis.

In Chapter 2, we discussed the various notions of controllability,

stabilizability, observability, and detectability in connection with

linear delay systems. New definitions of controllability and obser­

vability were given and some duality results established. While we

have not conducted an in-depth study of these concepts, the ideas

presented have proved to be very useful in connection with linear

optimal control with quadratic cost and optimal linear filtering.

In Chapter 3, we studied the concept of pointwise degeneracy.

We completely characterized 3 dimensional systems which can be made

pointwise degenerate by delay feedback, and gave sufficient con­

ditions for this to be possible in higher dimensional systems. The

conditions obtained are felt to be much simpler and more intuitive

than previous results obtained by other investigators.

In Chapter 4, we applied the pointwise degeneracy property to

the control of linear systems. A complete solution to the minimum

-175-



time output zeroing problem by delay feedback was given for 3 dimen­

sional linear systems, while sufficient conditions were given for

the solvability of the problem in higher dimensions. The solvability

conditions are again very simple, although the actual construction of

the feedback controllers is rather complicated. Sensitivity of the

control system under perturbations of its parameters was also studied

and it was shown that "small" perturbations give rise to "small"

degradation in the system performance. Some examples were then given

to illustrate the theory. All these results are new and show that

the concept of delay feedback has potential applications in linear

system theory which are worth exploring further.

We began the study of the optimal filtering problem in Chapter

5. The general nonlinear filtering problem was first studied, and

a representation theorem for conditional moment functionals derived.

The form of the representation is new even when specialized to

ordinary differential systems, and can be thought of as solving the

nonlinear filtering problem abstractly. We then showed that if the

moment functionals were suitably "smooth," stochastic differential

equations could be derived. When these results were specialized to

the linear case, we obtained a complete solution to the optimal linear

filtering problem, generalizing previously known results.

In Chapter 6, we studied the stability properties of the optimal

linear filter. The special case where the observations do not in­

volve any delay terms was considered. We showed that there is a

duality relation between optimal control with quadratic cost and
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optimal linear filtering. Under the hypothesis of stabilizability

and observability, we showed that the optimal closed-loop system

for the infinite time control problem is asymptotically stable.

Under the hypothesis of detectability and controllability, we

showed that the optimal linear filter is asymptotically stable.

Finally, the closed-loop stochastic control system using the deter­

ministic optimal control law and the optimal filter estimate was

also shown to be asymptotically stable. This we feel is the first

complete extension of the familiar linear-quadratic-Gaussian theory

for ordinary differential systems. On the one hand, almost complete

analogs of the finite dimensional results have been obtained: the

linear feedback nature of the solutions for the optimal control and

filtering problems, the Riccati-type partial differential equations,

the duality between control and filtering, and the stability results

based on system-theoretic concepts. On the other hand, the additional

complications due to the presence of delays are also clearly demon­

strated by the form of the solutions. These similarities and differ­

ences between the finite dimensional theory and the theory developed

in this work give a lot of insight into the behavior of linear delay

systems.

The results obtained in this thesis suggest that further in­

vestigations in the following topics would be fruitful.

1. Study in greater depth the relations between the various

notions of controllability, stabilizability, observability,

and detectability for delay systems. In particular, algebraic
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conditions for checking these properties would be very

useful. In addition to the notions discussed in Chapter

2, there are other algebraic formulations of the notions

of controllability and observabi1ity [42], [43]. It would

be very worthwhile to relate these various approaches and

obtain a unified theory. This is very much an open area

of research.

2. Extend the applications of the pointwise degeneracy property

to the construction of delay observers. We have given an

example of a "deadbeat" observer. The general theory,

however, is lacking, and it would be interesting to see

what precise conditions are required. It is suspected that

this problem will be related to the properties of the adjoint

system.

3. In studying the nonlinear filtering problem, we have shown

that in order to derive stochastic differential equations,

moment functiona1s must be in the domain of the infinitesimal

generator of the Markov process x t • The characterization of

this operator is important in its own right as well as in

applying the results of Chapter 5. It is hoped that a de­

tailed characterization of this operator will pave the way

for useful approximations to the optimal nonl!near filter.

4. Extend the stability results of Chapter 6 to cover more

general models, for example, those with delays in the

observations. As discussed in Chapter 6, this will be
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intimately related to the control problem with delays in

the control. It is not clear what techniques are suitable

for this problem. In fact, it is not clear whether the

controllability and observability concepts which have

proved fruitful need to be reformulated or not. Since

many practical systems have delays in the observations,

this is an important practical as well as theoretical

problem.
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APPENDIX A

PROOF OF LEMMAS 4.1 AND 4.2

We refer the reader to Chapter 4 for the statement of these

lemmas.

