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Abstract

The ohjective of this thesis is to develop and investigate efficient, direct, and parallelizable
algorithms for 2-D boundary value systems, particularly in the context of 2-D digital filter-
ing. FIR filters appear to be the preferred form of implementation in 2-D signal and image
processing applications not only because they have desirable attributes like stability and
efficient solutions, but also because the properties of 2-D IIR implementations are not well
known. In this thesis we provide a framework for efficiently implementing 2-D IIR filters
specified by a 2-D linear difference equation constrained by boundary conditions. A direct
solution is developed whose performance is comparable to the nested dissection algorithmn,
and whose approximate solution is is more computationally efficient than nested dissection
for filter systems identical to strictly diagonally dominant systems of equations.
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Chapter 1

Background and Motivation

This thesis aims to develop efficient, direct (non-iterative), and parallelizable algorithms for
acausal two-dimensional IIR filters described by partial difference equations constrained by
boundary conditions. There appear to be a wide range of applications, from computer vision
problems like edge detection [18] to oceanographic signal processing [36] to the familiar
discrete Poisson equation [5, 9, 17, 16], in which one is given a difference equation and
a set of boundary conditions, and must then efficiently compute the output for any given
input. While such acausal systems have numerous elegant solutions in 1-D, the problem can
become extremely complex and computationally demanding for two or more dimensions.
In one dimension, both FIR and IIR filtering systems have efficient solutions, and their
relative desirability depends upon the applications. In 2-D, however, FIR filters are almost
exclusively preferred to their IIR counterparts. Although there exist important differences,
2-D FIR filters are nearly identical to their 1-D counterparts in that they are always stable,
have straightforward implementations, can be implemented efficiently using the 2-D DFT,
and have an output area of support determined exclusively by the area of the input and the
order of the filter. Many “discrete-time” systems and discrete approximations to continuous-
time systems, however, are most naturally represented as an IIR filter specified implicitly
by a 2-D linear difference equation [4, 10, 22, 20, 24, 25, 39]. One common example is a
partial differential equation (P.D.E.), such as Poisson’s equation [5, 9, 17|, approximated
by finite difference methods. Unfortunately, the solution to such a 2-D IIR system does
not readily follow from 1-D filtering theory, and the computational complexity in obtaining

the solution increases dramatically with the size of the 2-D region of support. To further
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complicate analysis, the stability of such filters is often difficult to characterize.

Is is possible to overcome these harriers? A major premise of this thesis is that the
extension of 1-D IIR filtering theory developed within a uniprocessor environment to 2-D
has stifled the development of more natural frameworks for analyzing and solving 2-D
IIR filtering systems. Because a 2-D partial difference equation constrained by boundary
conditions (B.C.’s) is just a sparse system of linear equations, a starting point for building
a new framework would be to apply, adapt, and extend some of the powerful sparse system
techniques from numerical linear algebra to 2-D IIR filtering. In particular, direct algorithms
like nested dissection and LU factorizations resulting from minimum degree orderings are

known to be the most efficient direct solutions to partial difference equations [14, 13].

1.1 Boundary Conditions and Acausal Systems

With any system of linear equations Az = b, A must have full rank in order that the problem
be well-posed (z has a unique solution). Any linear filter in the form of a difference equation
can be cast as a system of linear equations, but the system is not well-posed without a set

of auxiliary conditions. For instance, a 1-D difference equation of the form
z(n] = az[n — 1] + bu[n] (1.1)

does not alone define a system, since there is not a unique output sequence z[n] for any given
input u[n] unless auxiliary conditions are specified. Usually for a 1-D filter, the auxiliary
conditions are initial conditions, and the independent variable (index n) is time. For the
causal! first-order filter given in (1.1), an initial condition such as z[0] = ¢ allows one to
uniquely determine the output z[n] for n > 0 given u[n] for n > 0 by recursively propagating
the initial condition forward in time. For acausal 1-D filters, however, initial conditions are
not an appropriate choice of auxiliary conditions, since the output response z[n] is usually
non-zero for infinite extent in both directions (n € [—o00, ]), which is often the case when
n no longer represents time.

For example, suppose that one is given a stable linear shift-invariant (LSI) discrete-time

In 1-D. a causal filter is one which has an impulse response which is non-zero only for n > 0. An
anti-causal filter has an impnlse response which is non-zero only for n < 0. An acausal filter has an impulse
response which can be non-zero for infinite extent in either direction of n.

11



system specified by its system function, H(z):

HE) = [t Toa (12
= Hy(z)+ Hal2)
X(z) = H(2)U(2) , (1.3)

where X (z) and U(z) are the Z-transforms of the system output and input, respectively.
Any 1-D IIR filter’s system function can be decomposed into a parallel combination of a
causal and an anti-causal IIR filter. Assuming |a| < 1 and filter stability, the causal filter

takes the form

1
H = —_— 4
l(z) 1 — az_]_ (1 )
and the anti-causal filter is then
az
Hy(z) = 77— (1.5)

Taking the inverse transform of (1.2) gives the system in the form of the difference equation
—az[n+ 1]+ (1 + a?)z[n] — az[n — 1] = (1 — a?)u[n] (1.6)

For many image processing, and non-real-time 1-D signal processing and estimation prob-
lems, one is only concerned with the outputs over a specific window. Consider the case in
which one would like to solve for z[n] over the interval Ny < n < N, given u[n] over this
same interval [N1, N,]. The auxiliary conditions required to accomplish this then come in
the form of boundary conditions, where z[n] is constrained at the boundaries of the re-
gion of support [Ny, N,]. The boundary conditions constrain two degrees of freedom in the
second-order difference equation given in (1.6), and come in two general forms, separable
and non-separable. Separable B.C.’s constrain the ends of the interval independently, such

as

IE[N]_] = (1.7)

2[N:] = ¢ (1.8)
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and non-separable constrain z[n] at each of the boundaries simultaneously, such as

C =c (1.9)

where C is a 2x 2 non-singular matrix. The boundary conditions specify a system which has
a completely different flavor from the causal system given by (1.1) and its initial condition.
The solution to the system defined by (1.1) is found by recursively propagating the initial
condition for n > 0. Likewise, if the system corresponding to (1.2) were instead considered
to be a causal (but necessarily unstable) system, the auxiliary conditions would be initial
conditions, such as z[—1] = c_; and z[~2] = ¢_», which could be recursively propagated by
casting (1.6) as the computational procedure in (1.10).

1+ a? 1-a?

z[n] = zn—-1]—-z2z[n-2] -

—u[n] (1.10)

Such systems are called recursively computable [10], because each step of the solution involves
recursively computing a value of the output, z[n], using previously computed outputs (in
Equation (1.10), z[n — 1] and z[n — 2]).

One should also note that for acausal systems the imposition of stability requires a
particular form of boundary conditions. Stability allows one to separate a filter into its
causal and anti-causal components, as was done in Equations (1.4) and (1.5). This de-
composition is discussed for general acausal systems in [34]. Under stability, the boundary
conditions must be specified such that the causal filter satisfies initial rest conditions and
the anti-causal filter satisfies final rest conditions.

The point of this section is to emphasize that a system is a combination of a difference
equation and a set of auxiliary conditions. A 1-D system’s properties depend upon both its
difference equation and its auxiliary conditions. In particular pole placement is determined
by the difference equation. Whether a system is causal or acausal depends upon the form
of the auxiliary conditions. Initial conditions were shown to yield causal systems, while
boundary conditions yield an acausal system. The same is true for 2-D systems, except for
the fact that poles are more difficult to identify, and there is more flexibility in specifying

the auxiliary conditions.
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1.2 Algorithms for Acausal IIR filters

Aside from determining system properties, the form of a system’s difference equation and
boundary conditions determine the form of the solution. 1-D and 2-D IIR filters are imple-
mented with either direct or iterative solution algorithms. Direct implementations produce
a system"s exact solution, excluding errors due to finite-precision- arithmetic, in a finite
number of steps [14]. Iterative implementations converge towards the solution with each
step, yet ideally take an infinite number of steps to obtain the exact solution. For one
and two-dimensional IIR filters constrained by initial conditions, the solution is generally
obtained with a direct form algorithm in which a new output value is obtained at each
step of the algorithm. The only “memory” required for such algorithms is a finite set of
previously obtained output values. As was stated in the preceding section, these systems
are referred to as being recursively computable. IIR filtering systems which are constrained
by boundary conditions are not recursively computable. In 2-D these acausal systems have
traditionally been solved with iterative algorithims, yet efficient direct algorithms do exist.
Direct algorithms which are suitable implementations for acausal IIR filters have for the
most part been confined to the field of numerical linear algebra, such as {14, 16], and have
been neglected in the 2-D signal processing literature [10, 26, 25].

For 1-D acausal IIR filters, there exist three general implementations (2 direct, 1 itera-
tive) whose relative utility depends upon the nature of the application. The first approach
relies upon the Fundamental Theorem of Algebra, which allows any univariate polynomial
to be factored into a product of first-order polynomials. A convenient property of 1-D LSI
IIR filters specified by difference equations is that their system functions are always rational
functions of z,

meaning that a(z) and b(z) can he expressed as prodncts of first-order polynomials. The
poles and zeros of a system can be readily determined from such a factorization, which
assuming stability allows H(z) to be expressed as a sum of one causal and one anti-causal
filter. The system function given in (1.2) was expressed as a parallel combination of the
causal filter (1.4) and the anti-causal filter (1.5). The acausal IIR filter can then be imple-

mented by running the casual filter forward in n, using the following difference equation

14



derived from H(2)

z1[n] = azi[n - 1] + u[n]

and running the anti-causal filter backwards in n, using the following difference equation

derived from H,(z)
z3(n] = azzn + 1] + auln + 1]

The causal filter must be at initial rest (z1[n] = 0 for n < N1) and the anti-causal filter must
be at final rest (z2[n] = 0 for n > N;). These two auxiliary conditions are the boundary
conditions of the acausal filter. The acausal filter output z[n] is just the sum of z,[n| and
zq[n] (see Figure 1-1 for an illustration). Assuming stability, one can thus always compute
the outputs of an acausal 1-D IIR filter system by breaking it into its causal and anti-
causal components, initializing each filter with a subset of the B.C.’s, and then summing
the outputs of the sub-filters to produce z[n]|. In the context of optimal estimation, such a
filter is known as a Mayne-Fraser two-filter algorithm ([38, 37]).

The second approach to solving acausal 1-D IIR systems involves recursively propagating
the boundary conditions at one end of the region of support through the filter dynamics
to the other end, then recursively solving for the system outputs with a filter running in
the opposite direction. For instance, consider an acausal filter similar to that given by the

difference equation (1.6), rewritten as
arz[n + 1]+ apz[n] + a_1z[n — 1] = u[n] (1.11)
with the separable boundary conditions
coz[N1] + c12[N1 + 1] = ¢ (1.12)

d._l:l'-[Nz — 1] + do:l?[Ng] = dy (113)

To obtain the filter outputs over n € [Ny, N,] given u[n] for n € [Ny + 1, N3 — 1], one can
start by combining (1.12) and the difference equation (1.11) evaluated at n = (N1 + 1) to

eliminate z[N;]. This combination yields a new boundary condition of the form

lN,laf[Nl + 1] + llel‘-[Nl + 2] = le (1.14)
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output is zero

/forn<Nl+1

Causal
filter

u[n] C x[n]

Anti-causal

filter \ output is zero

forn > Nz- 1

Causal Filter

uNj @ ® ulN]

Anti-causal Filter

Figure 1-1: Parallel implementation for a general 1-D IIR Filter
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The constraint (1.14) is then substituted into the system dynamics (1.11) at n = (N1 +2), to
yield yet another boundary condition which is one step closer to INV5. The process is repeated
recursively until the other side of the region of support is reached, yielding a constraint of

the form

lNzIZB[Ng — 1] + lNzg:l![Nz] e sz (1.15)

Solved simultaneously with Equation (1.13), Equation (1.15) can be used to obtain the filter
output at » = N, and n = (N2 — 1). The propagated constraints, like equations (1.14)-
(1.15), are then used to solve recursively for [Ny — 2], z[N; — 3], ..., [ N; + 1], whereupon
2[N; + 1] is substituted into (1.12) to yield the final output, [N;].

One can visualize this algorithm as a filter running forwards in n, propagating the B.C.
(1.12) at n = N; to n = N, followed by a filter running backwards in n, which back-
substitutes the solution found at n = N, into the constraints obtained by the forward filter.
Such a filter is commonly referred to in the context of optimal estimation as a Rauch-Tung-
Striebel (RTS) filter ({37, 38]). Note the difference from a Mayne-Fraser (MF) filter, which
has both a forward and backward filter running in parallel, whereas the RTS filter consists
of a forward sweep of the dynamics followed by a backward filter.

Although both MF and RTS algorithms have linear-algebraic interpretations, only that
of the RTS will be discussed herein. Casting (1.11)-(1.13) as a system of linear equation

yields
Az =b (1.16)
(o a0 0 0 o 0] 2y ] ] e ]
a_j Qo ay 0 oo 0 QB[NI + 1] U[Nl + 1]
0 a_ ay ay e 0 :I}[Nl + 2] u[Nl + 2]
0 e 0 a_q Qg aq I‘[Ng - 1] u[Nz — ].]
L 0 oo 0 0 d_1 do 1L (U[Nz] i i dz i

Obtaining the solution is now seen as inverting A to obtain z. For (N, — Np) large, one
can save considerable computational effort and storage by not accessing the many zero
elements in A. Many sparse matrices with structure, like the tri-diagonal A4, can be inverted

without ever storing, manipulating, or writing over the zero-entries. Conveniently, the LU
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factorization of A,

A=LU

is such that L is bidiagonal and lower-triangular, and U is bidiagonal and upper-triangular.
No fill-in has resulted from the factorization. Multiplying both sides of (1.16) on the left by
L~! to obtain Uz = y (where Ly = b) is in fact identical to the forward filter of the RTS
algorithm. Solving first for 2[N,], the backward filter of the RTS algorithm is the same as
just back-substituting from the “bottom-up” in Uz = y to obtain z. The RTS algorithm is
an alias for Gaussian elimination followed by back-substitution.

The MF and RTS algorithms are direct algorithms. The third solution algorithm is
iteration, and it is the preferred solution method for a large number of problems in which
it produces an acceptable solution extremely fast. Gauss-Seidel, SOR (Successive Over-
relaxation), Multi-grid, and Preconditioned Conjugate Gradient methods are common it-
erative algorithms for solving linear systems of the form Az = b [16], a form in which any
linear filter can be cast. Iterative algorithms are often preferred for their simplicity. Unlike
many direct schemes, they are easy to implement. They also require minimal amounts of
storage (approximately twice the amount necessary to store the input), as well as producing
a solution of acceptable accuracy faster than or equal to direct algorithms for a wide range
of applications. These algorithms, however, often suffer convergence problems, and fail to
produce solutions for a large class of filters [14, 16].

Unfortunately, the story is completely different when switching from one dimension to
two. Acausal 2-D IIR filtering systems are often considered intractable, especially for large
boundary sizes. A solution for 2-D filters analogous to that which relies upon splitting a 1-D
acausal filter into its causal and anti-causal parts does not exist. The method of breaking
a filter into its causal an acausal components relies solely upon the ability to factor the
denominator of H(z) into a product of first-order univariate polynomials. A 2-D system

function has the form
b( 21, 22)

H =
(ZI’ 22) a(zl, Zz)

where a(z1, z2) and b(z1, z2) are both polynomials in two variables. Unlike the 1-D case,
the polyvariate polynomials a(z1, z;) and b(zy, 22) do not in general factor into a canonical

form of products of lower order terms. This implies that the polynomials do not in general
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separate into a product of univariate polynomials, such as

a(zy, 22) = ¢(z1)d(22)

A filter which can be separated in this form is called separable, but is rarely encountered
for systems naturally described by 2-D difference equations [7, 10]. Separable filters usually
result as an artifice of filter design techniques. The lack of a theorem for polyvariate
polynomials analogous to the Fundamental Theorem of Algebra rules out the possibility
of developing a direct algorithm for 2-D acausal IIR filters similar to the MF, and it also
accounts for difficulties in testing 2-D systems for stability. Most useful stability tests for

2-D DT filters only apply to recursively computable (causal) systems {25], and even then

“The complexity of testing a 2-D system’s stability explains, in part, why 2-D
FIR digital filters, which are always stable, are much preferred over 2-D IIR
digital filters in practice. The preference for FIR filters over IIR filters is much

more marked in 2-D than in 1-D signal processing applications {25, p. 124].”

The difficulty in testing for stability can be explained in part by observation that recursive
computation can be done in an infinite number of directions for 2-D causal systems. Recur-
sively computable systems in 1-D had only two directions of recursion, causal or anti-causal.
For acausal 2-D systems, stability is an unclear concept.

The third general solution mentioned for 1-D acausal IIR filters is iteration. Iteration is
in fact the preferred form of implementation for many 2-D difference equations constrained
by boundary conditions [40], and maintains the desirable properties characteristic of iter-
ative 1-D algorithms (ease of implementation, minimal storage, and fast convergence for
a number of applications). The question which now must be asked, however, is whether
iterative or direct methods are better, in terms of storage, computational complexity, and
accuracy. As is noted in the first chapter of [14], the answer depends both upon the co-
efficients of the 2-D IIR filter (namely, the characteristics of A when the filter is cast in
the form (1.16)), and the suitability of the direct algorithm. Iterative algorithms almost
always require less storage than direct algorithms, yet how much less depends heavily upon
the ordering of the difference equation coefficients in A [14]. In terms of computational
complexity, the comparison again depends upon the characteristics of A4, for iterative meth-

ods have convergence problems for a large class of systems, whereas direct algorithms take
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a predetermined, finite number of steps for any given system. The real payoff for direct

methods comes

“in some situations, such as in the design of mechanical devices... many systems
of equations having the same coefficient matrix must be solved. In this case,
the cost of the direct scheme may be essentially that of solving the triangular
system given the factorization, since the factorization cost amortized over all
solutions may bhe negligible... In addition, there are situations where it can be
shown quite convincingly that direct methods are far more desirable than any

conceivable iterative scheme. [14]”

This sentiment is echoed in [19]. Iterative methods can and do provide efficient solutions
to many of the 2-D acausal IIR filtering systems considered in this thesis [40], but it is
believed that direct methods will provide a novel analytical framework from which to solve
such systems.

It has been noted a number of times that any discrete-time linear filtering system, of any
order or dimension, can be represented as a (sparse) system of linear equations. Because
the RTS algorithm is just a specific form of Gaussian elimination, one should expect to be
able to extend the algorithm from one to two dimensional systems. Two-dimensional ITR
filters, however, are much more complex than their 1-D brothers. When a 1-D filter is cast
in the form of (1.16), where the variables in z are ordered sequentially in n, the bandwidth
of the matrix A is strictly bounded by the order of the filter. This tight bound guarantees,
without any reordering of the variables and equations in Az = b, an LU factorization in
which the sum of the number of non-zero elements in L and U is equal to the number of
non-zero elements in A (assuming none of the filter coefficients are zero) [14]. One thus has
a direct algorithm of minimal storage and complexity by simply casting the 1-D acausal
filter as a banded system of equations. In two dimensions, however, the storage required
to represent A and the amount of fill-in which occurs in its factorization depends heavily
upon the ordering of the equations in A and the variables in #. Furthermore, for a region of
support of N x N points, the coefficient matrix A contains N* elements (including zeros),
meaning that intelligent orderings in the equation Az = b are required to allow for efficient
storage and factorization schemes for regions of support of even modest size.

