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Abstract

In recent years there has been much interest in multiscale signal analysis, a large part
of which is due to the recent flurry of research in the study of the wavelet transform.
Though multiscale analysis seems like a natural enough paradigm in which to solve
various signal processing problems, there has been no satisfactory statistical theory
to provide a means of formulating optimal estimation and identification problems and
assessing the performance of solutions. This thesis provides a statistical framework
for multiscale signal processing based on stochastic models motivated by the wavelet
transform. We first consider models defined on lattices which are naturally motivated
by the synthesis equation of the wavelet transform. These are state-space models in
which the points at each level of the lattice represent the state of the process at
that level or scale. Our models can be used to describe processes which possess self-
similar characteristics and in fact they model rather well 1/ f-type processes as well
as, perhaps surprisingly, other well-studied processes. We formulate the smoothing
problem for our class of models and develop fast algorithms for computing the op-
timal smoother based on the wavelet transform. In addition we show how to deal
optimally with the issue of applying the wavelet transform to model signals defined
on finite-length intervals. We then consider state-space models which are defined on



the homogeneous tree, a special case of the lattice, and which are not so directly tied
to the structure of the wavelet transform. We formulate the smoothing problem for
this class of models and, by taking advantage of the structure of the tree, we develop
an optimal smoother which is a generalization of the Rauch-Tung-Striebel algorithm
to the tree. The filtering step of the smoother is a natural extension of Kalman fil-
tering which includes a new set of discrete Riccati equations. The analysis of these
equations leads us to develop elements of a system theory which allow us to provide
bounds for the filter error covariance as well as to provide asymptotic results. We then
give examples of using our overall framework to smooth 1/ f-type processes as well as
standard, stationary lst-order Gauss-Markov processes. Our results using single-scale
data show the relative richness of our model class in describing a wide variety of phe-
nomena. In particular our examples of smoothing Gauss-Markov processes show that
our smoother performs rather well in comparison to standard smoothers. Moreover,
as are results using multiscale data show, our framework can be used to optimally
fuse data at multiple scales and characterize the performance of this fusion with no
additional algorithmic complezity. Furthermore, by using our smoothing algorithm
on trees we can handle the case where our data may be distributed arbitrarily at
various scales. Also, our approach can be easily applied to 2D, where the potential
computational savings is even more dramatic. Finally, we apply our framework to a
1D version of the optical flow problem in computer vision as a means of illustrating
the potential of a formalism.
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Title: Professor of Electrical Engineering
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Chapter 1

Introduction and Background

1.1 Introduction

In recent years there has been considerable interest and activity in the signal and
image processing community in developing multi-resolution processing algorithms.
Among the reasons for this are the apparent or claimed computational advantages of
such methods and the fact that representing signals or images at multiple scales is
an evocative notion — it seems like a “natural” thing to do. One of the more recent
areas of investigation in multiscale analysis has been the emerging theory of multiscale
representations of signals and wavelet transforms [9, 20, 21, 22, 23, 28, 35, 36, 40, 54].
This theory has sparked an impressive flurry of activity in a wide variety of technical
areas, at least in part because it offers a common unifying language and perspective
and perhaps the promise of a framework in which a rational methodology can be
developed for multiscale signal processing, complete with a theoretical structure that
pinpoints when multiresolution methods might be useful and why.

It is important to realize, however, that the wavelet transform by itself is not the
only element needed to develop a methodology for signal analysis. To understand this
one need only look to another orthonormal transform, namely the Fourier transform
which decomposes signals into their frequency components rather than its components
at different resolutions. The reason that such a transform is useful is that its use sim-
plifies the description of physically meaningful classes of signals and important classes

of transformations of those signals. In particular stationary stochastic processes are
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CHAPTER 1. INTRODUCTION AND BACKGROUND 15

whitened by the Fourier transform so that individual frequency components of such
a process are statistically uncorrelated. Not only does this greatly simplify their
analysis, but, it also allows us to deduce that frequency-domain operations such as
Wiener or matched filtering—or their time domain realizations as linear shift-invariant
systems—aren’t just convenient things to do. They are in fact the statistically optimal
things to do. In analogy, what is needed to complement wavelet transforms for the
construction of a rational framework for multi-resolution signal analysis is the iden-
tification of a rich class of signals and phenomena whose description is simplified by
wavelet transforms. Having this, we then have the basis for developing a methodology
for scale domain filtering and signal processing, for deducing that such operations are
indeed the right ones to use, and for developing a new and potentially powerful set
of insights and perspectives on signal and image analysis that are complementary to
those that are the heritage of Fourier.