Proof of Lemma 4.1:

occur at

2
Since a

2
-4a

l
a

3
> 0, there are two real extrema for f(A). Also, the

2zeros of f(A) occur at the zeros of al +a
2

A+a
3

A , and these are at

Again, since Let

Let us perturb A. by some number € and let
1
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Hence

This yields

nE:(sl) > 0

< 0

> 0

< 0

Similarly,

nE:(sZ) > 0

< 0

> 0

< 0

Let us now examine the graph of the function f(A). There are

eight cases, depending on the signs of the a. 'so
1

Case I: a
l

> 0, a
Z

> 0, a
3

> O. In this case sl and Sz are both negative.

If E: > 0, nE:(sl) > 0, and if

< E: < 0, n (s ) < O.
E: 1

A little thought now shows that the graph of f(A) is of the form
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It is obvious that for any finite real S # sl or s2' there exists a

YS such that the line YS(A-S) intersects f(A) at three real distinct

values of A, none of which equals sl or s2. There also exists a

constant w(w > ° in this case) such that the line A=w intersects f(A)

at three real distinct points.

For the other severt cases, entirely similar arguments show that

f(A) must have one positive maximum and one negative minimum, and

hence the required straight lines exist. We shall omit the details.

The lemma is now proved.

Proof of Lemma 4.2: Since C is of full rank, we may assume, without

loss of generality, that q'c
l

a
3

# 0, where c
i

is the i th column of

C. Since (A,C) is controllable, we have the following possibilities:

(i) {cl ' Acl , c2} are linearly independent

or (ii) {cl ' c2 ' Ac2} are linearly independent
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Case (i): {c
l

' Ac
l

, c
2

} linearly independent.

Construct a matrix Kl as follows:

where e
2

is the second natural Euclidean basis vector in 2 dimensions,

and 0 is the null vector. Then

(A + CKl)cl = AC I

(A + CK
l

)2 = A2
C

l
+ c

2

Let the characteristic polynomial of Al be pes)

We can then write

c =2

for some 8
1

, 82 , and 8
3

• The independence of c
l

' Ac
l

, and c2 implies

81 # O. The transformation

p

gives P-lA P in companion form and
1
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Let q'P (Ci
1

Ci
2

Ci
3
)· Then

Ci
1

q' (A2c
1

+c
2

) + P2q ' AC1+P1Ci3

Ci
2

q'Ac
1

+p
Z

Ci
3

0,3 q'c
1

If ~ 2 _ 4~ ~ > 0 d 62 . f (')
~2 ~1~3 ,an S- 18 not a zero a n A

1
are done. If not, take a matrix F of the form

r-fo -f -f1 21
F

lo
I

0 0

then P-1 (A+CK
1

)P + P-1CF

P-1 (A+CK
1

+CFP-1)P P-1A P
Z

with p~ p.+f .. Define a matrix PI by
1 1 1

1 0 0

-1 2
c1 ] p'PI P [A

Z
c
1

A2c1 1 02

p' p' 11 2

l1 p-1p
2
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~:~
1 °
a 1

-p' -piJ1

°
d

12
]

l: d 22 ' for some d12 , d
22

, d
32

d32

Similarly A
2

2
c
1

Choose fa, f 1 , and f 2 to satisfy the properties

(a) a,2-4a 'a' > 0, where
213

a' a = q'c331

a'
2

and

(b) is not a zero of n' (A)
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A little algebra shows that in fact d lZ

Some reflection now shows that appropriate choices for f o ' f
l

,

and f
Z

exist. This completes the consideration of case (i).

Case (ii): {cl ' cz ' ACZ} linearly independent.

We construct a matrix K
Z

as follows

We can write

Sz is clearly nonzero. If Sl ~ 0, we carry out the constructions in

exactly the same fashion as in case (i). This shows that we can again

find appropriate matrices P and K such that P-l(A+CK)P, q'P, and p-lC

have the required structure. The proof of the lemma is completed.
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APPENDIX B

DERIVATION OF EQUATIONS (5.53) - (5.55)

To derive the appropriate equations for P(t,8,~), we have to

consider three cases:

(i) ° < t ~ T, -T < 8 < 0, -T < ~ < °

(ii) ° < t .2. T, -T < 8 < 0, ~ °
(this also covers the case ° < t ~ T, 8 0, -T < ~ < 0,

since clearly P(t,8,~) = P'(t,~,8)).