This thesis begins by first extending the ideas in [37] to develop an RTS algorithm for 2-D

acausal IIR filtering systems, and then evaluates its complexity. A parallel implementation
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of the algorithm is then given, which happens to be extremely similar to the nested dissection
algorithm. Because in digital signal processing and estimation applications accuracy is
‘often sacrificed when designing a system, such as a low-pass filter with a transition hand,
accuracy might also be sacrificed for efficiency in the solution algorithm. Algorithms are
thus developed which are an approximation to the 2-D RTS algorithm, where accuracy in
the solution is traded for both efficiency and ease of implementation. Finally, the thesis
concludes with a comparison of some known direct and iterative algorithms, as well as giving

some numerical results on a few example filters.
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Chapter 2

Direct Algorithms for 2-D Acausal
Filters

Whenever solving a large, sparse system of equations of the form Az = b, the objective is
usually to produce a solution for z with minimumn error using as little computational and
storage resources as possible. This goal is usually accomplished in direct implementations
by reordering the variables in # such that the LU factorization has minimum fill-in (14,
15]; the savings can be extraordinary. This chapter takes a somewhat different approach,
desiring not only efficient algorithms, but also an intuitive framework from which to analyze
2-D acausal IIR filters; therefore, it is a given that the initial developments will discuss
algorithms which are sub-optimal in terms of both computational complexity and storage
demands. From this framework, however, it is believed that more powerful algorithms can
be developed for signal processing and estimation applications.

The RTS algorithm in Chapter 1 provided an intuitive model for acausal 1-D filters by
propagating boundary conditions through the dynamics. In this chapter, we begin by show-
ing how to cast any 2-D filter as a 1-D dynamic system of growing state dimension, which
can then be solved by algorithins similar to the RTS. A parallel version of the algorithms

is then given.
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2.1 Casting 2-D Filters into 1-D

The difference equation for 2-D IIR filter is usually given as a 2-D LSI system in the form

M N P Q
SN apzli-ki-1 = Y Y buwuli-k,j—1] (2.1)
k=-M l=-N k=—P 1=-Q
where ufi,j] is the filter input and «[i,j] the filter output, which is also referred to as a mesh
variable [14]. The order of (2.1) will be defined in this thesis as max{2M, 2N}, for reasons
which will become clear later. The difference equation alone, of course, does not define a
system, as auxiliary conditions must also be specified.
A simple second-order 2-D IIR filter is the Nearest Neighbor Model (NNM) shown below

in (2.2).

z(i,j]= Nzli,j + 1] + Sz[i,j - 1] + E=[i + 1, 5] + We[i - 1, ]+ Buli, j] (2:2)

where the coefficients N, §, E, and W denote dependencies of z[i, j] on neighbors to the
north, south, east, and west, respectively. One should note that the input u and the output
z can have arbitrary dimension in (2.2), yet most of the derivations in this thesis are for the
scalar case. The NNM has been shown to model a large number of physical phenomena,
and is a useful paradigm for analyzing signal processing and estimation applications, such
as Markov Random Fields [4, 6, 8, 24, 41]. The NNM is also a natural by-product of
approximating PDE’s by finite-difference methods [24]. For these applications, the auxiliary
conditions are generally in the form of boundary conditions.

One has a considerable amount of flexibility in specifying B.C.’s for 2-D acausal systems.
In this thesis, the assumption is made that the B.C.’s are given. Two common forms are
discrete versions of Dirichlet and Neumann conditions. If one is given the difference equation
(2.2) and the inputs u7, j] over (i, j) € [2,] — 1] X [2,J — 1], and would like to solve for the
output z over (i,j) € [1,I]x [1,J], then Dirichlet conditions consist of initializing the filter
outputs which encircle this region of support (ROS). Namely, [, j] would be initialized for
all

(,i)e{ie{L, I} nj=[2J-1)u(Ge{,J}n i=[2,]-1]}

For a rectangular sampling of 2-D space, Dirichlet conditions are illustrated in Figure 2-1
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Figure 2-1: Rectangular mesh on which Dirichlet conditions are imposed.

as those points in the mesh which are shaded, while the output must be solved for those
points which are not shaded. Note that, as with any choice of B.C.’s, the extent of the
Dirichlet conditions grows proportionally to the size of the ROS. If the difference equation
were of higher order, the Dirichlet condition would grow in thickness by initializing more
output variables at the edge of the ROS. Furthermore, note that the shape of the Dirichlet
conditions depends not only upon the order of the filter, but also the shape of the houndary
of the ROS, yet they always consist of auxiliary constraints which initialize the filter outputs
at the edge of the ROS. A hexagonally sampled mesh might also yield a difference equation
in the form of (2.2), and Dirichlet conditions will then have the shape of a diamond. The
initialized points of the diamond are illustrated with dark circles in Figure 2-2.

A second common form of B.C.’s, Neumann conditions, are just a linear constraint on
the output values which lie on both the exterior and interior edges of the ROS, reflecting a
discretization of the gradient normal to the boundary of the ROS. For an NNM defined on a
rectangular mesh with the input again given for those (i, j) where (i, j) € [2,[-1]x[2,J ~1],

Neumann conditions are just a linear constraint on the output values shown by shaded circles

24



Figure 2-2: Hexagonally sampled space on which Dirichlet conditions are imposed.

— |

Figure 2-3: Rectangular mesh on which Neumann conditions are imposed.
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in Figure 2-3. Stated as a formula, Neumann conditions come in the form
V&?I.J + WmI_l’J__l =d (2.3)

where the vectors z;; (the outermost edge of the rectangle) and z;_;,5_; are defined as

follows

zli,jl€ers ff (L,j)e{(i=1Ui=I)nje(2,J-1]}U
{ie[2,]-1n(Fi=1Uj=J)}
eli,jle a1y iff (L,j)e{(i=2Ui=I-1)Nnje(2,J-1]}U
{ieI-1nG=20j=J-1)}
d ¢ gldim@n)-4x1

The important requirement is that both Dirichlet and Neumann B.C.’s be specified such
that the overall system, Az = b, including the B.C.’s is well-posed.

This purpose of this discussion of boundary conditions is not to highlight the finer points
of B.C. design, but to allow the formulation of a canonic 2-D acausal IIR filter. Once one
is given a 2-D linear difference equation constrained by B.C.’s, the next task is to develop
a framework and algorithm for which to solve such systems. One would like to be able to
propagate the B.C., as was done for 1-D acausal systems, but the boundary is no longer
two points at opposite ends of a line; instead it is a continuous region which grows in size
with the ROS. The 2-D boundary, however, can be treated as an end-point of an interval
on the 1-D line by casting the 2-D IIR filtering system into a one dimension.

One method, used in [5, 9, 16, 20, 24], of casting 2-D acausal IIR filters as 1-D acausal
filters is to perform a column-stacking transformation of the mesh. Consider again the
acausal NNM filter (2.2) constrained by Neumann B.C.’s, where the outpnt is to he solved
over the finite rectangle Q = [1,I] x [1, J] (minus the four corner points, as was illustrated

in Figure 2-1). The input is given over the rectangle {2,I — 1] x [2,J — 1]. The input and
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output are stacked into columns z; and u; such that

[ 2[i,0] ] [ ufi, 1] ]

o = :z:[z", 1] = u[i., 2] (2.4)
aia) i1

z; € RO+ u; € RUU-1X1 (2.5)

The Neumann conditions are written in [24] as

Vizo,; + Wiy, + Veer; + Wrer-1,; =dn,j (2.6)
for 0 < j < J, and also as

Vezio + Wpzs1 + Vrzig + Wrei g1 = dy,; (2.7)

for 1 < i < I -~ 1. Equations (2.6) and (2.7) are identical in form to Equation (2.3), but
in different guise. The subscripts L, R, T, and B denote the left, right, top, and bottom
edges of the rectangle 2, respectively. With the mesh variables augmented into columns,

the 2-D system can then be rewritten as the following 1-D system
$yTip1 + dozi + P ziy=n; 1<i<T-1 (2.8)

where n; is a vector combination of both u; and dy,; from the right-hand-side of the “vertical”
boundary condition (2.7) (the matrices ¢, ¢4+, and ¢_ are augmentations of the coefficient
matrices given in (2.2) and (2.7); the elements of each matrix in Equation (2.8) are described
in detail in [24]). Note how Equation (2.8) is a coupling of adjacent columns in the mesh,
which reflects the dynamics of a second-order 2-D difference equation. Since Equation (2.7)
is incorporated into the dynamics (2.8), the boundary conditions for this 1-D difference
equation (2.8) are just the non-separable B.C.’s given in equation (2.6). Having a 1-D
difference equation with B.C.’s, one can then effectively propagate the B.C. in Equation (2.6)
through the dynamics (2.8) to produce a constraint at one end of the 1-D interval (which end

depends upon the direction of propagation), and then back-substitute to obtain the solution.
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This algorithm falls under a more general class of solutions called Marching Methods (1, 2],
which have been used to solve P.D.E.’s. Hlowever, this RTS algorithm, where the state z;
is multi-dimensional, does not in general exist, since ¢4, ¢_, or any matrix in the B.C.
propagation can be singular. For rhost NNM models, efficient, general solutions do exist
(see [24]) when a 2-D acausal filter is cast into a 1-D filter with columns as the state, but
there are significant drawbacks.

One drawback to the direct solutions given in [24] is that for regions of large size the state
z; will become proportionately large, and so will the matrices ¢o, ¢+, and ¢_. Operating
on such large matrices is both computationally expensive and can create extremely large
storage demands. The algorithms in [24] are applicable to a large number of systems,
but undoubtedly sacrifice computational efficiency in their generality. Furthermore, the
column-stacking transformation creates a 1-D system in which a subset of the 2-D boundary
conditions are combined with the filtering dynamics (through the vector n; and the three
¢ matrices). A.subset of the boundary conditions must then be accessed each step of
the solution algorithim, a requirement which will later be shown to hamper the creation a
parallel, data partitioning algorithm.

An ordering of the output variables z[¢, j] which avoids combining the B.C.’s with filter
dynamics is given in [37]. A 2-D filter, such as the NNM, is a linear constraint among vari-
ables in a local neighborhood of the mesh. A natural state augmentation is to sequentially
order variables in local neighborhoods of the 2-D mesh. One example is column-stacking,
which is a sequential listing of neighboring columns. In [37], the mesh variables (7, j] are
ordered into concentric states z,, where z, contains all the mesh variables which lie at radial
distance of p from the center of the mesh. Such an ordering, as will be seen, allows one to
formulate the 2-D dynamics as 1-D dynamics with varying state size, which are specified
independently from the boundary conditions.

For a system with NNM dynamics, a square ROS where (7,j) € [1,I] x [1,I] (assume
for simplicity that I is even), inputs given over [2,I — 1] x [2,] — 1], and Neumann B.C.’s, a
starting point for the radial ordering is to shift the indices such that (¢',j') = (¢ — I/2,j —
1/2). The center of the mesh is now (¢, ') = (0,0). The first state, z, at p = 0, consists of
z[0, 0], since it is obviously at a radial distance of zero from the center of the mesh. If one

then decided to use the co-norm to define radial distance from the center of the mesh, z,
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would be defined as follows:
zldyjlez, HE "5 o= p (2.9)
where || [#/ j']T || is the co-norm of the index vector. The input is augmented similarly as
uly i1 €u, i[5 o= p (2.10)

The first few states z, from the center of the mesh are illustrated in Figure 2-4. From

Figure 2-4 it can be seen that the state dimensions are defined by
z, € R u, € R™° (2.11)

n, = 8p + 6(p) (2.12)

(6(p) is the Kroneker delta function).
Another possible radial ordering, which might he more appropriate for IIR filters derived
from a hexagonally sampled space, is to use 1-norms to define radial distance. If the outputs

are again indexed such that the center is (¢, j') = (0,0), the states 2, and u, become

z[i',j' e w, iff [T Ih=p (2.13)
uli',j'lew, iff (|51 |h=p (2.14)
z, € R u, € R (2.15)

where the dimension n, is now derived from

n, = 4p + §(p) (2.16)

The first few states containing the output variables which are of equal 1-norm distance
from the center of the mesh are illustrated in Figure 2-5. Note that for any radial ordering
of concentric states in the mesh, two-dimensional space has been mapped onto a 1-D line
where the index is p. Such a mapping is similar to that given by the column-stacking, yet
z, now grows in dimension with p (the columns have fixed dimension).

For the square region [1,I] X [1,1], p varies from 0 at the center of the mesh to R =
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(I —1)/2 at the square’s edge, where R can be considered to be the radius of the ROS.
Converting the NNM difference equation to a dynamic relationship among the augmented

states z,, one obtains (for both 1-norm and co-norm orderings)
Dye,=Fp12p41 + Gpo12p1+ Hyu, forp=1,2,...,R-1 (2.17)

Dozg = Fiz1 + Houg (2.18)

where the coefficient matrices D,, F,, G,, and H, are defined in Appendix A, and the
dimension of z, is given by Equations (2.12) and (2.16) for co-norm and 1-norm radial
orderings, respectively. The boundary conditions of Neumann form can be stated exactly
as in (2.3) (since zg and 2r_; in (2.17) contain the same elements as z7 5 and 273 51,

respectively, in (2.3)) and will be written as
Vg 4+ Wegr_y =d (2.19)

If the acausal system’s auxiliary conditions were Dirichlet conditions, which for a second-
order 2-D system just initialize the outer edge of the square ROS, one would have the

B.C.
zp=d (2.20)

For any radial ordering of concentric neighboring states, the dynamics will have the exact
same form as those in Equations (2.17)-(2.18), as long as the shape of the boundary is such
that the farthest radial state from the center contains the output variables z[i, j] which
comprise the houndary edge, and even in those cases where the boundary has a shape
unlike that of the radial orderings, a little extra work will allow one to cast the filter in this
form. '

With the B.C. at one end (p = R) of the 1-D interval given by the 2-D system’s bound-
ary conditions, Equation (2.19) in this example, the boundary condition at the other end
of the 1-D interval (p = 0) is given by the NNM dynamics in the center of the mesh, Equa-
tion (2.18). Given this 1-D second-order acausal system of growing state dimension defined
by the difference equation (2.17) and the separable B.C.’s, Equations (2.18) and (2.19), the

next section discusses one possible implementation of the solution.
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2.2 Solving 1-D Acausal Systems with Growing State Size

In [37], 1-D acausal systems with growing state dimension are discussed in the context
of optimal estimation, while side-stepping how to implement the solution of such systems
in deterministic form. In Section 1.2, two direct algorithms for scalar 1-D acausal systems
were proposed. One method, the Mayné-Fraser, splits the dynamics into its causal and anti-
causal components. The RTS algorithm propagated a boundary condition through the filter
dynamics to produce the solution at one end of the 1-D interval, and then back-substituted
to obtain the solution. For the 1-D system of growing state dimension, created from a
2-D NNM constrained by Neumann conditions over a square region (%,j) € [0,I] x [0,]]
and rewritten in Equations (2.21)-(2.23), we restrict our development to RTS algorithms,

although MF algorithms might also yield suitable solutions.

Filter Dynamics: D,z, = Fop1zpr1 + Goo12pm1 + Hyu,  (2.21)

forp=1,2,...,R-1(R=1/2)

(Dynamic) B.C. at 2-D center: Dozg = Fyz1 + Houg (2.22)
(2-D) B.C. at 2-D boundary: Vep+ Wep_1=d (2.23)
z, € RN u, € R (2.24)

The MF algorithm is discarded as a viable solution to a 1-D filter of growing state dimen-
sion, in part, because it is not clear how to decompose the dynamics in Equation (2.21) into
causal and anti-causal recursive filters. Another reason that these algorithms are not con-
sidered is that the boundary conditions for the original 2-D NNM, given in Equation (2.23),
are needed to initialize the anti-causal filter (anti-causalin p); yet, as will become more clear
in Section 2.3, a parallel algorithm which physically partitions the filter dynamics cannot
use the B.C.’s from the original 2-D system during the initial steps of the algorithm. The
same drawback was mentioned for the column-stacking algorithm in Section 2.1.

An algorithm derived from the RTS class can always be developed for a linear filtering
system, since RTS algorithms are just variants of Gaussian elimination. Furthermore, while
there is no apparent advantage to using the RTS algorithm for scalar 1-D acausal filters,
they appear to be ideal frameworks for 2-D acausal filtering. Because RTS algorithms

involve operations on sets of linear equations, the 2-D NNM filtering system is first shown
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using Fquations (2.21)-(2.23) as a single matrix equation of very large dimension

Az = Hu (2.25)
Do -F 0 0 e 0]
-Go D, —-F, 0 0
A 0 -Gy D, . 0
0 ««+ 0 —Ggr-2 Dgr-1 —Fgr
| 0 o 0 9w VvV |
i . - i u -
Ty Uy
T2 Uy
r = u =
TR-1 UR-1
. TR | i d i

H = diag{Ho, Hy,...,Hp_1,I}

Equation (2.25) is a block tri-diagonal system of equations with varying block size (the
blocks are defined in Appendix A). The contents of the individual blocks is determined by
the radial ordering. For the overall system to be well-posed and well-conditioned, the B.C.’s
(matrices V and W) and the NNM coefficients must be defined such that 4 is invertible and
sufficiently well-conditioned. It is noted in [24] that, for large sparse systems of equations
like (2.25), very efficient iterative methods like SOR and preconditioned conjugate gradient
can produce solntions for some NNM’s. Iterative methods, however, can he slow for a large
class of NNM models, and direct methods will be superior when the costs of the factorization

can be amortized over a large number of inputs.

2.2.1 Block LU Factorization

The most straightforward solution to a system like (2.25) is to perform an LU factorization

of A (Cholesky factorization if 4 is symmetric positive definite). A Block LU factorization

33




is considered first in this thesis, not only for its simplicity, but also because there has
been little study on the properties of 1-D acausal systems with growing state dimension,
with the exception of [31, 37]. The properties of 1-D acausal systems with fixed state
dimension, however, has been studied extensively under the name of descriptor systems in
(23, 24, 28, 27, 34, 33, 32, 38], and it is likely that much of this work will extend to the
varying-dimension case.

When A in the linear system Az = b is block tri-diagonal with regularly sized blocks
and sufficiently well-conditioned, there exists a block LU factorization which efficiently
manipulates the sparse structure of 4 [16, 17], although it doesn’t make use of any possible
sparsity in the blocks D,, F,, or G,. Furthermore, an allusion to the existence of a block
LU algorithm for tri-diagonal systems with irregular block size is made in [17]. Such a
factorization is given in (2.26) and is similar to the algorithm for regularly sized blocks

given in [16].

I 0 0 . 0 0 Dy -F, 0 0 0
Ly 1 0 ... 0 0 0 D, -F, 0 0
LU - (? L, I ... 0 0 0 0 Dy -F5 --- 0 (2.26)
0o .- Lry I O 0 -~ O 0 Dgr.i -Fr
| 0 0 Lg I|[ 0 0 0 0 Dn |

where A = LU and

Lp+1Dp = —Gp (2.27)

D,

Dp+ Lpr (2.28)

For simplicity in notation, the matrices Dy and Gpr_; in Equations (2.27) and (2.28) are
equivalent to V and W, respectively, in the large matrix A.

The recursive procedure defined in Equations (2.27) and (2.28) is initialized for p = 0
by the fact that Dy = Dy = 1. For radii p larger than zero, however, the recursion depends
upon the ability to invert D, in order to yield meaningful numerical results. There are
NNM parameters (N, S, E, W) detailed in Appendix B for which Dp is singular or poorly-

conditioned, yet for most NNM parameters it can be assumed that Dp is well-conditioned
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for all p (see examples in Chapter 3). The recursive procedure given by Equations (2.27)
and (2.28) can be used to form an RTS algorithm which propagates the B.C. at p = 0,
Equation (2.22), through the dynamics to the other end of the 1-D interval (at p = R).
Substituting Equation (2.22) into the dynamics at p = 1 yields

Dyzy = Fazy+ Go(Fiz1 + Houo) + Hiug
(D1 — GoF1)zy = Fyzy+ GoHouo + Hyuy
Dyzy = Fyzy4 ¥, (2.29)

where ¥, = GoHoup + Hiuq

Note that D, can also be derived from (2.28). The B.C. at p = 0 has been propagated to
p = 1 to yield the constraint in (2.29). Given this constraint, one is then only concerned

with the dynamics for p € [2, R — 1]. Substituting (2.29) into the dynamics at p = 2 yields

Dizy = Fazz+ G1D7Y(Fozy + ¥y) + Hauy

Dglz = F3:E3 — L2F2$2 - L2‘D1 -+ H2U2 (2-30)

where L, can also be derived directly from (2.27). Letting ¥ = —L,%y + Hauz, one gets
from (2.30) the following

Dg.‘l)z = F3233 + ‘1’2 (2.31)
At the n-th step of the algorithm, one substitutes the constraint

Dprzn_y = Fozn + ¥n_y (2.32)

into the dynamics (2.21) at p = n to yield

.Dnil’-n = Fn+1mn+1+q’n (2.33)

v, = _Gn—lb;{il‘yn—l + Houp
This process continues recursively until one finally has

DR-—la’R—-l = Frer+ ¥Yr_q (2.34)
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which can then be combined with the Nemmann or Dirichlet conditions to obtain zp. Before

back-substitution begins, one has the following block upper-triangular system

Uz =¢ (2.35)

Ty
v,
¥,

where U is defined in (2.26) and ¥ = L~! Hu (found by substituting (2.26) into (2.25) and
inverting L, although one never explicitly inverts L). The elements of ¥ can also be derived

from the recursive relation

¥,=L,%,_;+H,u, (2.36)

Once ¥ and U have been computed, the back-substitution follows from Equation (2.35) as
2o = D7 (For1zp41 + ¥,) (2.37)

The block LU algorithm can then be sumunarized by the two steps: (1) Factoriza-
tion — propagating the B.C. at p = 0 with the recursions given in Equations (2.27), (2.28),
and (2.36) (2) Back-substitution — Solving for g and using it to initialize the recursion given
by Equation (2.37), yielding the rest of the output. The factorization and back-substitution
steps together correspond to Block Gaussian Elimination.

The block LU algorithm has many undesirable properties, especially for large mesh
sizes. The first problem is that a great deal of storage is required for the factorization. The
factorization yields the constraint given by Equation (2.37), which must be stored for all
p in [0, R — 1]. Required storage is dominated by storing the matrix (D;1F,) for all p,
which can be found in Appendix A to have the dimension n, X n,.;. The total number of

elements to be stored is then approximately



which for co-norm ordering becomes (remember that R = I1/2)

i(Sp 1) -2-13 +2r% = O(I%)

p=0

The reason for this tremendous growth in storage is that, while A and its blocks becomes
more sparse for larger I, the matrices ﬁp and their inverses are full; namely, the Block LU
algorithms creates a lot of fill-in of the zeros in A. Note that the factorization would also
require O(I®) storage elements if column-stacking were used. For large-sized ROS, these
storage requirements can become overwhelming. With double precision arithmetic (8 bytes
storage require per matrix entry) and mesh of size 256 x 256 (I = 255), the total amount
of storage required is approximately 45 MB.

Another drawback, which is a direct result of the fill-in created in the factorization, is
growth in computational complexity. The computational requirements are dominated by
inversions of D,, which must be found to compute (D;1F,;1) in Equation (2.37). Because
F,.1 is extremely sparse, creating the matrix (D;!F,;1) essentially amounts to computing
the inverse of D,. Computing the inverse of a dense matrix of dimension n x n generally
requires 2/3n3 flops [16], so to compute the inverse of D, for all p € [0, R] will take on the
order of O(I*) flops. The derivation of this bound uses the fact that n, is a linear function

of p, and hence
R 2n

> 5E =0

p=0
Note that, because the state z, becomes very large near the houndary (p = R), the com-
putations are dominated by inverting D, near the boundary. The fact that the number
of arithmetic operations is O(I*) and the storage required is O(I3) prevents any practical
consideration of the block LU algorithm for large mesh sizes.

A final drawhack mentioned earlier in this section is that for some combinations of
NNM parameters (N, S, E, W) the matrix D, in Equation (2.27) will become either poorly-
conditioned or singular. A small but significant listing of those parameters which lead to
singularities is provided in Appendix B, while a complete listing is beyond the scope of this
thesis. For most NNM filters of interest, however, f)p is well-conditioned for all p, while
in some other cases, singularities in D, can be avoided by changing the radial ordering,

such as from a 1-norm to an co-norm ordering. Changing the radial ordering is similar to
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pivoting in an LU factorization, since one is changing the order of the equations in Az = b.

In spite of the many drawbacks, the Block LU algorithm is numerically stable for “most”
NNM parameters, in which case it produces highly accurate solutions. Furthermore, this
algorithm is able to produce solutions for a large class of models in which iterative schemes
fail. More general solutions, which side-step the singularity constraint, can most likely
be found in the Descriptor Systems literature, such as [24]; yet the Descriptor Systems
literature fails to overcome the massive storage and computational requirements needed
to implement a 2-D IIR filter given on a mesh of appreciable size. In the remainder of
this thesis, a number of algorithms which are much more efficient than the straightforward
Block LU algorithm will be discussed, all of which have highly parallel implementations.
In particular, a parallel Block LU algorithm based upon partitioning the 2-D mesh will
be developed in Section 2.3, and a less general yet more eflicient approximation to the
algorithm is detailed in Chapter 3. These algorithms are then compared to the nested
dissection algorithim, which is known to be the most efficient algorithm for solving sparse
linear systems generated by discretizations of P.D.E.’s. Nested dissection requires as little

as O(I®) arithmetic operations and O(I%1nI) storage elements [13].

2.2.2 An Simple Example

Before motivating the parallel version of the LU algorithm, it is worthwhile to use a simple
example to explain in a little more detail how the mesh variables are eliminated radially
from the center. From the recursion given by Equations (2.27)-(2.28), one obtains the fac-
torization shown in (2.26). The matrix U in (2.26) effectively yields constraints between
neighboring states z, and z,_;. These constraints are used for the back-substitution recur-
sion. This process is identical to the propagation mentioned in Chapter 1 of B.C.’s from
one end of an interval to another for acausal 1-D systems.

Looking a little more closely at the Gaussian elimination process, consider an NNM
constrained by Dirichlet conditions on a square region of size n-by-n. For n = 7, an co-norm
radial ordering of output variables is shown in Figure 2-6. State o contains the first element
in Figure 2-6, and state z; contains elements 2 through 9. The NNM difference equation
evaluated at the center of the mesh gives a constraint between 29 and #;. The first variable
eliminated in the LU factorization is @¢, yielding the new mesh given in Figure 2-7. As was

given by Equation (2.29), a constraint now exists solely between 2, and z;. The second
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Figure 2-6: Radial ordering of the variables for a square 7-by-7 mesh.
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Figure 2-7: Mesh variables remaining after the first variable has been eliminated.
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Figure 2-8: Mesh variables remaining after the first two variables have been eliminated.

element is then eliminated from the mesh, with the remaining variables shown in Figure 2-8.
Eliminating elements 3 through 9 gives a constraint between z3 and 23, shown in Figure 2-
9. For a mesh of large size, this process of variable elimination would continue recursively
(unless a zero pivot is encountered) in a direction radially outward from the center of the
mesh to yield a constraint between the two outermost states 2p and zr_;, which in this
example (R = 3) are z3 and z,, respectively. The outermost radial state, z3, is given by
the Dirichlet condition, and the rest of the solution is obtained by back-substituting in a

direction radially inward towards the center of the mesh.

2.3 Parallel Algorithms

2.3.1 Local Factorization

In the Block LU algorithm, the 2-D boundary conditions are needed for only one step of the
algorithm — to initialize the back-substitution. For the factorization step, one only needs
the filter constraints (dynamics), and for the back-substitution one only needs the the con-
straints created by the factorization, respectively. The factorization and back-substitution
step can thus be done in parallel by giving each processor access to a local set of the dynamic

constraints. The mesh can be divided equally among the processors, and each processor
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Figure 2-9: Constraint yielded after zg and z; have been eliminated. For a 7-by-7 mesh,
this is also the constraint propagated to the boundary edge.

will order the mesh variables radially with respect to a local center. Given access to the
filter constraints on this local mesh, variable elimination then follows in a direction radially
outward from the local center, as was done in the previous section with one processor.

For instance, consider an NNM difference equation constrained by Dirichlet conditions
on a square mesh of size 14-by-14. A natural partitioning of the filter dynamics is shown
in Figure 2-10, where each processor is assigned a local mesh of size 7-by-7. The radial
state ¢; is marked in Figure 2-10 for each processor. The factorization step of Gaussian
Elimination is then done simultaneously for each local mesh in exactly the same manner
as was illustrated in Figures 2-6 through 2-9. The result of the local factorizations is to
produce a constraint on the boundary of each processor’s mesh, as is illustrated in Figure 2-
11, which can be seen as a parallel version of Figure 2-9. Furthermore, a radius L can be
defined for the local mesh. In this example, L = 3. For the time-invariant NNM filter, the

local constraints all have a form identical to that of Equation (2.34), namely
Dy yzp_1 = Frep + %14 (2.38)

where z contains the mesh variables at the boundary edge of a local mesh. The equations

stored as a result of the local factorizations will be identical in form to Equation (2.37) for
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Figure 2-10: Partitioning of 2-D filter dynamics among 4 processors.
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Figure 2-11: Results of eliminating variables ordered radially in each local mesh.
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each processor, except that the vectors ¥, will differ among the processors. The vector ¥,

is a linear combination of the input variables for the local mesh, yet the matrices (D;1F,41)
where p € [0, L — 1]) are a function of the NNM parameters; hence, only one set of these

matrices needs to be computed or saved for all of the processors.

2.3.2 Inter-processor Communication

At this stage of the algorithm, back-substitution cannot begin, since the 2-D filter’s B.C.’s
are given at the global boundary only. Also, the processors cannot eliminate any more
variables if they are assumed only to have access to local data. What must follow is
communication between the processors, such that the constraints on the local boundaries
can be combined into a constraint on the global boundary (2.34); yet, the local constraints
alone do not determine the constraint on the global boundary. Instead, the NNM constraints
which were not accessed during the local factorizations are used to eliminate the variables
z[i, j] in the local boundaries which are not part of the global boundary. A simple parallel
algorithm can be derived from [37] which combines the local constraints pairwise.

For instance, consider the set of local constraints illustrated in Figure 2-11. Processor 1
could “communicate” with processor 2 by combining their local constraints with the filter
dynamics which form constraints involving mesh variables in both local boundaries. One
can then derive a constraint on the boundary of the union of the two local meshes covered by
processors 1 and 2. Similarly, processors 3 and 4 can be “communicating” simultaneously
with the exchange between processors 1 and 2. This pairwise combination of “east” and
“west” local constraints is illustrated in Figure 2-12 for a local mesh of radii L = 7. The
arrows represent the NNM dynamics which link the two meshes, and the hollow circles
indicate the mesh variables which are to be eliminated by the pairwise combination. As a
result, a constraint will be produced among the variables represented by dark circles.

After these two pairwise combinations have occurred, the 14-by-14 mesh is effectively
divided into two halves, where the mesh variables at the boundaries of both halves are
constrained by the results of the first inter-processor communication step. These two con-
straints can then be combined in the same pairwise fashion, as is illustrated in Figure 2-13.
The NNM dynamics which link the boundaries between the north and south halves of the
mesh are illustrated by the arrows in Figure 2-13, and the hollow circles represent the vari-

ables from the local constraints which are to be eliminated. Once these variables have been

44



Local Mesh (Processor 1 or 3) f Local Mesh (Processor 2 or 4)

e o o o o o T e o o o o o
e e o o o o<—o<~> —~e © o o o e
e o o<—-<><> —0 o o
o o o<——<\<~> —0 o o
o o o<-——r><~> —0 o o
e o o o o c<—k<> —>0 © o e o o
e o o o o o & e o o o o o

Figure 2-12: Pairwise (East/West) communication between local processors to provide a
constraint on a larger boundary.

eliminated, one has a constraint on the two states at the global boundary.

There are a number of ways to implement the inter-processor communication steps of the
factorization illustrated in Figures 2-12 and 2-13. A simple option follows, which leads to a
more efficient algorithm which is described in Chapter 3. Since any east-west combination
is identical in form, only a general derivation is given. For our example 14-by-14 mesh, the
local constraint produced in the west half of the mesh by either processor 1 or 3 has the

form

DL__ll“lf_l = FLthD + lI,tE_l (2-39)

and the corresponding constraint produced in the east half of the mesh by either processor 2

or 4 has the form

Dp_yz$_; = Frz$ + 95_, (2.40)

Combining Equations (2.39) and (2.40) with the NNM dynamics which link the two meshes,

one obtains the large matrix equation

Zz® = g (2.41)
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Figure 2-13: Pairwise (North/South) communication between local processors to provide a
constraint on the global boundary.
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[ Dy -Fr 0 0 [[ex,] | oY ]
0 0 Dp., -Fr zy _ vy _y
Zv  Z, 0 Z 25, | | diag{B,B,..., B}u®

| 0 Z4 Zs Ze || =% ] i diag{B, B,...,B}u® ]

Z € R2(10L-9)x16(2L-1) s _,, 0¥ e REL-VX1 gz, c REL-Ux1 ;1 _ 1 g

e5,z¥ € RO 25 oy e RBI-UXL v ye ¢ R2L-1)x1

where the last two block rows of (2.41) correspond to the NNM constraints which link
the east and west meshes. These two block rows have the same form as the rows of 4 in
Equation (2.25), where the elements in any row sum to (1—N—S§—~E —W). This sum
is determined by the coefficients in the difference equation (2.2). The vectors u* and u¢
just correspond to the inputs to the NNM constraints along the west and east local mesh
boundaries, respectively, which link the two local meshes. Given Equation (2.41), it is now
possible to eliminate those mesh variables which correspond to the hollow circles in Figure 2-
12. These variables can be lumped into the state X,j,,. The two concentric rectangles of
mesh variables which remain (illustrated with dark circles) can be lumped into the states
Xin and Xy, corresponding to the inner and outer rectangle, respectively. The elements
in X;, and X,y can be ordered counter-clockwise like those in Appendix A. A permutation

matrix Py can then be found such that

Xclim
Pz = | X, ' (2.42)
-‘Xout
PIp =1

Xetim € RACL=3X1 x. c R6(2L-1)x1 ¥ . ¢ R2A6L+1)x1

The permutation given by P, is defined such that the variables in X;, and X,,; are ordered

counter-clockwise, as are the variables in z, given the orderings in Appendix A. With the
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permutation P;, Equation (2.41) becomes
(ZPT)(Piz®) = ¥*

If the matrix Dy _; is diagonally dominant, it is desirable (as will be shown in Chapter 3)
to maintain this structure in Z. The permuted matrix ZP{, however, is unlikely to exhibit

any diagonal dominance. A row permutation P, of Equation (2.41)

(P,ZPL)(Piz®%) = PO (2.43)
Q Xclim v
0 elim
Qu 12 X, _ 1 (2.44)
QZI Q22 —Lout 'I“in
“Yout

Q1 € §R4(2L—3)x4(2L—3) Q€ §R6(2L—-1)x6(2L—~1) Fou: € §RG(2L—1)X6(2L+1)

can be created such that Q,, is diagonally dominant if Dy_; is diagonally dominant. The
permutation P, follows from the observation that if the element with maximum magnitude
in row i of ZPT is in column j, theﬁ row i of ZPT becomes row j of P,Z P (of course, one
would never implement these permutations as matrix multiplications!). One should note

that because Z is not square, the dimensions of the permutations P, and P, differ.
dim{P,} = (dim{Xoyim } + dim{X;,} + dim{ X,y })?

dim{P,} = (dim{Xeiim} + dim{X;n})?

The first step of inter-processor communication attempts to obtain a constraint between
Xin and X,y, which can be obtained by eliminating Q2; from (2.43).

Finding the Schur Complement [12] of the matrix

Qu Qi

(2.45)
QZ]. Q22
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one gets

Q22 = Q22 — Q21Q1_11Q12 (2.46)

Using the Schur Complement in Equation (2.43) yields

Xelt'm
Q11 C?12 0 X _ ‘Pflim (2.47)
0 Q22 —Fou ¥in
<M out
Tin = Uin — Q21077 Petim (2.48)

The bottom block row of (2.41) gives the desired constraint between the two states, X;,
and X,,:, which comprise the boundary of the union of the east and west local meshes.
Also note that this block row is identical in form and function to Equation (2.38). Note
that, since at this stage of the algorithm only those mesh variables interior to the state
Xin have been eliminated, the block matrix F,,; in Equation (2.47) is identical in function
to the F, in the dynamics given in (2.21)-(2.22), thus the name. The matrix F,,; can be
derived directly from the NNM parameters, as is shown in Appendix A.

After the first inter-processor communication step in our 4-processor example, one has
two equations like (2.47), one for the north and one for the south half of the mesh. The
second inter-processor communication step is identical to the first, beginning with the con-
straint produced by communication hetween processors 1 and 2 and that from processors 3
and 4. The constraint from processors 1 and 2 has the following form, with the superscript

n denoting variables in the north half of the mesh.
QZZX{,: = outX:ut + \i:‘n (2°49)

Similarly, the constraint produced hy communication hetween processors 3 and 4 is as

follows, with the superscript s denoting variables in the south half of the mesh.
Q22Xz:,n = O‘UtX;ut + ‘i':n (2'50)

These constraints are combined with the NNM dynamics which link the north and south

halves of the mesh to produce a constraint on the global boundary. This constraint is iden-
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tical to that given in (2.34), since both are constraints on the two outermost states at the
global boundary. In particular, Q,, for the last inter-processor factorization step must equal
to Dr_; obtained by the straightforward factorization, since both factorizations manipulate
the same set of equations. If one were to divide the mesh into more than four sub-regions,
which will be shown to be a more eflicient implementation, more inter-processor commu-
nication steps are required. In fact, for 2V local meshes, (N —1) inter-processor steps are
needed. With more than 4 local meshes, the inter-processor communication steps continue
recursively in the form given by Equations (2.41)-(2.47), alternating between pairwise east-
west and pairwise north-south combinations of constraints. When the global boundary is
reached, the constraint (2.34) is obtained.