(iii) °~ t .2. T, 8 = ~ = 0.

Since the derivations are somewhat tedious, we shall give details only

for the equation satisfied by P(t,8,~) for °~ t .2. T, -T < 8 < 0,

-T .2. ~ < 0. To avoid notational complications (since P(t,8,~) is a

matrix, to use Theorem 5.3.1 requires the calculation of p .. (t,8,~), 1
1J

.2. i,j ~ n), we will assume everything is scalar. For convenience we

shall write e (x ,s) = c(x ,s) - c(x ,s)c s s s

We appeal to Theorem 5.3.1 and (5.50) to write

E {x(t+8)x(t+~)}+ it ES{E [x(t+8)x(t+~)lx ]e (x ,s)]}
o 0 s c s

°
-1

•R (s) dv (s)
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-[x(t+8It+8)+ Jt ES {x(t+8)e (x ,s)}R-1(s)dV(s)] [x(t+~lt+~)
c s

t+8

J
t

s -1+ E {x(t+~)e (x ,s)}R (s)dv(s)]
c s

t+~

= E [x(t+e)x(t+~)] - x(t+8It+8)x(t+~lt+~)
o

i
t s -1

+ E {E [x(t+8)x(t+~)lx ]e (x ,s)}R (s)dv(s)
o s c s

°
J

t
A s -1-x(t+8It+8) E {x(t+~)e (x ,s)}R (s)dv(s)

c s
t+~

-x(t+~lt+~) it E
S {x(t+8)e (x ,s)}R-l(s)dV(s)

c s
t+8

J
t s -1 ft s -1- E {x(t+8)e (x ,s)}R (s)dv(s) E {x(t+~)e (x ,s)}R (s)dv{s)

c s c s
t+8 t+~

(B. 1)

It is readily seen from (B.l) that P(t,8,~) is continuous in (t,e,~).

Similarly for s in (O,T) such that -T < 8 + E ~ 0, -T ~ ~ + s ~ 0,

P(t-E, 8+s, ~+E)

E {x(t+8)x(t+~)}-x(t+8It+e)x(t+~lt+~)
o

i
t - s

s -1
+ E {E [x(t+8)x(t+~)lx ]e (x ,s)}R (s)dv(s)

o s c s

°
I f

t-E s -1
- x(t+8 t+8) E {x(t+~)e (x ,s)}R (s)dv(s)

c s
t+~
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t-€
-x(t+~lt+~)f E

S {x(t+8)e (x ,s)}R-1(s)dV(s)
c s

t+8

t-€
S -1 f s . -1·E {x(t+8)e (x ,s)}R (s)dv(s) E {x(~+~)e (x ,s)}R (s)dv(s)
esC s

-' t+~

Hence P(t,8,~) - P(t-E, 8+€, ~+€ )

Jt s I -1= E {E [x(t+8)x(t+;) x ]e (x ,s)}R (s)dv(s)
o s c s

t-€

f
t s -1-x(t+elt+8) E {x(t+~)e (x ,s)}R (s)dv(s)

c s
t-€

t

-x(t+~lt+~) J E
S

{x(t+8)e (x ,s)}R-1 (s)dV(s)
c s

t-€ .

ft s -1 ft s -1- E {x(t+8)e (x ,s)}R (s)dv(s) E {x(t+~)e (x ,s)}R .... (s)dV(s)
esc s

t+8 t+~

t-s jt-€s -1 s -1+f E {x(t+8)e (x ,s)}R (s)dv(s) E {x(t+~)e (x ,s)}R (s)dv(s)
esc s

t+6 t+~ (B ..2)

The last two terms of (B.2) can be written as

- ft ES {x(t+8)ec (x
s

,s)}R-1 (s )dv (s) ft
t-€ t+~

s -1
E {x(t+~)e (x ,s)}R (s)clV(s)

c s

j
t-s

. t+8

t
s -1 J s -1E {x(t+8)e (x ,s)}R (s)dv(s) E {x(t+~)e (x ,s)}R (s.)dv(s)
esc s

t-E
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t Jts -1 s -1
- { E {x(t+8)e (x ,s)}R (s)dv(s) E {x(t+~)e (x ,s)}R (s)dv(s)esc s

t-€ t-€

J
t

S -1
- E {x(t+8)e (X ,s)}R -(s)dv(s)

c s
t-E:

rt -€

Jt+~

s -1
E {x(t+~)e (x ,s)}R (s)dv(s)

c s

_ rt-E:

Jt +8

t
s -·1 J s -1E {x(t+8)e (x ,s)}R (s)dv(s) E {x(t+~)e (x ,s)}R (s)dv(s)esc s

t-€

(B.3)

Substituting (B.3) ;nto (B.2) and using properties of Ito integrals,

we get

p(t,8,~) - P(t-E:, 8+€, ~+€)

ft s I -1
; E {E [x(t+8)x(t+~) x ]e (x ,s)}R (s)dv(s)

o s c s
t-E:

I J
t s -1

-x(t+8 t-€) E {x(t+~)e (x ,s)}R (s)dv(s)
c s

t-€

I J
t s -1

-x(t+~ t-€) E {x(t+e)e (x ,s)}R (s)dv(s)
c s

t-€

!
t u

s -1 u -1- E {x(t+8)e (x ,s)}R (s) J E {x(t+~)e (x ,u)}R (u)dv(u)dv(s)esc u
t-E: t-€

J
t JS u -1 s -1- E {x(t+8)e (x ,u)}R (u)E {x(t+~)e (x ,s)}R (s)dV(u)dv(s)cue s
t--E: t-E
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s{ } -1 s- }E x(t+8)e (x ,s) R (s)E lx(t+~)e (x ,s) ds
esc s

It
s -1

E {E [x(t+8)x(t+~)lx ]e (x ,s)}R (s)dv(s)
o s c S

t-E

i
t

A s -1- x(t+~ls)E {x(t+8)e (x ,s)}R (s)d\)(s)
c s

t-E

"'t

J " I· s } -1- x(t+8s)E {x(t+~)e (x ,s) R (s)dv(s)
c s

t-€

s -1 s
E {x(t+8)e (x ,s)}R (s)E {x(t+~)e (x ,s)}ds

c s c s
(B.4)

Since for each 8E[-T,0], x(t+8) given zt is Gaussian, the first three

terms of (B.4) add to zero, being the third central moment of a

Gaussian process. Hence

P(t,8,~) - P(t-E, 8+E, ~+E)

s{ -1 sEx(t+8)e (x ,s)}R (s)E {x(t+~)e (x ,s)}ds
c s c s

(B.5)

Note that there are no random terms in (B.5). Since (B.5) holds for

arbitrary E in (O,T) with -T < 8 + E ~ 0, -T ~ ~ + E ~ 0, we can

1
divide by - and let E go to 0. If we let 0 be the unit vector in

E

the direction (1, -1, -1), then the directional derivative, P (t,8,~)
o

of P(t,8,~) in the direction 0 is given by
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t . -1 t - }-E {x(t+8)e (x ~t)}R (t)E {x(t+~)e (xt,t)c t- c
(B.6)

Equation (B.6) is the desired equation for P(t~8,~), ° < t ~ T,

-T < 8 < 0, -T ~ ~ < 0. The same technique can be applied to the

derivation of the equation for P(t,8,0), 0 ~ t 2 T, -T 2 S < 0, and

that for P(t,O,O). We only sketch the steps, omitting the details.

By Theorem 5.3.1,

P(t,8,0) Eo [x (t+8) x (t )] + it Es {E [x (t +e) x (t) Ix ]e (x , s) }R-1 (s )dV(s )
o s c s

-x(t+8It)x(tlt) (B.7)

(B.7) implies that P(t,S,O) is continuous in (t,8). Some calculations

yield, for 2 in (O,T) such that -T < S + E: 2 0, P(t,S,O) - P(t-E:, S+2, 0)

i E: it 1= ES{x(t+S)a(x ,s)}ds + ES{x(t+S)x(s)e (x ,s)}R- (s)dv(s)
s c s

t-E: t-E
-x(t+elt)x(tlt)+x(t+slt-E)X(t-Elt-E) (B.B)

The last two terms of (B.B) can be evaluated to give

-x(t+slt)x(t!t)+x(t+slt-E)x(t-Elt-E)

=

s I -1E {x(t+S)x(s s)e (x ,s)}R (s)dv(s)
c s

s -1 s
E {x(t+S)e (x ,s)}R (s)E {x(s)e (x ,s)}ds

esc s
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Substituting (B.9) into (B.8) and using again the Gaussian property,

we see that

P(t,8,0) - P(t-S, 8+£,0)

it ES{x(t+8)e (x ,s)}ds- it ES{x(t+8)e (x ,s)}R-l(s)·
a s c s

t-E t-E

·Es{x(s)e (x ,s)}ds
c s

(B.lO)