Back-substitution follows easily from the permutations and the results of each inter-
processor communication step, stored in the the form of Equation (2.47). Given the values
at the outermost state X,,,, the interior rectangle X;, can be found from Equation (2.47)

as

JYin = Qz—zl(FoutlYout + ‘i’in) (251)

and X, is then given by
JYelim = Q1_11(“Q12Xin + ‘i'elim) (2‘52)

Note that Q;; and Q,; have been assumed to be non-singular in this algorithin, which
is the case for most filters. Also note the similarity between the inter-processor back-
substitution steps and the local factorization back-substitution step given by (2.37). The
back-substitution steps of inter-processor communication begin at the global boundary and
end with the output values at all the points in the local boundaries (those points in Figure 2-
11 for our example). Back-substitution for the local processing can then begin, propagating

the known values at the local houndaries radially inward toward the local centers.

2.3.3 Computation and Storage

In this thesis, the number of computations generally refers to the number of floating point
divisions and multiplications required to compute the factorization of the matrix 4 in
Az = b. This convention is used in many numerical linear algebra texts {14, 16|, and can

be thought of as an on-line measure of complexity for solving 2-D boundary value systems.
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However, in many filtering applications, the costs of the factorization can be amortized over
a large number of inputs. For these off-line solutions, the computational complexity of the
algorithm is determined by the back-substitution processing of the input data.

For any 2-D IIR filter with a mesh of finite size I implemented with the parallel mesh
partitioning algorithm, there must be an optimal number of processors which produces
the maximum savings in computation and storage over the straightforward uni-processor
implementation. This optimal number will undoubtedly depend upon the size of the mesh
I and the number of partitions M, but will also depend upon the processor network’s
characteristics, such as latency and bandwidth. Without knowing these factors a priori, a
general measure of complexity and storage is difficult to specify. However, we can assume
that the number of computations generally takes the form

_ Ki(J)

§ = — 7 + Ka(I) log(M) (2.53)

where the first term expresses the fact that for any given mesh size I, the number of compu-
tations required for local processing decreases with the number of partitions. However, the
number of computations due to inter-processor communication should grow logarithmically
with M for a given mesh size I. This contribution is expressed by the second term of §. Two
extreme examples of fine and course grain parallelism give a flavor of what computational
savings are to be expected from the partitioning.

Assume a square mesh of size I X I. To simplify our analysis without losing any general-
ity, it will be assumed throughout this discussion that the dimension I is such that the local
meshes are square and their edges have an odd number of points. This requirement allows
for the radial oo-norm orderings to fit “evenly” within the local mesh, as in Figures 2-6
and 2-10.

Consider a mesh square mesh of size I-by-I where I = 2(2L + 1). The global radius of
the mesh is then R = 2L, and the mesh can be divided into four local meshes of radius L.
As is mentioned in Section 2.2.1, the number of computations for the straightforward single
mesh factorization is dominated by the computation of D ;! at each step of the factorization.

Summing over p = 1,2,...,L — 1, it was shown in Section 2.2.1 that the total number of
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computations for the factorization is bounded by

3
2np

R
Ci=) =2 = o(I%) . (2.54)

Furthermore, the number of storage elements required is dominated by storing the full
matrix D;lFPH at each step of the factorization. The total number of storage elements

required was shown to be

Sy = i(Sp +1)% ~ gls +2I% = O(I3) (2.55)
p=0
However, if one decides to implement the Block LU algorithm by dividing the mesh into
four equal meshes of radius L, which is an example of course-grain parallelism for large I,
the computational and storage requirements are quite different.

With 4 local mesh, the number of computations at each step of the local factorization
is dominated by the computation of ﬁ;l, where p = 1,2,...,L = R/2. Summing over the
local factorizations (note that for a linear shift-invariant difference equation, the matrix
D;l is the same for each local set of data) one obtains

L 3
S = p};o % - O(L% = 11'60(’4) (2.56)
computations. If the filter is not shift-invariant, one would multiply the number S§ by
four to indicate that local factorizations are unique for each local mesh. For each of the
two inter-processor steps, the total number of computations is dominated by computing the
inverses of the matrices Q22 and Q;; in Equation (2.47). The dimensions of these matrices

are given after Equation (2.44). We note that for the first inter-processor factorization step
dim{Q@,} ~ dim{DsR/4} dim{Q11} ~ dim{Dp/,}

There would be two sets of these matrices—one for the north half of the mesh and one for
the south—if the filter is not shift-invariant. For the second inter-processor communication

step, since (5, must he equal to Dp_;, the dimension of the matrices follow as

dim{Q;2} = dim{Dp_,} dim{Qu} =~ dim{Dg_,}
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These dimensions are illustrated in Figures 2-12 and 2-13. Note that the size of the matrix
Q22 grows much more rapidly with each inter-processor factorization step than does the size
of D, with each local factorization step (the same can be said in the growth of the state

Xin vs. the growth of the state z,). Hence, the total number of computations is

L 2B(R-1)° | 28BR/4)° | 2(8(R/2)° _

S42 55 3 3 3

o(1*) (2.57)
The total number of computations still grows at the same rate as it does for the single mesh
implementation, yet the total number of computations drastically decreases since one only
needs to perform four matrix inversions between p = L and the global boundary, p = 2L.
When R is large, these savings can be tremendous.

The total number of storage elements required for the 4 mesh algorithm can similarly
be shown to be considerably less than in the single processor case, yet the number is still
o(I3).

To see if the savings in storage and computations increases with the number of local
meshes, consider a boundary value system with a constant-coefficient difference equation
supported on a mesh of size I x I, where I = 3(4*). The mesh can be partitioned into at
most 4M local regions, where each of the 4™ meshes is a square of size 3-by-3. In this case,
there is no local processing to be done, since the filtering constraint gives a relationship
between the two outermost states o and z; of each local mesh. This implementation
is in fact very similar to the nested dissection algorithm given in [14, 13] and discussed
in Chapter 3, although there is more fill in the factorization for the algorithm given in
this chapter. The parallel implementation in this case consists entirely of inter-processor
factorization (combining boundaries) and back-substitution steps. Such a partitioning of
the mesh requires M east-west and M north-south inter-processor communication steps
before reaching the global boundary. In the first step of the algorithm, 4™ local constraints
are combined pairwise (east-west) into 2 x 4M~1 constraints. The north-south combination
step then reduces the the number of constraints to 4M -1, This process continues recursively
until the global boundary is reached. Note that, as can be seen from Figures 2-11 through 2-
13, the size of the boundary increases approximately by a factor of two with each succession
of east-west and north-south combinations. The dimension of the constraints also increases

by a factor of two with each two steps. In particular, if before an east-west combination
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step X;,, has dimension L, then after the east-west combination it will have dimension 37
Yet after the proceeding north-south combination it will have dimension 2L.

As was the case with the inter-processor steps for the previous example in which the
mesh was divided into 4 local regions, the computation requirements of each inter-processor
factorization step are dominated by inverting the matrices Qq; and Q,, found in Equa-
tion (2.47). Because the difference equation is constant-coefficient, these coefficient matri-
ces are the same for each processor. Let the dimension of Q,, at each east-west step of
the algorithm be n,, X n,, (m = 1,2,3,..., M). Then at each north-south factorization
step the matrix §,, will have dimension gﬂzm X 3—'2,111 (m=1,2,3,...,M). At the boundary,
m = M and Q,, has dimension proportional to the size of the boundary. Inverting §,, at
the boundary will thus take O(73) computations. Noting that the dimension of the bound-
ary doubles with each two inter-processor steps, the matrix dimension n,, will also double

with each two steps. Hence, the total number of computations needed to invert (,, over

all the factorization steps can be approximated as

Stine = (1+ (3/2)2)§n3m N =1,2,4,...,2M

m=0

1
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— 3
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| |
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where M = logI. The number of computations required to invert QJ1; must also be included
in the approximation, yet these computations will be less than double S¢;y.; hence, the total
number of computations is O(I3). Storage requirements are more difficult to analyze, but
can similarly be argued to take O(I?) storage elements. These results compare favorably
with nested dissection, which takes as little as O(I3) computations and O(I%1In(I)) storage
elements.

These measures of computational complexity reflect the total number of computations
required for the fine-grain parallel mesh partitioning algorithin when the difference equation

is constant-coefficient. One must then ask how the number of computations will change if the
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factorization is implemented in parallel and/or the 2-D difference equation is shift-varying.

First consider a parallel implementation of the mesh partitioning algorithm for the
constant-coefficient difference equation. For the on-line solution, because the matrices D,,
(22, and @1, are the same for each local mesh, the time to create and factor these matrices
will be the same if one processor factors them or if all the local processors factor them inde-
pendently. The only real increase in performance resulting from a parallel implementation
will be in the manipulation of the local input data during the back-substitution steps. For
the on-line filter implementation, these computations are a minor contribution to the total
number of computations required for the factorization. However, for an off-line implementa-
tion, the back-substitutions and similar manipulations of the input data comprise the bulk
of the computations, and a parallel implementation will produce sizable savings. For digital
filtering applications, in which the matrix factorization can generally be done off-line, the
computational savings will be even greater. For such applications, the number of compu-
tations is determined by the number of storage elements required for the back-substitution
step.

If the difference equation is not constant-coefficient, the computational and storage
requirements for a single processor implementation differ from those given for the constant-
coefficient filter. For instance, because the matrices D, and @3, differ for each local mesh, a
set of coefficient matrices must be stored for each local mesh during the factorization. The
number of storage requirements for the factorization of a space-varying filter system is thus
significantly more than the O(I?) required for the constant-coefficient system. Similarly,
the total number of computations for the factorization will increase beyond that given for
constant-coefficient case due to the fact that the local factorizations and inter-processor
communication factorizations must be calculated for each local mesh. However, the per-
formance of the algorithm will increase significantly when implementing the algorithm in
parallel. The computational complexity of implementing the shift-varying filter system in
parallel is essentially identical to that of the constant-coefficient filter due to the fact that
all the local factorizations and inter-processor communication steps can be done in parallel,
even though the coefficient matrices differ for each mesh. Note that there are sizable savings
in a parallel implementation of both the off-line and the on-line solutions.

The mesh partitioning algorithm has thus been shown to be a vast improvement over

the single processor block LU algorithm (obtained by one radial ordering of the mesh).
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Chapter 3 details an approximate solution to the mesh partitioning algorithm which can be

shown for some cases to yield significant improvements in performance.
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Chapter 3

Efficient Algorithms

It was demonstrated in Chapter 2 that the parallel Block LU algorithm is a significant
improvement over the algorithm given in Section 2.2. Even when implemented on a sin-
gle processor, the method of dividing the mesh into local regions, solving for a constraint
on the boundary of each of these regions, and then combining the constraints into a con-
straint on the global boundary is superior to the straightforward algorithm in terms of both
computation and storage requirements. However, despite the number of local regions or
processors used, the majority of the computations occur during the last few steps of the
factorization, when large states of mesh variables comparable in size to the global boundary
are “eliminated”. In the local processing described in Sections 2.2.1 and 2.3.1, the number
of computations is dominated by the construction of the inverse of ﬁp at each step of the
factorization in Equation (2.37), and each inter-processor step described in Section 2.3.2
is dominated by inverting Q3 in (2.51). For a large number of filters, these full matrices
can be approximated by sparse matrices which can be inverted much more efficiently while
having negligible or marginal impact on the solution.

For those interested in “exact” numerical solutions to P.D.E.’s or linear systems of equa-
tions, the approximate solutions produced by the algorithms developed in this chapter might
not be palatable; yet, for many signal processing an estimation applications, one might be
willing to make approximations that those solving P.D.E.’s would not. For instance, ap-
proximations are inevitably made when transferring from desired frequency response char-
acteristics to the FIR or IIR implementation as a difference equation. It seems reasonable

to expect, especially in 2-D, that one might then sacrifice some additional accuracy in the
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solution for computational savings.

In this chapter, the approzimate LU algorithm is developed from the algorithms given
in Chapter 2 and can be used to provide highly accurate solutions to 2-D boundary value
systems which lead to diagonally dominant systems of equations. The performance of the

algorithm on these difference equations is then compared to nested dissection.

3.1 An Approximate LU Algorithm

Given once again the 2-D acausal NNM filter system described in Section 2.2, assume that
the mesh variables have been ordered into concentric squares and that the factorization given

by the recursion in Equations (2.32)-(2.33) has proceeded for N steps, where N < R—1.

After N steps, one has the constraint

Dnen = Fyyieni + Oy (3.1)

between the states at radii p = N and p = (N +1). The matrix Fy,; is sparse and
can be derived directly from the filter coefficients (see Appendix A). The matrix Dy is
full (a majority of its elements are non-zero), since eliminating the mesh variables interior
to zy creates fill. This fullness is undesirable, since the next step of the factorization
requires that Dy be inverted. When 2y is approximately the size of the global boundary
zr (R =1/2), this inversion alone will take O(I%) operations. Fortunately, for many sets
of filter coefficients, Dy can be replaced with a sparse approximation. In fact, for all
radii p except those near zero, D, can be replaced with a sparse approximation. Thus the
approximate algorithm involves replacing the full matrix D, at each step of the factorization
for p > N with a sparse and easily invertible approximation.

The coupling given by Equation 3.1 between the states zy and 2y, is illustrated
in Figure 3-1. The variables contained in zy are connected in the figure with a solid-
line square, whereas those in zx,; are connected with a dotted-line square. The arrows
extending from the inner to the outer square in the figure show which variables in 2 are
coupled through Fn,; with those in zy,;. Because Dy is full, however, every variable
in z is directly coupled with every other variable in zy; yet, for most filters, one would
expect that each variable z[7, j] in zn is coupled most strongly to the other variables in

zy which are geographically closest to z[i,j]. In fact, in some cases, the coupling decays
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Figure 3-1: Structure of the constraint between z, and z,,; after each factorization step
of the Block LU Algorithin.

extremely fast with the distance between variables in the mesh. This decay is illustrated
in Figure 3-1, where the variable represented by the shaded circle is strongly coupled with
its nearest neighhors in z, yet is only very weakly coupled to those variables farther away.
As N increases, so will the maximum distance from one variable to another in z, and the
coefficients in Dy will decrease accordingly.

The approximate algorithm treats those coefficients in Dy which represent couplings
between variables separated by more than a “small distance” in the mesh as zero. One can
think of this approximation as modeling Dz in (3.1) as a low-order 1-D IIR filter around
zx. After the approximation, Dy is sparse and its inverse can be found much more quickly.
Furthermore, if we make a similar approximation at each step of the factorization where
p > N, the total number of computations should drop dramatically. Before discussing the
implementation and accuracy of the approximate algorithm, however, we need to first decide
how to make the approximation (i.e. if only those coefficients corresponding to coupling
between variables separated by less than a small distance are kept, what distance metric is
used?). In this work, the approximation to Dy was developed based upon heuristic ideas
and empirical evidence, and its structure can be best illustrated by example.

A class of filters for which the approximation algorithm works well results from a dis-
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Figure 3-2: Grey scale magnitude plot of the elements in D, for an NNM with
n=s=e=w=.15. The magnitude of the diagonal elements relative to the elements just
of the diagonal is: Dyo(i,i £ 1) ~ Dyo(i,4) * (—.154).

cretization of the following PDE

V2z(q,v) + kz(g,v) = u(g,v) (3.2)

where ¢ and v are continuous spatial coordinates. Equation (3.2) will be referred to in this
chapter as a damped Poisson, although it is better known as the Helmholtz equation when
k > 0. Discretizing (3.2) by finite-difference methods (¢ = hgi¢, v = h,j), one obtains an
NNM difference equation (2.2). The difference equations which result from a discretization
of Helmholtz’s equation are low-pass filters, yet the approximation works well for other
classes of frequency-selective filters, some of which are analyzed in Section 3.3.

As k increases from zero, the overall filter system Az = b becomes more diagonally
dominant and the approximation’s accuracy increases proportionately to k. (A matrix is
diagonally dominant if the sum of the absolute values of the off-diagonal elements for every
row and column is less than or equal to the absolute value of the element along the diagonal.
If the inequality is strict, the matrix is strictly diagonally dominant.) For instance, when

k = 0 and h, = h,, one obtains an NNM difference equation corresponding to a discrete
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Poisson (n = s = e = w = 1/4). In this case the overall system is diagonally dominant (not
strictly diagonally dominant), but significant errors are introduced by the approximation.
However, as will be shown in Section 3.3, when k increases slightly such that (3.2) discretizes
to an NNM filter with the coefficients n = s = e = w = .15, a simple approximation to Dy
can be found which has minimal effects on the accuracy of the solution. For this difference
equation, a grey-scale plot of the magnitude of the elements in Dy for N = ‘10 is given in
Figure 3-2. The matrix D;o has dimension 80-by-80 (see Appendix A), and note that the
variables in 2 have been ordered counter-clockwise, as is illustrated in Figure A-1. From
Figure 3-2, one can see that the off-diagonal elements decay quickly to zero with distance
from the diagonal. The “large” values in the upper-right and lower-left corners of D;q
represent the fact that the first element in z1¢ is physically located next to the last element
in 19 (see Figure A-1), hence, they are strongly coupled. In other words, because z is a
closed square in the mesh, the matrix Dy has circular structure, and one would expect the
approximation to also be circular.

From Figure 3-2, one can see that a natural approximation to the full matrix D is to
zero those elements which are more than a distance of one from the main diagonal or from
the upper-right and lower-left corners of the matrix. The accuracy of the approximation
could be increased by setting to zero those elements which are more than a distance of B
from the diagonal or from the upper-right and lower-left corners of the matrix. Call B the
bandwidth of the approximation.

As can be found in Appendix A, the matrix Dy has dimension 8 N-by-8N, so its ap-

proximation D3P® of bandwidth B can be derived from the following relation

pare(i gy | D¥Gs) li=dl < Borli=jl>8N - B 653)
0, otherwise

To illustrate the structure of the approximation matrix, take the nearly full 32-by-32
matrix D4, which is produced after four steps in the LU factorization. Its approximation
D$P* has the structure shown in Figure 3-3 for B = 1 and that shown in Figure 3-4 for
B = 3. (Note that there are zeros within the bandwidth B of the main diagonal for D**

in Figure 3-4. These elements were zero in D, before the approximation was made.)

apz

Given the non-zero sparse structures shown in Figures 3-3 and 3-4, inverting D}* will

take much less than O(I®) operations. Using the formula given in [13] for determining the
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Non-zeros in approximate matrix with B=1
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Figure 3-3: Location of non-zero elements in approximate matrix with B = 1.

Non-zeros in approximate matrix with B=3
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Figure 3-4: Location of non-zero elements in approximate matrix with B = 3.
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Location of non-zeros in L and transpose(U)
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Figure 3-5: Location of non-zero elements in L and UT of LU factorization of approximate
matrix with B = 3.

number of operations required to factor a sparse matrix while not operating on the zero

elements, the number of operations required to factor D3~ is

0 = (N - 1)(2B(2B + 3)) (3.4)

which asymptotically reduces to O(B2N) computations. Such matrices can also be factored
very efficiently in parallel with a variant of cyclic block reduction given in [16], or the
inward/outward processes given in [33]. For B = 3, the non-zero structure of L and UT
in a straightforward LU factorization of D{"* is given in Figure 3-5. One can see that fill
from even the simplest factorization occurs in only the last B rows of DiP". In fact, for any
N, the fill from factoring D™ will only occur in the last B rows of L and UT. Therefore,
the factors L and U of D}P® will become more sparse (a greater percentage of the matrix’s
elements will be zero) as NV increases. When B is small, inverting D3P* (p > N) will
essentially take O(p) operations.

Although using the approximation given by Equation 3.3 at each step of the LU fac-

torization does not significantly perturb the solution to a number of filter systems, even

when B is equal to one, there exists a modification which increases the accuracy of the
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approximate algorithm by an order of magnitude without significantly increasing the com-
putational requirements. In other words, there is still a significant amount of information
in the “dark” area of the plot in Figure 3-2. The approximation can be improved by finding
which coefficients in the dark area significantly affect the accuracy of the solution.

The approximation given by Equation 3.3 keeps those coefficients in D which represent
a coupling between variables in =y separated by a distance less than or equal to B, where
distance in this case is the minimum number of mesh points along the square z that one
must travel to get from one variable to another. However, the decay of the coeflicients
Dy also depends upon the 2-D distance hetween points in 2. Variables in the “corners”
of z)y are closer to more points in 2 than those which lie in the middle of the edges
of the square; hence, variables at the corner are tightly coupled to more variables in zy.
The approximation is improved by adding more coefficients around the diagonals of Dy at
indices which correspond to corners in zx. One such improvement to (3.3) which will be

shown in the next section to work well is given by
D¥*? = D™ + DyPreve (3.5)

where DP"°(i,5) = Dy(i, j) if and only if (i, j) falls into one of the following “squares”

of indices:

(4,7) € [ea=(B+1)ya+(B+1)]x[c1—(B+1),e1+(B+1)]
[c2=(B+1),c24 (B +1)] X [c2~(B+1),e2+ (B +1))
les—(B+1)ye3+(B+1)] X [ea—(B+1),ea+ (B+1)]

les — (B +1),ca+ (B +1)] x [ea — (B + 1), ¢4+ (B +1)]

where ¢y, ¢, 3, and c4 are the indices of variables of the four corners in z5, and D%’z
is given by (3.5); otherwise D\"P"°"*(4,j) is zero. The indices of the four corners in zx

resulting from the counter-clockwise ordering given in Appendix A are

cq = N+1
Cy = 3N+1
= BHN+1

C3
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Location of non-zeros in improved approximation to D10
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Figure 3-6: Location of non-zero elements in approximate matrix with B = 3, including
extra coefficients near the corners of zp.

cs = TN+1

TN € §R8Nx 1

As an example, approximating the elements in Dy with Equation (3.5), the structure of
the non-zero elements in D‘I’\}’“z for N = 10 is shown in Figure 3-6. In this figure one can
see the squares of non-zeros centered about (#,7) = (c1,¢1), (c2,¢2), (c3,¢3), and (cq,cs).
These squares give improved accuracy by extending the coefficients in the approximation
which constrain elements at the corners of z1g. Note that the number of additional non-zero
elements in D3P"? attributable to D}*?™*"® is independent of N, meaning the inversion of

D3P*? will still require O( B2N) computations.

3.1.1 Approximating the Inter-processor Communication Step

Fortunately, an identical approximation exists for each inter-processor communication step
detailed in Section 2.3.2. The majority of the computations at each step of the factorization
given by Equations (2.39)-(2.47), excluding reordering and inter-processor communication
costs, is dominated by the computation of Q,, in Equation (2.46). Furthermore, the inverse

of hoth Q33 and Q;; must be computed for the back-substitution steps (2.51) and (2.52).
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These operations will be computationally expensive, since both @;; and @;; in the left-
hand side of Equation (2.44) are full and have very large dimension. Equation (2.44),
however, is just a permutation of Equation (2.41). Without using the approximation given
by (3.5) in the previous section, all the block elements of Z in (2.41) are sparse, except
for D;_;. But as we have just seen, there are filters for which the matrix Dy_; can be
approximated accurately by the sparse matrix D“I-f‘_’_"’l2 when L — 1 > N (we are assuming
that no approximation is made for the first few steps of the LU factorization, since the
matrices have small dimensions). After approximating Dy_;, all the block elements of Z
are now sparse and, hence, so are the block elements Q2 and @17 in the permutation of Z.
The matrix Q5 in (2.46) can then be computed efficiently. The last remaining bottleneck
for the inter-processor communication step is that Q,, will in general be full. This fullness
results from the fact that the inverse of a sparse matrix, which in this case is Qﬁ’ in
Equation (2.46), is generally full.

To compute the inverse of Q,, in (2.51) while still maintaining an efficient algorithm,

an approximation to Q,, follows by noting that the last two block rows of Equation (2.47)
Q.ZZXin = FoutXout + ‘iin (36)

are identical in form and function to the constraint given by (3.1). Like the matrix Fi 44
in (3.1), the matrix F,,, is very sparse and can be generated from the filter coefficients (see
Appendix A). More importantly, the full matrix Q,, has a sparse structure identical to
that of 1~)p, where the coupling between variables in X, decreases with the 2-D distance
between the variables.

The elements X;, and X,,; for the first inter-processor communication step are illus-
trated in Figure 2-12, where X;, contains the mesh elements in the inner dark rectangle
and X, contains those in the outer rectangle. Furthermore, the permutation P, in (2.42)
is defined such that the mesh variables in X;, and X,,; are ordered counter-clockwise in
the mesh. Since for most filters the coefficients in (,, decrease rapidly in magnitude with
distance from the diagonal and upper-right and lower-left corners of the matrix, the problem
of approximating (,, is identical to that of approximating Dy in (3.1).

Consider again the NNM difference equation with n = s = e = w = .15, where the local

radius L is defined to be 10. A grey-scale plot of the magnitude of the elements in Q; for the
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Figure 3-7: Grey scale magnitude plot of the elements in Q,, with L = 10 for an NNM with
n=s=e=w=.15.

first inter-processor step is given Figure 3-7. As with DP, the most natural approximation
to Q,, is given by (3.3), yet again one must correct for the increased coupling at the corners
of the state X;,. The only difference, then, in approximating Q,, in lieu of 1~)p is that the
state X;, is rectangular and not square; hence, the indices of the corners in (3.5) differ from
those given for 2. The non-zero structure of the approximation to the matrix @, is shown
in Figure 3-8. The fact that X, is rectangnlar and not square is evidenced in Figure 3-8,
where the “corners” of X;,, are not evenly spaced as they are in Figure 3-6.

In order to state the approximation of Q,, more formally, one has to define an ordering
of the mesh variables in X;,, which in turn determines the structure of the equations
in Q,,. However, whether the elements in X;, and X,,; are ordered clockwise or counter-
clockwise is arbitrary, as is the determination of which mesh variable in each state should be

indexed first. For this chapter, assume that the permutation P; for the first inter-processor
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Location of non-zeros in approximation to Q22, where L = 10
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Figure 3-8: Location of non-zero elements in matrix approximating Q,,, with B = 3 and
L =10.

communication step is defined such that the first element in X;,, is the centermost element
(geographically) which lies on the northern edge of X, in Figure 2-12 (actually, there are
two elements in the center of each edge, so we can choose the element lying in the west half
of X;,). Relabeling the variables X;, and X, from the first inter-processor communication

step as X} and X, the indices of the corner elements in X} follow as

¢ = 2L

co = 4L-2
c3 = 8L-3
¢g = 10L-5

X! ¢ me(r-1xt

For the second inter-processor communication step, which is illustrated in Figure 2-13, the
first element of X} is also a member of the interior shaded square of Figure 2-13. Call
the interior square of mesh variables X2, and the outer square X2,,, which for the four

out

processor example in Section 2.3 is the global boundary. Note that unlike X}, from the
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first inter-processor factorization step, X2, is square. Choosing the first variable in X} to
be the first variable in X2, and again ordering the rest of the variables counter-clockwise,

the corner indices follow as

¢g = 2L

¢ = 6L-1
¢ = 10L-2
cg = 14L-3

X2 ¢ RasL-4)x1

Let X}, be the interior rectangular state of mesh variables generated by the i-th inter-
processor communication step. When i > 2, the corner indices of X}, can be found similarly.
The approximation Q35" to the matrix Q,, generated by each inter-processor communica-
tion step then follows from (3.3) and (3.5) as Q357(4,j) = Q22(i, j) if and only if one of the

following is satisfied:

li-jl < B

li—j| > dim{X;x}—-B

(i,j) € [ea—=(B+1),aa+(B+1)]x[e;~(B+1),e1+ (B+1)]
€ [c2—=(B+1),ea+(B+1)]X[ez~(B+1)e2+ (B+1)]
€ [ea—(B+1),ec3+(B+1)]x[ez—(B+1),¢e3+ (B+1)]
€ [ca—(B+1)yea+(B+1)]X[ca—(B+1),ca+(B+1)]

otherwise Q357(7,j) = 0. If more than four processors are used, east/west and north/south

combinations of constraints follow recursively until the global boundary is reached, so the
corner indices can be easily derived from those given above by just redefining L.

After this somewhat laborious discussion of how to approximate the matrices Q,, and
D,, in the block LU algorithm, we now turn to the performance of the algorithm. The

next section discusses possible implementations of the approximate algorithm and gives

some estimates of the computational and storage requirements, which are shown to depend
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heavily upon the implementation.

3.1.2 Implementing the Approximate LU Algorithm

Consider again the NNM filter given in Section 2.1 defined on a square mesh. Also assume,
without loss of generality, that the mesh can be divided evenly into 4™ square sub-regions
of local radius L. After ordering the local mesh variables and filter dynamics radially into
the form of Equations (2.21)-(2.23), the parallel block LU algorithm with approximations

follows as:

¢ Local Factorizations — Performn the following recursive procedure on each of the 4
sets of local data for p = 1,2,..., L — 1, initializing the recursions with ¥y = Houg
and Dy = 1:

9, =G, 1D;1 ¥, + Hyu, [Equation (2.36)]

If p > N, replace D, with D22 given by Equation (3.5).
D,=D,- G,yD;!|F, [Equations (2.27)-(2.28)]

(where the matrices used in each of the 4M processors are the same, assuming a
constant coefficient difference equation, although, of course, each processor has its

own set of local data (input data) in Equation (2.36))

¢ Inter-processor Factorizations — Given the constraints produced on the houndaries
of the local meshes, it takes M east-west and M north-south inter-processor factor-
ization steps to form a constraint on the global boundary. The first inter-processor
step is detailed in Section 2.3.2, yet a general form is not given. Because the form
of the equations does not change from those given in Section 2.3.2 for inter-processor
steps after the first, the superscript j is added to denote the states and coefficients at
step j. Without detailing the permutations (reordering of the equations) involved in
between inter-processor communication steps, the following recursive procedures are
performed for ¢ = 1,...,M:

j=(2i-1)

As is illustrated in Figure 2-12, 4¥~%*1 constraints are combined pairwise east/west

with the unused constraints which link each pair of constraints to yield 2 x 4M~1 sets

70




of equations of the form

j j Xejum .
Q1 @1 0 ) ol
;l ;2 i X, | = elj [Equation (2.44)]
Q21 Q22 —Fout Yj ‘I,in
“out

One then computes:

5 - @ J iN-1gJ
lIJ-Z" - \I’in - 21(Q11) ‘I,elim

[Equation (2.48)]
Q% = Q32 — @%:(Q1,)7'Q1; [Equation (2.46)]
Replace Q~§2 with its approximation (Q;z)"’”’. One then has 2 * 4M~¢ constraints
Q%2‘Y1§In = gut‘Ygut + \i’zn

which are to be combined north-south pairwise with the unused constraints which link

the states in each pair as in Figure 2-13 to yield 4¥~ constraints of the form

-g;.lX?‘-{-l _ Il xtl @{:1 (3.7)

n out out

If i = M, then Equation (3.7) is equivalent to (2.34).

Inter-processor Back-Substitution - The recursion follows for i = M,...,2,1 and

is initialized by the Dirichlet conditions which specify zp = X2M:

j=(2i-1)
North-south back-substitution

XIP = Q) WFL X + ¥iFY)  [Equation (2.51)]

out

X5 = Q) (-QF X[ + ¥ [Equation (2.52)]

elim in elim

The east-west back-substitution step has the identical form

X7, = (Q35) " (FiuX3u + ¥,) [Equation (2.51)]
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Xiin = Q1)1 (-Q{, X}, + 7, ) [Equation (2.52)]

elim

¢ Local Back-Substitution — For each of the M sets of local data, the solution is
found for p = L - 1,...,2,1 with the following recursion, where z is given after some

rearrangement of the variables by the last inter-processor back-substitution step:

2, = D Y (Fp117o41 + ¥,) [Equation (2.37)]

The storage and computational requirements of this algorithm depend upon a variety of
parameters, such as the bandwidth of the approximation and how the coefficient matrices
are stored for the back-substitution step. Note that the back-substitution steps given in
Equations (2.51), (2.52), and (2.37) require the matrices [(ng)—ngut}, [(Q{l)‘1 {2], and
(D;1F,41), respectively, at each step. Both (D;1F,;;)and [(Q,)~1Qi,] are computed dur-
ing each local and inter-processor factorization step in Equations (2.27) and (2.46), respec-
tively, and thus can be stored during the factorization. However, the matrix [(Q%z)_nguz]
is not computed during the factorization steps. One only needs to store the sparse ap-
proximation to Qéz, since Fg'm can he generated from the filter parameters during the
back-substitution. The algorithm’s storage requirements are then dominated by saving the
dense matrices [(Q7,)! i.] and (D;1F,11) after each factorization step.

A minor question regarding implementing the algorithm is then whether to store the
dense matrices [(Q7,)~1Q7,] and (D;'F,41) during the factorization steps, or to save the
sparse matrices D, (after it is approximated) and Q{l and recompute the relevant matrices
during the back-substitution step. The former method is obviously more computationally
efficient and is the method used for all the examples in Section 3.3, yet the latter method
might be preferred when storage is a serious concern. The storage requirements demanded
by the former implementation can hecome particularly acute when the filter is space-varying.

If storing the large, dense matrices is a serious bottleneck, one can think of two al-
ternative implementations which reduce the memory requirements; one implementation
sacrifices computational efficiency, and the other sacrifices accuracy. The first alternative
implementation has already been discussed, in which the approximation to E,, given by
(2.27)-(2.28) is stored after each factorization step, in lieu of storing (D; ! F,41). Also, after

each inter-processor communication step, one stores Q7, instead of (Q7,)~1Q7,. The added
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computational requirements of this algorithin are alleviated somewhat by a second alterna-
tive implementation. For this implementation we note that if an approximation exists for
D,, a similar approximation should exist for (D;leH). Yet, because the most efficient
implementations use a large number of partitions, meaning that (D;!F,;1) will only need
to be computed for a small number of steps, this additional approximation to (ﬁ;le+1)
is unlikely to be worth pursuing.

Dropping implementation intricacies related to storage, it should now he apparent from
the discussion in this section that the approximate algorithm offers significant improvements
in storage and computation requirements over the Block LU algorithm, given any degree
of parallelism. Exact performance measures are beyond the scope of this thesis, since there
are a number of variables which must be considered (e.g. the degree of parallelism, the
bandwidth of the approximation. in addition to the size of the 2-D input). One can however,
make some significant observations about the total number of computations required by the
approximate algorithm.

For the algorithms given in Chapter 2, the computational requirements are dominated
by producing the inverse to D, at each local factorization step and producing the inverse to
Q11 and @, at each inter-processor back-substitution step. Without any approximations,
these matrices are dense. After approximating D, and @3, with the algorithms given in
this section, however, all the inversions involve sparse, structured matrices. For any of these
matrices which has dimension n-by-n, the number of computations required to compute its
inversion reduces from O(n?®) to O(B?n), after an approximation of bandwidth B. Consider
now the example given in Section 2.3.3 in which only local factorizations are performed. This
implementation was shown to require O(I*) computations, yet with the approximations the

number of computations reduces to
R
3" B’n, = O(B*I?) (3.8)
p=0

In other words, for a mesh of size I-by-I and a small approximation bandwidth, the ap-
proximate block LU factorization requires essentially O(I?) computations, which is an order
of magnitude less than that required by nested dissection. With the approximation, the
back-substitution steps and the sparse matrix multiplications needed to compute f),, now

comprise a significant amount of the total computations for both the on-line and off-line




implementations.

For implementations in which the mesh is partitioned, the computational savings due
to the approximations are more difficult to quantify. Consider the finest-grain partition-
ing which involves only inter-processor communication steps. Without approximations,
the factorization is dominated by the computation of the factorization of Q,, and Q,; at
each inter-processor step. For each of the matrices, these computations were shown in

Section 2.3.3 to require

Mz

2
Seomp = (1+(3/2)2)§n§,, N =1,2,4,...,2M

0

3
I

0
-
=

12

~ O(I%)

computations. With approximations, the number of computations required for inverting

1, at each step of the algorithm becomes

M
Scomp = 3 (1+(3/2)")B*nm  npm=1,2,4,...,21
m=0
~ B221“[
~ O(B*I)

which is a significant improvement. However, the sparse matrix 1, does not have the simple
banded structure of Q,,; thus the complexity of its factorization is difficult to measure. After
the approximation, the matrix Q,, is banded because it represents the approximate coupling
among the variables in the inner rectangle of Figure 2-12. The matrix )1 represents the
coupling among the variables represented by hollow circles in Figure 2-12, which are to be
eliminated by the inter-processor communication step. This set of variables, however, has
thickness, suggesting that a tailored ordering be used for @), similar to that developed for
Q22 and D,. For large mesh sizes, Q1; will essentially be banded about the diagonal after a
few inter-processor communication steps. In any case, the approximation yields significant
computation savings for the fine-grain partitioning case.

The next section discusses nested dissection, a well-known direct algorithm for solving
large, sparse systems of equations, such as those which result from discretizing elliptic

P.D.E.’s by finite difference methods. The performance of the algorithms developed in this
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Figure 3-9: Dependence structure of a difference equation leading to linear system of equa-
tions to be solved by the nested dissection algorithm.

thesis is then compared to that of nested dissection in Section 3.3.