Again there are no random terms so that P(t,8,0) has a directional

derivative in the (1,-1) direction. Denoting the unit vector in the

(1,-1) direction by n, we obtain

/2 Pn(t,8,0) = Et {x(t+8)e (x ,t)}
a t

-Et {x(t+8)e (x ,t)}R-l(t)Et{x(t)e (x ,t)}
etc t (B. 11)

Finally, similar calculations (or using (5.42» show that P(t,O,O)

has a derivative and satisfies

d
dt P(t,O,O)

t -1
-E {x(t)ec(xt,t)}R (t)E{ec(xt,t)x(t)} + Q(t)

(B.12)

In the vector case, equations identical to those of (rl.6), (B.II), and

(B.12) hold for P(t,8,~), P(t,8,0), and P(t,O,O). This completes the

derivation of equations (5.53) - (5.55). The initial conditions (5.56)

follow immediately from the properties of conditional expectations.
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APPENDIX C

PROOF OF LEMMA 6.6.1

We apply the Ito differential rule to the function Vex ) defined
t

in (6.78). We calculate the first and second terms to illustrate the

computations involved.

dx' (t)K (t)x(t)
o

[dx'(t)]K (t)x(t)dt
o

+x'(t)[dK (t)]x(t)dt+x'(t)K (t)[dx(t)]dt+trM'MK (t)dt
000

x'(t-T)B'K (t)x(t)dt+u'(t)G'K (t)x(t)dt
o 0

+dw'(t)K (t)x(t)dt+x' (t)K (t)BX(t-T)dt+x' (t)K (t)Gu(t)dt
o 0 0

-1+x'(t)K (t)dw(t)-x'(t)Qx(t)dt+x' (t)K (t)GR G'K (t)x(t)dt
o 0 0

-x'(t)Ki (t,O)x(t)dt-x'(t)Kl (t,O)x(t)dt+trM'MKo(t)dt

dt J[: x'(t)K1 (t,8)x(t+8)d8

dt[x' (t) Jt K1(t,O-t)x(O)doj

t-T

{[X'(t)A'+X'(t-T)B'+u'(t)G'jdt+dw'(t)} j"°K1 (t,8)X(t+8)d8

-T

+x' (t)Kl (t,O)x(t)dt-x' (t)Kl (t,-T)X(t-T)dt

+x'(t) Jt dtK1(t,O-t)x(O)dOdt

t-T
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[x'(t)A'+x'(t-T)B'+u'(t)G'] j[0 K1(t,S)x(t+S)dSdt

-T

+dw'(t) 1° K1(t,S)x(t+S)dS+x'(t)K1 (t,O)x(t)dt

-T

10 d d
-x'(t)Kl (t,-T)x(t-T)dt+x'(t) [(at - as) Kl (t,8)]x(t+8)d8dt

-T

Similar calculations on the last two terms on the right hand side of

(6.78) yields the following expression

°+ j[ x'(t+S)K~(t,S)dSdw(t)
-T

-x' (t)Qx(t)dt-u'(t)Ru(t)dt (C .1)

where V1 (t) [u(t)+R-1G'KO(t)X(t)+ jlO R-1G'K1(t,S)X(t+S)dS],

-T

OR[U(t)+R-1G'KO(t)X(t)+ j[0 R-IG1Kl(t,~)X(t+~)d~]
-T (C.2)

Using the boundary conditions at T for Ko(t), Kl (t,8), and K2(t,8,~),

we see that V(~) = 0. Therefore
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J[T[X'(t)QX(t)+U'(t)RU(t)]dt

V(xo) + iTV1(t)dt + iT trM'MKo(t)dt

o 0

+ 2 j(T x'(t)Ko(t)dw(t) + 2 J[Tj[~ x'(t+8)Ki(t,8)d8dw(t)

Taking expectations, we get

E j[T [x'(t)Qx(t)+u'(t)Ru(t)]dt

o

trM'MK (t)dt
o

(C.3)

using Fubini's theorem and properties of conditional expectations.

Substituting the control law in (6.76) into (C.2) we get that

OR[R-1G'KO(t)e(tlt)+ j[0 R-1G'K1(t,8)e(t+8I t )d8]lzt }

-T
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which is precisely

tr{K (t)GR-1G'K (t)P (t)+l° K
l
'(t,8)GR-1G'K (t)P

l
'(t,8)d8

o 0 0 0

-T

(C.4)

E{V
l

(t)/zt} is now seen to be a deterministic function and hence

equal to EVl (t). Substituting (C.4) into (C.3) yields the conclusion

of the lennna.
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