3.2 Nested Dissection

Since the development of nested dissectionin [13] in 1973, the algorithm has been known as
the most elegant and efficient (asymptotically) direct solution to matrix problems arising
from finite difference applications, where the system of equations Az = b is such that
the matrix A has symmetric structure with a localized dependence graph. One example
might be the set linear system which results from a 2-D IIR filter described by a low-
order symmetrically structured difference equation. Because nested dissection is clearly
detailed and simulated in [14, 13], the objective of this section is foremost to give a brief
synopsis of the algorithm and to contrast is with the algorithms given in Chapter 2 and
Section 3.1. We also hope to be suggesting how nested dissection, which has traditionally
been used to solve P.D.E.’s, allows for efficient implementations of 2-D IIR filters described
by difference equations and boundary conditions. Some low-order filter applications are
given in Section 3.3, but the larger question of whether or not one can design meaningful
2-D IIR filters with boundary conditions is pondered in the conclusions.

1t is shown in [14, 13] that the factorization of any matrix which is the result a boundary
value system with a second-order 2-D difference equation, such as the NNM or that given
by the dependence graph in Figure 3-9, applied to a domain of size N-by-N must take at
least O(N?3) computations and O(N?log, V) storage elements. Nested dissection is optimal

in that it asymptotically matches these lower bounds, and no other direct algorithm will




do asymptotically better, unless one is willing to make approximations. For some systems,
the approximations given in Section 3.1 allow one to beat these hounds while bearing small
errors in the solution.

In obtaining these lower bounds, nested dissection orders the elements in 4 such that the
amount of fill which occurs during its LU factorization is minimal. It has been mentioned
throughout this thesis that the amount of fill which occurs during a matrix’s factorization
to a large extent determines the number of storage elements and computations required
to perform the factorization. Minimizing the amount of fill is accomplished with the use
of separators (dissectors), which dissect the mesh into disjoint sets (disjoint in the sense
that the difference equation does not couple variables in one set with thc;se in the other).
For a difference equation with the dependence shown in Figure 3-9 applied to a 2-D region
with 9-by-9 elements, a separator (dissector) is illustrated in Figure 3-10. The dissector,
S1, in effect disconnects the variables in ('; from those in (";. Namely, if the factorization

is performed such that the variables in S; are ordered last, the matrix A takes the form

A, 0 2,
A= 0 Ay Z, (3.9)
W, W, A;

where the matrices 4;, A3, and A; represent coupling between variables in the same set.
The significance of the dissector is that if A in (3.9) is factored, the block zeros will be
preserved during the factorization (i.e. no fill will occur in these locations).

Since sets C'; and C'; can be viewed as meshes by themselves, the dissection can continue
recursively by placing separators in the middle of both €, and C,, as is illustrated in
Figure 3-11. If variables in the the separators S; and S5 are ordered last in sets Cy and C,
respectively, both A; and A, will also have the form of 4 in (3.9). One can see that for any
domain size, the elements in A can be ordered by recursively dissecting the mesh until no
more dissections are feasible. The matrix A then takes a fractal structure like that given in
Figure 3-12. The nested dissection ordering of the 10-by-10 element mesh used to order A4
in Figure 3-12 is given in Table 3.1.

Because the block zeros created by each separator are preserved during the factorization,
it is shown in [14, 13] that the nested dissection ordering of A requires O(N3) computations

and O(N?log, N) storage elements to factor.One might now ask how the nested dissection
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Figure 3-10: The dissector §; divides the mesh into two disjoint sets, one which contains
the variables in C; and the other those variables in C,.

Figure 3-11: Adding a second (nested) level of separators.



1 13 5 6 91 41 42 57 49 50
2 14 11 12 92 47 48 b8 b5 56
3 15 9 7 93 45 43 59 53 5l
4 16 10 8 94 46 44 60 54 52
37 38 39 40 95 86 87 88 89 90
17 23 21 19 96 63 61 81 73 Tt
18 24 22 20 97 64 62 82 74 72
33 34 35 36 98 69 70 83 79 80
25 31 29 27 99 67 65 84 7T 75
26 32 30 28 100 68 66 85 T8 76

Table 3.1: Nested dissection ordering of a 10-by-10 mesh.

Ty T T T T
.:iz ... .o
H I .
:.:E. .. ‘. °
Ll M :: * L]
... L] . :iz.
. . ..'. - ..
20F XN .. % -
., "3t .
8 *e*
Eg:g. .. '.
o
* . o .® 353.
d .. * . * ..z:. °
40 ~ o o .zzoo . e °* n
. . .
E:::.. .. ® L 4
Y . .
e .
300 R .
60 - % % '823.. . ., o* -
.'::..’ * * ‘ .‘
L ] ..'sz;g * .'.
2% . °®
LI
. .
80 8 . ® .‘. ::00. . T
* « °* o *3%
* * '. .. .ggo. L]
® .. L] ‘::.
. L] . * .:
* L] * . ::.
.. . " * .=§=.
. , “ o iy
100 L L % L 1 ) 1 ol
0 20 40 60 80 100

Figure 3-12: Structure of the non-zero elements in A after nested dissection ordering of a
10-by-10 mesh. (The underlying boundary value system is a Discrete Poisson with Dirichlet
conditions.)
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ordering compares to the finest-grain partitioning of the mesh given in Section 2.3. The last
variables eliminated in a nested dissection factorization are the N variables which dissect
the mesh into two halves, while the last variables eliminated for the mesh partitioning
algorithm are the 4N — 2 variables on the boundary of the N X N mesh. Yet as the
dissection and mesh partitionings continue recursively, one can see from Figure 3-13 that
orderings begin to look somewhat alike. The orderings, however, produce significantly
different algorithms. For instance, the nested dissection ordering must only be done once
before the factorization begins, yet as was shown in Section 2.3 for mesh partitioning, the
remaining mesh variables must be reordered after each factorization step. These differences
suggest that performance measures in addition to computational complexity and storage

requirements must be considered when comparing the two algorithms.

3.2.1 An approximate solution derived from Nested Dissection

By noting another similarity between nested dissection and mesh partitioning, an approx-
imate nested dissection solution can be developed. It is likely that the approximate algo-
rithm developed in Section 3.1 can be extended to nested dissection for 2-D boundary value
applications which are equivalent to diagonélly dominant matrix equations.

The approximate algorithm for nested dissection begins with the observation that just
before the variables in the primary dissector 5, (see Figure 3-10) are eliminated during the
matrix factorization, the block matrices W; and W, in (3.9) have been zeroed. In other

words, Gaussian Elimination has proceeded to the point where (3.9) becomes

U, 0 7,
A= o 1, 2 (3.10)
0 0 A,

where U; and U, are upper-triangular. The block element {5 will be full due to fill-in
during the factorization. Because the dissector S; contains N elements for an N-by-N mesh,
factoring A; alone will take approximately —2-%13— computations [16]. Hence, one would like a
sparse approximation to A3 similar to that given for D, and @ in Section 3.1. Because
Aj represents the coupling between elements in the dissector S; after all the other variables

in the mesh have been eliminated, one would expect for diagonally dominant systems of
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Figure 3-14: Coupling between variables in a dissector, just before the dissector is to be
eliminated in the factorization.

equations that the coupling decays rapidly with physical distance between variables in ;.
This decay is illustrated in Figure 3-14, which conveys a message identical to that given in
Figure 3-1.

Unlike the radial states described in Chapter 2, Sy is not circular and A3 will not be
circular. The approximation then follows as a simple modification to the approximations
for f)p and (:)22 as

- As(ig), li-jl< B

approx(As) = (3.11)
0, otherwise

where B is again the bandwidth of the approximation. Furthermore, since A in (3.9) has a
self-similar structure after nested dissection ordering, the blocks A; and A, have the same
form as A. The blocks A; and A4, ‘represent coupling hetween elements in C'; and C» of Fig-
ure 3-10, whose dissectors will contain approximately N/2 elements. Hence, at some point
in the factorization, the matrices resulting from factoring A; and A, will both contain full
matrices with dimension N/2 x N/2. These matrices and all similar matrices resulting from
dissections with significant dimension can be approximated by (3.11). Because factoring

these full matrices obviously dominates the O(N?) computations required for the nested
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dissection factorization, the approximation should significantly reduce the total number of

computations. The questions which must then be answered are

e How good is the approximation for a given bandwidth and degree of diagonal domi-

nance?

o How do we determine the resulting approximate algorithm’s computational and stor-

age complexity?

¢ How does the nested dissection approximation perform relative to the mesh partition-

ing approximation given in Section 3.1?

Full answers to such questions are beyond the scope of this thesis. However, since nested
dissection is more efficient (in terms of hoth computation and storage) than mesh parti-
tioning, the approximate nested dissection algorithm will also be more efficient than the
approximate mesh partitioning algorithm for any given approximation bandwidth; but the
relative accuracy of the approximations is unknown. Furthermore, the approximate nested
dissection is much easier to implement, since only the initial ordering is required, and the

approximation consists of a simple banding of a matrix about the main diagonal.

3.3 Examples

The purpose of this thesis is to develop a direct, efficient, parallelizable algorithm for 2-D
acausal IIR filters. The block LU algorithm, as well as a parallel version, were derived in
Chapter 2 as a framework for solving 2-D acausal IIR filters. These algorithms led to a more
efficient approximate algorithm which works well for 2-D houndary value systems equivalent
to diagonally dominant matrix equations. Such systems are a common by-product of dis-
cretizing many elliptic P.D.E.’s with finite difference methods. This section illustrates some
possible applications of the approximate algorithm, such as digital filtering, and compares

the results to the solution obtained by the nested dissection algorithm.

3.3.1 Setting up the examples
For the examples, we again consider a filter described by an NNM difference equation
2(i, 7] = nali,j + 1] + szli,j — 1] + ex[i + 1, j] + weli - 1, 5] + ulf, j] (3.12)
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constrained by boundary conditions. Unless stated otherwise, the boundary conditions are
Dirichlet-type and are derived from the input as follows: if u[¢, j] is given over the square
Q = [1,I] x [1,I], then z[7, j] = u[i, j] along the boundary of Q. One must then solve for
z(i, j] over the square Q, = [2,] — 1] x [2,] — 1].

The applicability of the NNM difference equation was detailed in Chapter 2. However,
it is also worth noting that when n = s and ¢ = w, the NNM corresponds to a zero-
phase filter. One of the reasons that FIR filters are preferred to IIR filters is captured in
[10] where it is written that “One of the biggest advantages that FIR filters enjoy over
IIR filters is the fact that implementable FIR filters can be designed to have purely real
frequency responses”, hence, zero-phase. Yet, ignoring the filter design issue, some efficient
algorithms have already been developed in this thesis which implement the solution to a
zero-phase (which implies acausal) IIR filter. Nested dissection is one such solution which
has been known by those solving P.D.E.’s since the early '70’s.

Although some very general results are obtained regarding the performance of the ap-
proximate algorithm, it is beyond the scope of this thesis to develop any analytic bounds on
the performance of the filter implementations developed in Chapters 2 and 3. The lack of
any closed-form measures of performance is in part due to the large number of parameters
which must be considered when measuring the algorithm’s performance. Those parameters
which impact the efficiency and accuracy of the algorithms developed in this thesis are as

follows:
o the filter coefficients n, s, €, and w
o the input characteristics (e.g. the 2-D DFT of the input)
o the size of the filter domain, [

e the number of local regions, 2M, which can also be seen as the degree of parallelism

in the algorithm
e the radius NV at which the approximations begin, i.e. approximate D, for all p > N

The coefficients chosen for the filter are particularly important, since they determine the
filter’s properties (e.g. frequency response or the possibility of diagonal dominance in the
augmented linear system of equations); yet, they span and infinite set of possibilities. The

following examples attempt to evaluate the performance of the filter as these parameters
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vary. It should be noted that the value chosen for N in the approximate algorithm has
surprisingly little effect on the performance of the algorithm. For ease in programming, the
following examples use the convention N = B 4 1.

All of the examples are implemented on a SUN Sparc2 with 64MB of RAM using MAT-
LAB 4.0. Nested dissection is implemented using the sparse matrix package of MATLAB
4.0 (which is a veryvnice programming environment for handling sparse matrix operations,

particularly inversions). All algorithms are thus implemented on a single processor.

Error Measures

Three measures of error are used in this section, although the utility of any given error
measure depends heavily upon the nature of the application. One measure, the maximum

percentage error is defined to he

di(zy,72) = max LRIU¥) — Tz[l"]“
1<i,5<1 |z1]7, j]|

where z; will be considered in this section to be the output obtained from nested dissection
and z, is the output obtained from one of the algorithms developed in this thesis. This
error measure is particularly demanding, and will produce spurious results when #;[3, j] is
either 0 or very small.

Another measure of error attempts to reduce the affect of outliers on d; due to very
small values of z,[7, j]. This error measure uses the 2-norm, but first we stack the variables
z1[i,j] and z,[7, j] over the rectangle £ into the column vectors z; and z,, respectively.

The second error measure ds is then

|21 — 222
da(21,23) = —7——

’ llz1]]2

which is similar to a signal to noise ratio.
A third error classification is

ey — 22]loo
d3 rq 1['2) = e

(e, e

This measure is similar to the first, except that it does not take into consideration large

percentage errors at pixels which have insignificant values. Note that all three error measures
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are in some sense invariant to the amplitude of the system input.

Inputs

In addition to error measures, we also define a set of inputs which attempt to demonstrate
the algorithms immunity to variations in the input characteristics. Define the following

inputs:
e DC: uy[i,j] =1 for all (i,7) € Q

o IID Gaussian Noise: u3[7, j] is an independent, identically distributed, zero-mean

normal process where each pixel has a variance of 1.0.

o High Frequency Noise: u3[t, j] is obtained by taking the second difference of U,
(where Uy is the I + 2-by-I + 2 matrix of the input u,[¢, j]) in the j direction followed
by the second difference in the i direction. The MATLAB operation is (1) “U, =
randn(I + 2,1 + 2)”, followed by (2) “U; = diff(diff(U,, 2)', 2)”.

¢ “Diagonal” Sinusoid: u4(i, j| = sin(27(i/N; 4+ j/N;)), for varying N; and N;.

e “Rectangular” Sinusoid: us(i, j] = sin(27i/N;)sin(27j/N;), for varying N; and
N;.

For @ = [1,64] x [1,64], N; = 2, and N; = 32, the a grey-scale plot of the diagonal and
rectangular sinusoid are illustrated in Figures 3-15 and 3-16, respectively. These inputs are

combined to form a variety of other inputs.

Difference Equations

Finally, a set of 2-D difference equations must be given. Since one of the motivations
for this research is to develop direct solutions to 2-D IIR. filters constrained by boundary
values, a set of second-order frequency-selective 2-D filters is given. For instance, if one
desired to remove high-frequency noise from a 2-D image while passing low frequencies
and preserving phase, a possible low-pass filter is given by the NNM with the coefficients
n=38=e=w = .15. The magnitude of the 2-D DFT for such a filter is given in Figures 3-
17 and 3-18. A 2-D low-pass filter whose DFT has a more elliptic contour plot is given by
an NNM with the coefficients n = s = .2 and ¢ = w = .1. The frequency response of this
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Figure 3-15: Grey scale magnitude plot the diagonal sinusoid for N; = 2 and N; = 32.

Figure 3-16: Grey scale magnitude plot the rectangular sinusoid for N; = 2 and N; = 32.

86



2.5 1
Q0
3 24 /
2 Jl]
g ///
1.5 4
z Vi
7
14 "//’,//j’,/’/ ' ‘ \\
S KX AR
SEEZII XX X X X OO
0.5, 33eSe%e % %% 5SS >
4 KK

wij 4 4

Figure 3-17: The magnitude plot of the 32-by-32 point DFT of a low pass filter described
by an NNM withn = s =e = w = .15.

elliptic low-pass filter appears similar to that in Figure 3-17, yet its contour plot given in
Figure 3-19 displays an asymmetry not present in Figure 3-18. Another possible low-pass
filter is that given by the coefficients n = ¢ = .13 and s = w = .18, also has a frequency
response similar to that given by Figure 3-17. The contour plot of this skewed LPF (low
pass filter) is shown in Figure 3-20. Note that unlike the previous two low-pass filters, the
skewed filter of Figure 3-20 does not have zero-phase. One final low pass filter is that given
by the NNM with n = s = e = w = .05, whose frequency response is shown in Figure 3-21
to have nearly linear roll-off on the interval [-=, 7.

A crude high pass filter can also be implemented with the simple NNM difference equa-
tion. When n = s = e = w = —.15, the filter has the frequency response given in Fig-
ure 3-22. A mixed filter can also be designed using the NNM coefficients n = s = —.14 and
w = e = .16 which essentially passes high frequencies in w; and low frequencies in wj, as is
shown in Figure 3-23. Note that both the mixed filter is not zero-phase.

Two other systems which will be considered in this section are used primarily to examine

- the numerical stability of the algorithmns developed in Chapter 2 for difference equations not
equivalent diagonally dominant systems. As is shown in Appendix B, the block LU algo-

rithms developed in Chapter 2 can become singular for a countable set of NNM parameters,
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Figure 3-18: The contour plot of the magnitude of the 32-by-32 point DFT of a low pass
filter described by an NNM withn = s = ¢ = w = .15.

2

Figure 3-19: The contour plot of the magnitude of the 32-by-32 point DFT of a low pass
filter described by an NNM with n = s = .2 and e = w = .1.
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Figure 3-20: The contour plot of the magnitude of the 32-by-32 point DFT of a low pass
filter descrihed hv an NNM withn = ¢ = .13 and s = w = .18.

DFT magnitude

wj wi

Figure 3-21: The magnitude plot of the 32-by-32 point DFT of a low pass filter described
by an NNM withn = e =35 = w = .05.
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DFT magnitude

Figure 3-22: The magnitude plot of the 32-by-32 point DFT of a high pass filter described
by an NNM withn=983=¢ = w = —.15.

DFT magnitude

Figure 3-23: The magnitude plot of the 32-by-32 point DFT of a filter described by an
NNM withn=s = -.14 and e = w = .16.
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[ Table of Systems/Filters using the NNM

System Class Description NNM coeflicients {n,s,e,w}

Low-Pass Filter Poisson/Laplacian {.25,.25,.25,.25}
circular contour {.15,.15,.15,.15}
elliptic contour {.2,.2,.1,.1}
skewed contour {.13,.18,.13,.18}
linear roll-off {.05,.05,.05,.05}

High-Pass Filter circular contour {-.15,-.15,-.15,-.15}

Mixed Filter High pass along i-axis {-.14,-.14,.16,.16}

“Near” Singular System {.49,.49,.49,.49}

Non-physical system {10,10,10,10}

Table 3.2: Systems described by NNM difference equations to he used in the examples.

such as when n = s = e = w = .5. However, one would like to show that the algorithms are
numerically stable for difference equations “near” these ill-conditioned problems, such as
when n = s = e = w = .49. In addition, the system given by the NNM difference equation
n=3s8=e=w = 10 is also considered, althongh such a system appears to have no physical
interpretation (as a finite difference approximation). A summary of the preceding difference
equations is given in Table 3.2.

The numerical results of this chapter can essentially be divided into two parts. Note
that when no approximations are made, nested dissection is the choice of implementation.
However, in the first part the boundary value systems are implemented with the algorithms
of Chapter 2 making no approximations in order to demonstrate the numerical stability of
these algorithms. The stability of both the local factorizations (block LU factorization for
a single radial ordering) and the inter-processor factorization steps is given. The second
part of the results uses the approximations made in Section 3.1 and describes the accuracy

of the solution both when the mesh is partitioned and when it is not.

3.3.2 Numerical stability of mesh partitioning algorithm

In demonstrating the numerical stahility of the mesh partitioning algorithm, we essentially
seek to demonstrate emﬁirically that the errors do not increase appreciably as the number
of local and inter-processor factorization steps increase. Let z; correspond to the filter
output obtained by nested dissection and z, contain that produced by the mesh partitioning

algorithm of Section 2.3. Observations on numerical stability can then be drawn from
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Table 3.3, which shows the solution errors obtained when a number of systems (sampled
from Table 3.2) are driven by the input u = (0.5u3 4+ u4) with N; = N; = I'/8. Note that
when M = 0—when there are no partitions—the simulations are only done for meshes of
size I < 61, because the memory and computational requirements increase rapidly with the
number of local factorization steps.

It is apparent from Table 3.3 that the errors do not increase appreciably as the number
of local or inter-processor communication steps increase. In other words, even for those
NNM parameters near those which cause singularities, the mesh partitioning algorithm is
numerically stable. One should also note from Table 3.3 that for a given mesh size I, the
errors are independent of the number of partitions, or equivalently the number of inter-
processor communication steps.

Knowing that the magnitude of the errors is independent of the size of the domain Q—
independent in the sense that the errors dy(z1, 2,) and d3(z,, z2) do not increase significantly
when increasing from I = 32 to I = 128—one would also like the errors to be invariant of
the form of the input for any given system. As an example, we investigate for some low-
order filters how the errors vary as the input moves from the stop band to the pass band of
the filter. Consider the circular contour low-pass filter given by an NNM with coefficients
{n,s,e,w} = {.15,.15,.15,.15}, whose 2-D Fourier Transform is illustrated in Figures 3-
17 and 3-18. A possible input is the diagonal sinusoid us with N; = N;, whose Fourier
Transform consists of two impulses along the line w; = w; equidistant from the center of the
frequency plane at (w;,w;) = (0,0). When N; = N; varies from I to 2, the impulses move
from the low-pass filter’s pass band near (w;,w;) = (0,0) along the line w; = w; to the stop
band near (w;,w;) = (£7,£7). The Fourier transform of the diagonal sinusoid is shown
for varying frequencies in Figures 3-24 to 3-26 when I = 64. The rectangular sinusoid us
has a Fourier Transform which can be derived directly from that of the diagonal sinusoid
with the same N; and N; by adding the two impulses obtained by reflecting the DFT of
the diagonal sinusoid about the w; or w; axis. The transform of the rectangular sinusoid
obtained from Figure 3-25 is given in Figure 3-27.

Fixing the size of the filter domain to = (1, 64]x[1, 64], the errors are given in Table 3.4
for both the low-pass filter of Figure 3-17 and the high-pass filter of Figure 3-22 as the inputs
ug and us move from the pass to the stop bands of both filters. For both the high-pass

and low-pass filters, the value of the error is both small and relatively independent of the
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NNM Parameters I M di(z1,22) _d;(:cl, x;T da(z1, z?f
{n,s,e,w} Mesh Size | (2™ Partitions)
{.25,.25,.25,.25} 9 0 1.07e-14 3.02¢e-16 | 4.35e-16
Poisson 31 0 3.05e-13 9.55e-16 1.01e-15
LPF 61 0 2.16e-11 2.74e-14 2.06e-14
16 1 5.75e-14 2.22e-16 1.86e-16
32 1 9.32e-12 4.05e-15 2.45e-15
64 1 4.53e-10 7.17e-14 1.36e-14
32 2 9.02e-11 7.37e-15 1.00e-14
64 2 1.31e-09 6.68e-15 1.22e-14
128 2 1.47e-10 1.27e-14 3.61e-14
{-.15,-.15,~.15, —.15} 9 0 2.09e-15 3.14e-16 3.10e-16
HPF 31 0 3.54e-13 4.96e-16 9.19e-16
61 0 4.02e-13 5.51e-16 1.21e-15
16 1 7.77e-15 2.13e-16 9.06e-16
32 1 6.04e-14 5.00e-16 1.17e-15
64 1 8.73e-13 5.53e-16 1.21e-15
32 2 4.84e-13 4.64e-16 | 8.6%e-16
64 2 4.76e-12 5.53e-16 1.21e-15
128 2 1.40e-12 5.62e-16 1.18e-15
{.49, .49, .49, .49} 9 0 1.57e-13 1.31e-15 1.50e-15
31 0 2.40e-12 5.87e-14 4.5%e-14
61 0 5.25e-10 2.58e-12 2.96e-12
16 1 6.63e-13 5.90e-15 | 4.18e-15
32 1 3.04e-12 7.34e-13 1.76e-13
64 1 3.97e-11 1.35e-12 9.02e-13
32 2 1.61e-11 1.63e-14 1.99e-14
64 2 7.10e-11 1.33e-13 1.27e-13
128 2 1.15e-07 5.48e-12 6.13e-12
{10,10, 10,10} 9 0 5.60e-14 3.94e-15 1.11e-14
31 0 3.39%e-11 5.99e-14 | 4.58e-14
61 0 3.82e-09 8.57e-13 8.65e-13
16 1 5.74e-14 4.04e-14 1.81e-14
32 1 3.40e-11 4.45e-14 2.28e-14
64 1 4.56¢-09 6.36e-13 | 4.55e-13
32 2 1.08e-11 3.46e-14 | 4.39e-14
64 2 6.10e-09 4.71e-13 2.96e-13
128 2 2.12e-08 3.82e-12 4.19¢-12

Table 3.3: Changes in error with the size of the domain @ = [1,] x [1,I] and the number of
local and inter-processor factorization steps. The input is u = 0.5u; + u4 with N; = N; =

1/s.
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l_l\iI_\TM parameters Input [ N; = N; | di(zy,23) | da(zy, x2) | da(2y, 22)
[1.15,.15,.15, .15} ” 1/2 0.136 | 4.37e-16 | L8215
diagonal 1/8 2.02 4.90e-16 1.76e-15

Low Pass sinusoid i/16 0.137 5.02e-16 | 2.37e-15
Filter I/31 0.007 6.59e-16 | 2.4be-15
us I/2 0.385 5.27e-16 | 1.82e-15

rectangular I/8 2.02 4.90e-16 | 1.76e-15

sinusoid I/16 1.83 4.77e-16 1.72e-15

1731 1.63 6.79e-16 1.94e-15

{15, _.15, —.15, —.15} ” P 155 6.51e-16 | 2.45e-15
diagonal 1/8 0.416 5.99e-16 | 2.54e-15

High Pass sinusoid I/16 0.183 4.92e-16 1.60e-15
Filter 1/31 0.111 4.39%e-16 1.82e-15
s 1/2 1.25 6.80e-16 1.94e-15

rectangular 1/8 3.037 5.83e-16 | 2.07e-15

sinusoid I/16 0.478 5.36e-16 | 1.60e-15

I/31 1.25 5.19e-16 1.73e-15

Table 3.4: Error in response of high and low pass filter to diagonal and rectangular sinusoids
when M = 2 (four partitions) and I = 64.

frequency of the input. The large errors in Table 3.4 for error measure dy(z1, ¢3) are outliers
due to this error measure’s sensitivity to near zero output values.

The mesh partitioning algorithm has been shown for a number of systems to be immune
to input variations, and exhaustive simulations indicate that this invariance is a property
of most NNM boundary value systems. However, in the context of filtering, one is not only
concerned with how closely z approximates the exact solution to Az = b, but one also would
like to know the form of £ when a filter system (which is a difference equation and bound-
ary conditions) is driven by a complex exponential input ei(wim+wanz) - The filter system
frequency responses shown in Figures 3-17 through 3-23 only have significant meaning if
complex exponentials are eigenfunctions of the filter system. Complex exponentials, such
as diagonal sinusoid, are eigenfunctions to systems described by linear constant-coefficient
difference equations when the input is defined over the entire discrete plane in R2, but we
are using boundary conditions to window the region over which the output is to he com-
puted. The question then is whether or not the boundary conditions can be chosen such
that the filter output corresponds to a weighted sum of the individual harmonics of the

input. Namely, do the frequency responses of the filters, which are derived from the 2-D
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difference equations, correspond to the eigenvalues of the system.

As was mentioned in Section 3.3.1, all of the previous examples used Dirichlet conditions
in which the output values along the houndary were set to the input values continued to
these locations in the mesh. Such boundary conditions are appropriate if all the input
harmonics lie entirely within the pass band of the filter (and the filter pass-hand has a
magnitude of one), yet would be inappropriate if all of the harmonics are outside the pass
band, since one would then expect the output to be near-zero along the boundary and in
the interior. Dirichlet conditions which zero the filter output along the boundary would
be inappropriate for similar reasons. The following example, however, illustrates that a
sinusoidal input to a 2-D IIR filter with boundary conditions is seen at the filter output as
essentially a sinusoid of the same frequency and desired attenuation with slight distortion
at the boundaries.

Figures 3-28 to 3-33 show the contour lines and corresponding Fourier Transform of the
input and output to the low-pass filter defined by an NNM with the coefficients {n, s,e,w} =
{.15,.15,.15,.15} when the input is a diagonal sinusoid in the filter’s pass-band. It can be
seen from the figures that if the boundary conditions are chosen properly, the sinusoidal
output will have little distortions. Yet even for the zero Dirichlet conditions in which the
distortions are greater, the distortions are present primarily at the boundaries of the 64-
by-64 mesh. Furthermore, as the size of the mesh increases, the distortions become less
noticeable. This decrease is illustrated in Figure 3-34, which shows the output from the
filter computed over a 250-by-250 mesh with zero Dirichlet conditions.

The Fourier Transforms of the outputs when I = 64, illustrated in Figure 3-31 and 3-33,
confirm that the outputs are basically diagonal sinusoids at the same frequency as the input,
and with magnitudes amplified by the magnitude of the low-pass filter’s Fourier Transform
(see Figure 3-17) at these frequencies. Hence, even for these primitive boundary conditions,
the outputs to the 2-D IIR filters are the desired diagonal sinusoids with small distortions
near the boundaries.

These cases in which the inputs are confined entirely to the pass or stop bands of a filter,
however, is unrealistic. More appropriate boundary conditions for filtering applications
might be Neumann conditions, which are detailed in Section 2.1. With large sized mesh,
one would expect that the output from a low-pass filter will change “slowly” in any spatial

direction, so a reasonable boundary condition is to assume that the gradient of the output
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Figure 3-28: Contour plot of a diagonal sinusoid (truncated at the boundaries) with N; =
N; =1/2and = (1,64] x [1,64].
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Figure 3-29: Fourier Transform of a diagonal sinusoid (truncated at the boundaries) with
N;=N;=1/2and Q = [1,64] x [1, 64].
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Figure 3-30: Contour plot of the output to a low-pass IIR filter with zero Dirichlet conditions
and an input of a diagonal sinusoid (truncated at the houndaries) with N; = N; = I/2 and
Q = [1,64] x [1,64].
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Figure 3-31: Fourier Transform of the filter output with zero Dirichlet conditions.
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Figure 3-32: Contour plot of the output to the low pass filter when the Dirichlet conditions
are derived from the filter input.
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Figure 3-33: Fourier Transform of the filter output with Dirichlet conditions derived from
the filter input.
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Figure 3-34: Contour plot of the output to a low-pass IIR filter with zero Dirichlet conditions
and an input of a diagonal sinusoid (truncated at the boundaries) with N; = N; = I/2 and
Q = [1,250] x [1,250].

normal to the boundary of the mesh is zero. In other words, the output values along the
boundary equal their nearest neighbor just inside the boundary. For a .high-pass filter, an
appropriate boundary condition might he to constrain the output values along the boundary
to be equal the negative of their nearest neighbors just inside the boundary. In general, the

appropriate choice of boundary conditions will depend upon the filtering application.

3.3.3 Performance with approximations

Assuming that one is willing to sacrifice accuracy for computational savings, this section
then details by example the level of accuracy which can be achieved for a given savings in
computation. This section also attempts to define the class of filters for which the errors
are acceptable when implemented with the approximate mesh partitioning algorithm. Note
that for the examples in this section, 2 is still the solution obtained by nested dissection,
and z, is now that obtained by the approximate mesh partitioning algorithm.

Since the only filters discussed in this thesis are those implicitly defined by a NNM
difference equation with scalar coefficients (n, s, e, w), it would suffice in this context to

define the set of NNM coefficients for which the approximation performs well. Ideally, one
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would like an analytic expression of the form
f(n,s,e,w, B) < dy(z1,72)

from which one could determine the accuracy of an approximate implementation with band-
width B for any given difference equation. Such a rigorous derivation is beyond the scope of
this thesis, yet very strong statements can be made about the applicability of the épprox-
imation for any NNM difference equation based upon the degree of diagonal dominance of
the filter (if the 2-D filter is augmented into the large systems of equations Az = b, any row
in A other than those given by the boundary conditions will sum to (1 —n — s — e — w)).
The accuracy of the approximation algorithm, for any fixed bandwidth, turns out to be

proportional to the ratio
1

T Tnl+ [+ le] + ]

q

which is simply a measure of the diagonal dominance of the system. When ¢q > 1, the filter
system is defined to be diagonally dominant, and when ¢ > 1 the filter system is defined to
be strictly diagonally dominant. The errors introduced by the approximation algorithm are
essentially discontinuous at ¢ = 1. Namely, for ¢ > 1, the errors decrease rather smoothly as
q increases. Yet for any reasonably small approximation bandwidth, the errors introduced
by the approximation jump dramatically near ¢ = 1. The relationship hetween diagonal
dominance and errors in the solution due to approximation is given in Figure 3-35 for
NNM filters in which n = s = ¢ = w. (The errors in Figure 3-35 were obtained without
partitioning the mesh (M = 0), with the approximation bandwidth B = 5, = 40 x 40,
and the input is given by u;). The data in this figure is obtained for filters in which all the
filter coefficients are equal. Let c = n = s = e = w, then ¢ = :ﬂl?[' Note that in this case,
g = 1 corresponds to the Discrete Poisson equation—a system for which the approximation
algorithm was stated in Section 3.1 to produce unacceptable errors in the solution. Note
that although the results given in Figure 3-35 are for filters in which all the coefficients are
equal, a similar relationship is characteristic of diagonally dominant systems which do not
exhibit this symmetry.

Again, since this thesis is partly concerned with filtering applications, one again would
like to know how well suited these approximate solutions are for filtering applications.

Namely, one would like a sinusoidal input to appear at the output as scaled version of
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Figure 3-35: Log plot of dy(xq,22) when ¢ = n = s = € = w and B = 5. The diagonal

dominance ratio is then ¢ = ﬁ.
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the input, hoping that the approximation does not introduce any distortions beyond those
mentioned in the previous section. The following example investigates how well a NNM
filter can extract noise from a pure sinusoid without corrupting the sinusoid. Consider the
zero-phase (in the sense that the filter frequency response is zero-phase without considering
boundary conditions) mixed filter given in Table 3.2, which has the frequency response
illustrated in Figure 3-23, driven by the input u = 0.4u3 + us with N; = I'/31 and N; = I /2
on a mesh of size ? = [1,64] x [1,64]. The frequency response of this input is given in
Figure 3-36, which consists of a rectangular sinusoid embedded in high frequency noise.
Because the rectangular sinusoid is in the pass-band of the mixed filter, the filter can
be used to remove a significant portion of the noise. The filter output obtained by the
mesh partitioning algorithm (M = 2) without any approximations is given in Figure 3-37,
and that obtained by the approximate algorithm with B = 5 is given in Figure 3-38. The
transforms of the output testify to the fact that the mesh partitioning algorithms, hoth with
and without approximations, essentially attenuate the high frequency noise and scale the
rectangular sinusoid by the magnitude of the filter in the pass band. The B.C.’s used in this
case were again Dirichlet conditions derived from a continuation of the input. The errors in
the approximation for this example are d»(71, 72) = 1.20x 1076 and d3(z1, ) = 2.10x 108,

With the high frequency noise added to the input, it is difficult to detect the distortions
in the output sinusoid introduced by the Dirichlet conditions when implementing the filter
with the approximate mesh partitioning algorithm. Instead, consider the again the high-
pass filter from Table 3.2. For an input which again is the low-frequency rectangular sinusoid
given in Figures 3-28 and 3-29, the output is found with an approximation bandwidth of
B = 5. The contour of the approximate output and its Fourier Transform are given in
Figures 3-39 and 3-40. One can see again from the contour plot and Fourier Transform that
the output is essentially a scaled version of the input. If the boundary conditions were not
chosen to he a properly scaled extension of the sinusoidal input, as would he the case for any
general application in which the input is composed of a superposition of complex exponential
at many frequencies, more distortion would be evident at the boundaries. One would instead
design more general boundary conditions for the application, such as Neumann conditions
for a low-pass filter.

In these filtering examples it was shown that even for small approximation bandwidths,

low-order filters can be implemented which essentially attenuate the harmonics in the input
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Figure 3-36: DFT of v = 0.2u3 4 us with N; = I/31 and N; = I/2 which is used as an
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Figure 3-37: DFT of the “exact” output of the mixed filter driven by u = 0.2u3 + ug with
Ni = 1/31 and NJ' = 1/2.
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Figure 3-38: DFT of approximate output of the mixed filter driven by u = 0.2uz + ug with
N; =1/31and N; =1/2 with B =5.
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Figure 3-39: Contour of high-pass filter output (approximated with B = 5) when driven by
the input u = ug with N; = N; = I/2.
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Figure 3-40: DFT of high-pass filter output (approximated with B = 5) when driven by
the input u = ug with N; = N; = I/2.

by the amounts given by the Fourier Transform of the system function. However, the larger
question of how the approximation errors vary with the bandwidth and size of the mesh
has not been answered. The following example illustrates that errors in the approximate
solution drop exponentially with the bandwidth of the approximation.

Fix the size of the filter domain to 2 = 128 x 128, and consider the low-pass filter
with {n,s,e,w} = {.15,.15,.15,.15} driven by the diagonal sinusoid with N; = N;. For
sinusoidal inputs which vary between the pass and stop band of the low-pass filter, the
error da(zy, ) is plotted in Figure 3-41 versus the bandwidth of the approximation. Note
that the figure shows that in general, for the same handwidth approximation, the errors are
slightly more pronounced in the pass-band than in the stop-band. Yet the most striking
conclusion to be drawn is that for any input the errors decrease exponentially with the size
of the approximation bandwidth, and that very small errors can he obtained for bandwidths
as low as B = 3. Similar results can be found for other diagonally dominant filters.

The final example gives a relationship among input domain size, the number of local fac-
torization and inter-processor communication steps, and the approximation error. Varying
the mesh from size I = 32 to I = 256, Table 3.5 gives the errors incurred with an approxi-

mation bandwidth of B = 5 when two filters are driven by the input u = 0.2u3 + us, + us,
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EﬁNM Parameters I I l M l d‘[(a‘ﬂ],;l'z) ! dz(:c1,:c2u_:13(m1,mg)1

[{.13,.18,.13,.18} 32 | 0 | 0.0026 | 4.72¢-06 | 5.88e-00
Skewed LPF 61 | 0 | 0.0076 | 5.09¢-06 | 8.19¢.06
32 | 2 | 0.0020 | 1.92¢-06 | 3.08¢-06

64 | 2 | 0.0302 | 2.80e-06 | 4.41e-.06

128 | 2 | 0.0140 | 3.12¢-06 | 5.84e-06

356 | 2 | 0.0315 | 4.13e-06 | 6.44e-06

[-15,.16,.15-.15} | 32 | 0 | 0.0011 | 1.81e-06 | 3.24e-06
HPF 61 | 0 | 0.0499 | 2.01e-06 | 2.08e-06
32 | 2 | 0.0037 | 1.30e.06 | 3.32e-06

64 | 2 | 0.0160 | 1.80e-06 | 3.24¢.06

128 | 2 | 0.0207 | 1.92e-06 | 5.19¢-06

256 | 2 | 0.0460 | 1.99¢-06 | 2.40e.06

Table 3.5: Errors vs. I and M, which together determine the number of local and inter-
processor factorization steps. B = 5.

where us, is a rectangular sinusoid with N; = N; = I/2 and us, is a rectangular sinusoid
with N; = N; = I /8. One can see from Table 3.5 that as the mesh size varies from 32-by-32
to 256-by-256 the errors remain relatively constant. The large error given by d; can be
shown to be due to a very small number of outliers at mesh locations where the output is
small.

These examples have demonstrated the general numerical accuracy of the approximate
algorithm for the second-order NNM filter, and also how the approximation improves with
the degree of diagonal dominance and the bandwidth. In fact, even for small bandwidths,
such as B = 3, the approximation produces a highly accurate solutions for meshes with large
size and up to four partitions. Similar results should hold for a more finely partitioned mesh.
It also seems reasonable that similar relationships hold for higher-order 2-D filters which

exhibit diagonal dominance.
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Chapter 4

Conclusions and Future Research

The objective of this work was to develop and investigate efficient, direct, and parallelizable
algorithms for 2-D boundary value systems, particularly in the context of digital filtering.
A few algorithms were discussed which appear to he provide a suitable framework for im-
plementing 2-D IIR filters. One such algorithm, the mesh partitioning algorithm developed
in Chapter 2, was shown to be similar in form and performance to nested dissection—a
common algorithm used to solve P.D.E.’s and finite element applications. Although neither
of these direct solutions to 2-D boundary value problems is a novel approach, using these
algorithms to implement 2-D IIR filters is undoubtedly new to those in signal processing.
These implementations are very efficient when the costs of the matrix factorization can be
amortized over a large number of inputs. Furthermore, for those willing to make approx-
imations, an approximate factorization requiring significantly less computations was given
for both nested dissection and mesh partitioning.

The mesh partitioning algorithm developed in Chapter 2 is based upon the parallel
estimation algorithms given in [37]. By partitioning the elements in a mesh of size I-by-I,
one obtains an ordering of the matrix equations which allows for the factorization of the
matrix in O(I*) computations requiring O(I?) storage elements. The examples of Chapter 3
and extensive simulations beyond those explicitly illustrated in this thesis show that the
performance of the mesh partitioning algorithm is excellent for a large class of 2-D boundary
value systems and a large number of inputs.

After developing the mesh partitioning algorithm in Chapter 2 and its approximation at

the beginning of Chapter 3, the focus of this thesis then shifted nested dissection. Although
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mesh partitioning appears to be very similar to nested dissection, nested dissection results
in a different ordering of the system of equations which can be factored in O(I®) compu-
tations requiring O(I21nI) storage elements. It is shown in [14, 13] that these asymptotic
performance measures are optimal for a direct solution to any low-order boundary value
system similar those defined in this thesis. Nested dissection is also easier to implement
than mesh partitioning, since only an initial ordering of the equations is needed, yet it is
unknown how well nested dissection performs when making approximations.

When one is willing to accept small errors in the solution, as is the case in many
filtering applications, an approximate yet more efficient algorithm might be preferred. For
difference equations resulting in diagonally dominant systems, it was shown in Chapter 3 for
the mesh partitioning algorithm that approximations can be made during the factorization
which significantly reduce the required number of computations. The mesh partitioning
algorithm orders the variables along the mesh boundary last, meaning that they are the
last variables eliminated. Therefore, boundary conditions are invoked only at the last step
of the factorization, such that the property of diagonal dominance depends only upon the
coefficients of the difference equation. To measure the accuracy of the approximation,
the degree of diagonal dominance q (determined by the difference equation coefficients)
and an approximation bandwidth B were defined in Chapter 3. The examples showed
that, as ¢—! decreases linearly to zero from one, the errors in the approximate solution
decrease exponentially. Also, as B increases linearly, the errors decrease exponentially, while
the computational complexity of the full matrix inversions within the mesh partitioning
algorithm increase as B2?. The errors in the approximate solution were found to be robustly
invariant to the form of the inputs and the size of the 2-D mesh.

These two direct factorizations, both with and without approximations, provide efficient
solutions to low-order 2-D houndary value systems and are well-suited to cases in which the
costs of the factorization can he amortized over a number of inputs. The approximate mesh
partitioning algorithin applies to a smaller class of 2-D boundary value systems than those
solved by mesh partitioning without approximations. Yet this class appears to include
a number of important applications, such as physical oceanography [36] and 2-D signal
processing. The examples focused on some simple 2-D signal processing applications in
which the filters were implemented with NNM difference equations constrained by boundary

conditions. The examples showed that the response of a filter to a pure sinusoid is a sinusoid
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at the same frequency with attenuated magnitude and small distortions along the boundary.
However, these distortions are small and become less noticeable when the size of the mesh
increases. In other words, as the houndaries extend in all directions towards infinity, the
boundary conditions appear to have less effect on the output values near the center of the
mesh. This observation is very similar to the notion of stability given for 1-D two-point
boundary value systems in [34], except that for the systems in [34] the dimension of the
boundary systems remains constant as the size of the filter output region increases.

The filtering examples lead to two possible areas of future research. First, all of the
frequency responses given in the examples were for diagonally dominant systems, a class
whose system properties might account for the observed “decay” in the effect of the bound-
ary conditions on the filter output. This “decay” is analyzed in [34] as a notion of stability
for 1-D boundary value systems which have constant-coefficient dynamics with constant
state dimension. One would like to extend this framework to 2-D boundary value systems,
where the dimension of the houndary now grows with the size of the computed output.
Such a framework would allow one to determine the effect of a 2-D IIR filter system’s
boundary conditions on the filter output for large mesh sizes. Secondly, 2-D IIR filter appli-
cations which are more complex than those found in this thesis call for boundary conditions
more complex than the simple Neumann and Dirichlet conditions described in the exam-
ples. One could investigate how suitable boundary conditions can he chosen for general 2-D
IIR filters. These two areas of research essentially seek to answer how appropriate direct
implementations of 2-D IIR filters are for 2-D signal processing applications.

When extending the mesh partitioning and nested dissection algorithms to boundary
value problems in higher dimensioné, the computational complexity and storage require-
ments of the direct factorizations increase dramatically. For these reasons, iterative solu-
tions are strongly preferred over direct solutions to 3-D boundary value problems [29, 30].
For a cube with I x I x I elements, nested dissection requires O(I¢) computations, which
is an unreasonable number even for small cubes. Iterative solutions can be found requiring
much less computational complexity. Even in 2-D, simple iterative schemes like Gauss-
Jacobi and Gauss-Seidel [16] are guaranteed to converge for strictly diagonally dominant
systems of equations (proven with a simple application of the Gerschgorin Circle Theorem),
which then begs the question regarding 2-D IIR filters as to how the direct implementations

given in this thesis compare to iterative implementations, such a Preconditioned Conjugate
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Gradient methods [16]. One would also like to know how the 2-D IIR implementations com-
pare to their FIR counterparts, which can be implemented efficiently with the 2-D FFT.
Finally, the feasibility of implementing 3-D boundary value systems with the approximate
direct algorithms could be investigated.

There are a few more questions which were raised but unanswered in the body of the
thesis, yet could be the subject of future research. First, it was emphasized in Chapter 2
that for some difference equations the block factorization will fail due to singularities in
the leading principle sub-matrices of the large matrix A in Equation (2.25). These sys-
tems are singular in the sense that the boundary conditions cannot be causally propagated
through the dynamics due to singularities encountered during the propagation. The sys-
tem’s dynamics (see Equations (2.21)-(2.23)), however, are extremely difficult to analyze
since the state has growing dimension. There has been a significant amount of research
(28, 27, 34, 33, 32] for singular systems (often referred to as Descriptor Systems) when
the system can be expressed as a constant-coeficient constant-state dimension dynamical
system constrained at the boundaries. There has been little effort to describe and analyze
singular systems with varying state dimension, so one could extend the stochastic theory
given in [31] for 1-D boundary value sytems with time-varying state dimension to provide
a deterministic framework for boundary value systems with varying state dimension.

Another area of possible research is to better understand the properties of the approxi-
mations made in Chapter 3. A first step would be to implement the approximation described
in Section 3.2.1 for nested dissection and to compare the accuracy of this algorithm with
that of the approximate mesh partitioning algorithm.

A better understanding of the approximations might lead to fast iterative solutions to -
elliptic P.D.E.’s. For diagonally dominant systems, one might use the solution obtained by
an approximate direct factorization to Az = b to initialize an iterative algorithm. If z,,, is

the solution obtained by the approximate algorithm, then express 4y, as
Tapp = AT 1D (4.1)

where we let A, = A — A. The matrix A represents the perturbation in the system due to

the approximation. Noting that

(Ao + A)z = b (4.2)
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the following iterative scheme can he derived

ery1 = —(A71A)zr + AJ'h (4.3)

o = Tapp (4-4)

One must then obtain bounds on the spectral radius of the matrix (A51A) to see how fast
the errors in the original estimate z,,, decay to zero.

The approximate factorizations might also suggest an iterative solution to 2-D boundary
value systems which are not diagonally dominant. Consider a boundary value system in
which A is not diagonally dominant (or “just barely” diagonally dominant), yet can be
expressed as A = (Agq+ As), where Agq is strictly diagonally dominant and A; is a relatively

small perturbation. One has the relation

(Agqg + As)z = b (4.5)
A

I

Add + As (4.6)

where the system A 4z = b corresponds to a 2-D filter system in which A4q can be factored

efficiently by one of the approximate algorithms of Chapter 3. One can then obtain efficiently
z=-A7] Asz + A7}b (4.7)

which suggests the following iteration
Trp1 = —AZ] Aszi + A7 b (4.8)

These two iterative solutions are only suggestions which might lead to more interesting
and efficient iterative solutions to low-order 2-D houndary value problems. These algorithms

also might be of interest by themselves to the linear algebra community.
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Appendix A

Coefficients for NNM with Radial
Mesh Ordering

The form of the coefficient matrices D,, F,, G,, and H, in Equations (2.17)-(2.19) is
described in this appendix for both 1-norm and co-norm radial orderings. With n, given by

(2.12) and (2.16) for scalar =i, j], the dimensions of the coefficient matrices are as follows:

D, € ReX"e (A.1)

G, € Rret1 X7 (A.2)

F, € RMe-1X"e (A.3)

H, € Rrexme (A.4)
H, = diag{B, B,...,B} (A.5)

where m, is the dimension of the input vector u,. For inputs u[i, j] equal in dimension to

z[i, j], m, and n, are equal. Also, due to the the time-invariance of the NNM, an operator

* will be defined such that
{N*, S E*W* I} ={ST,NT,wT ET, I} (A.6)

For the purposes of this thesis, the effect of the * operation is that for a matrix Q whose

elements consist only of N, §, E, W, I, and 0, then Q* equals Q with N interchanged with
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Figure A-1: A possible ordering of states zo, 1, and z; for an co-norm radial ordering of
the mesh.

S, W interchanged with E, and all of the elements transposed. Equation (A.6) gives the

relationship

Fopn = {GT}* (A7)

which means that it is sufficient to specify the matrices F,, without explicitly describing G .

For oo-norm orderings, in order to give a more detailed description of D, and F),, one
must first specify the ordering of the mesh elements within #,. The ordering assumed for the
rest of this appendix is illustrated for #; and z; in figure A-1. Generalizing to larger states,
the first element of z, is the mesh variable at a radial distance p from the center which lies
directly north of the center. The rest of the elements follow by stepping counter-clockwise
around the radial square.

In the following matrices, without any loss of generality, only the scalar form of (2.2) is

shown, and the capital NNM coefficients from Equation 2.2 become the scalars n, s, e, and
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0, 1, and 2:

w. An ordering like that in figure A-1 gives the following matrices for p

(A.8)

Dg:l

(A.9)

I

D,

D, =

(A.10)

FI:[nOwOSOEO]
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Fy =

oo o o o o o o 3

o 0o o o o o©

o O O o o o o <o

o O o o o © & ©

o= -]

o o o o o 8

0 0
00
0 0
w 0
0 0
0 0
0 0
0 0
Go =
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(A.12)



[s 0000 0 0 0]
0 s 0000 0 0
000000 0 O
0 e 00000 O
00e 000 0 0
000e¢ 00 0 0
000000 0 0
G_|00 om0 000 (A13)
000 0mn 00 0
00000 0 0
000000 0 0
00000 w0 0
000000 w 0
000000 0 w
0000000 O
(000000 0 s

Matrices corresponding to greater radial distances from the origin can be easily induced
from those above, or one can refer to [37] for a algorithmic description of the matrices for
arbitrary p.

With 1-norm radial orderings, D, = I. F, follows a similar a pattern similar to the F,
created by oo-norms, and will be left to the reader to formulate. (Again, an algorithmic
description of the matrices in A for 1-norms is given in [37]). Note also that one can easily
modify the coefficient matrices given in this appendix to represent an NNM difference

equation like that in (2.2), but with time-varying coefficients.
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Appendix B

NNM Parameters Causing

Singularities

As is mentioned in Chapter 2 the block LU factorization exists if and only if the leading

principal sub-matrices of 4 in Equation (2.25)

[ Dy -F, 0 0 e 0]
Go Dy -F, 0 e 0
0 -G, D, -F cee 0
A, = o : (B.1)
0 ... 0 -G, D, -F,
0 0 0 —G,.. D,

are non-singular for all p = 0,..., R=1/2. It can be shown that if the leading principal sub-
matrix A, in nonsingular, then D, is also nonsingular. Namely, if the Block LU algorithm
has progressed for (p—1) steps without having encountered a singularity, then D, will be
singunlar if and only if A, is singular. This claim is proven as follows: first, express A, in

block form as

A = A11 A12 . I 0 All AIZ
e =
Ayy Ajo Apn A7 T 0 U
where
Ay = A, (B.2)
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A = [0,0,...,~G,_1] (B.3)
A = [0,0,...,—_F}]T (B.4)
A = D, (B.5)
Uss = Azp — An AL Az (B.6)

U,z is known as the Schur Complement [12] of this block factorization. Since A,; is non-
singular, then the matrix U,s is singular if and only if A, in singular. The matrix Uj,,
however, is equal to D,, as can be shown by making the proper substitutions into (B.6) and
comparing it with (2.28), (which concludes the proof).

Taking the determinant of A, in (B.1) and setting it equal to zero allows one to solve
for the model parameters at which the block LU algorithm will fail due to a singularity in
f)p. In this section, the analysis is limited to co-norm radial orderings, although one could
painstakingly derive similar results for 1-norm orderings. Using Appendix A, one can see
that the determinant will be solely in terms of the NNM parameters, n, s, €, and e, and
is independent of the inputs, boundary conditions, and input parameter b. As would be
expected from the symmetric structure of the NNM, the determinant of A, is symmetric

about the values of n and s, and about e and w, such that

det{AP} = fp(n’ 3, €, w) = fp(S,n, e,w) = fp(n’ 8, wve)

Furthermore, setting the polyvariate determinant f,(n, s, e, w) equal to zero yields roots in

the form

ns = g,((ew)?) (B.7)
ew = g,((ns)'/?) (B.8)

where g,(z) is a second-order polynomial in . Specifying the roots of the determinant of
A, is, therefore, identical to specifying the all of the functions g,(z). Let 5, be the set of
all functions g,(z). From the set S, one can then determine all of the NNM parameters
which cause the matrix D, to be singular. With some symbolic manipulation (using the
application MAPLE), the sets §, for p = 0,...,4 are shown in Equations (B.9)-(B.13),
where S is obviously the null set since Dy = 1. The roots then follow from (B.7) and (B.8).
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(B.9)

So=¢
3!2 13
S, = ( 1 2274243041 ) (B.10)
Sy = ( ’:li’ 1, 322+23z2+1, 22+2z2+1, 3¢2i2§/§=~tl, mzﬁ:gm-l-l ) (B.11)
£
( ';'y 2 2 2, \
2:::7:*:2212::;1:1,
(6+4v2) 22122V 10+7v224(24v2)  (6-4v2)2®+2v2V10-7v/22+(2~v32)
] ’ 2 ’
(B.12)

(2-v2)z?+2 vV 2-v2x+1
3 ’

S3 = (2+v2) 2242 V2+/2z+1
2 b
222422V 24V 224242 222422 2-v22+2-v/2
] ’ 3 ’

(4-2v2)2?£(4-4V2)z+2-v2
2 b

(442V2) 22+ (444 V2)a+24V2
2 b

54y6

3+yv5
2 10

b
102242 v/2V5—-+/BvE2+6—/5
10

~—

1022+2v/2v5+v/5v62+6+/5
10 ’

(10+4+/5) 2242 vV2v/25+11v5 24345 (10-44/5)22+2+/2V/26-11v6243-vF
2 ’ 2

(6—=v5)2?+44v5-2vBx+3-v5
Z

(6+vB)2+4 V5+2/52+3+v6
2 b

-_ ¢2 — —
(15-5v5) i4\/ls:J 2v5vB245—-v/5 (B.13)

2224+24/2v/3-v52+3-5
2

(5-v35)z2+4vE2+54+v5
10

s (1545 v5)22+4 V'5+2v5vBx45+vE
4 = 10 ?

22242 v2V3+VE 24345
2 ki

(5+v5)z?+4 VEx+5-/5
10 ’

(10-4+/5) 22 +(10-6 v/5)2+5-5
10

(1044 v5) 2 +(1046 v5)z+5+/5
10 ’

(7=3v5)2?+(8-4v5)z+3-v5
2

(74+3v5)z24(8+4V5)z+3+/5
2 b
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The ideal results from the symbolic manipulation would be that the collection of sets
S, for all p is finite, or that a discernible pattern emerges where S, could be described in
closed form as a function of p. For the moment, however, perhaps due to a lack of insight
and motivation, specific comments can only be made with respect to the sets above. A
pattern does appear to be emerging, and finding it might be the sub ject of future endeavors.
However, one can use 1-norm radial orderings or alternative algorithms for those NNM
parameters in which co-norm orderings lead the Block LU algorithm to failure. Also, the
four sets S1-54 have proven empirically to be an excellent and surprisingly comprehensive
guideline for weeding out those NNM filters ill-suited for the block LU algorithm. For these

two reasons, this issue is not pursued any further.
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