In this thesis we develop a theory for multiresolution stochastic processes and
models aimed at achieving the objectives of describing a rich class of phenomena
and of providing the foundation for a theory of optimal multiresolution statistical
signal processing. In developing this theoretical framework we have tried to keep in
mind the three distinct ways in which multi-resolution features can enter into a signal
or image analysis problem. First, the phenomenon under investigation may possess
features and physically significant effects at multiple scales. For example, fractal
models have often been suggested for the description of natural scenes, topography,
ocean wave height, textures, etc. [4, 37, 38, 44]. Also, anomalous broadband transient
events or spatially-localized features can naturally be thought of as the superposition
of finer resolution features on a more coarsely varying background. As we will see,
the modeling framework we describe is rich enough to capture such phenomena. For
example, we will see that 1/f -like stochastic processes as in [55, 56] are captured in
our framework as are, surprisingly, useful models of many other processes. Secondly,
whether the underlying phenomenon has multi-resolution features or not, it may be
the case that the data that has been collected is at several different resolutions.
For example the resolutions of remote sensing devices operating in different bands—

such as IR, microwave, and various band radars— may differ. Furthermore, even
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if only one sensor type is involved, measurement geometry may lead to resolution
differences (for example, if zoomed and un-zoomed data are to be fused or if data
is collected at different sensor-to-scene distances). As we will see, the framework we
describe provides a natural way in which to design algorithms for such multisensor
fusion problems in that treating the case of multiple sensors is no more difficult than
treating the case of a single sensor. Furthermore, our approach leads to algorithms
which are extremely efficient and highly parallelizable.

Finally, whether the phenomenon or data have multi-resolution features or not,
the signal analysis algorithm may have such features motivated by the two princi-
pal manifestations of the at least superficially daunting complexity of many image
processing problems. The first and more well-known of these is the use of multi-
resolution algorithms to combat the computational demands of such problems by
solving coarse (and therefore computationally simpler) versions and using these to
guide (and hopefully speed up) their higher resolution counterparts. Multigrid relax-
ation algorithms[10, 11, 39, 42] for solving partial differential equations are of this
type as are a variety of computer vision algorithms. As we will see, the stochastic
models we describe lead to several extremely efficient computational structures for
signal processing.

The second and equally important issue of complexity stems from the fact that
a multi-resolution formalism allows one to exercise very direct control over “greed”
in signal and image reconstruction. In particular, many imaging problems are, in
principle, ill-posed in that they require reconstructing more degrees of freedom then
one has elements of data. In such cases one must “regularize” the problem in some
manner, thereby guaranteeing accuracy of the reconstruction at the cost of some
resolution. Since the usual intuition is precisely that one should have higher confi-
dence in the reconstruction of lower resolution features, we are led directly to the
idea of reconstruction at multiple scales, allowing the resolution-accuracy tradeoff to
be confronted directly (e.g. some of these ideas are explored in [15] where a multi-
resolution approach is used to solve an inverse conductivity problem). As we will
see the algorithms arising in our framework allow such multiscale reconstruction and

provide the analytical tools both for assessing resolution versus accuracy and for cor-
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rectly accounting for fine scale fluctuations as a source of “noise” in coarser scale
reconstructions.

In this thesis we analyze classes of multiscale stochastic processes which are largely
motivated by the structure of the wavelet transform. These processes are defined
on lattices where each level of the lattice has the interpretation of a particular scale
representation of the process. In our models scale plays the role of a time-like variable.
For example our processes are Markov in scale rather than in time. The fact that scale
is time-like for our models allows us to draw from the theories of dynamic systems
and recursive estimation in analyzing the properties of our models and in developing
efficient, highly parallelizable algorithms for performing optimal estimation. For our
models defined on general lattices we develop a smoothing algorithm, an algorithm
which computes estimates of a multiscale process based on multiscale data, which
uses the wavelet transform to transform the overall smoothing problem into a set
of independently computable, small 1D standard smoothing problems. Note that
although we focus on 1D signals in this thesis, the fact that scale is a time-like
variable is true as well in the case of 2D, where similar types of models lead to
efficient recursive and iterative algorithms; the computational savings in this case are
even more dramatic than in the case of 1D.

We also analyze a class of state-space models defined on the homogeneous tree,
which is a special case of the lattice with a great deal of additional structure. This
structure in fact allows us to extend the notion of Kalman filtering to trees where
the filter recursion is performed in scale rather than in time. The analysis of our
filter leads us to develop elements of a system theory on trees and to derive results
on asymptotic properties of the filter. Our smoothing algorithm is a generalization
of the Rauch-Tung-Striebel smoothing algorithm[45] to trees.

Finally, we give numerical results which give an indication of the richness of our
models in describing processes and which provide an indication of the potential of
our framework in handling multiscale data. In particular we give results which show
that our models do rather well in smoothing 1/ f-type processes as well as standard,
stationary lst-order Gauss-Markov processes. The fact that our smoothers compare

favorably to standard smoothers on single scale data must be viewed in the context
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of the fact that our smoothers handle the case of optimally fusing multiscale data
with no additional complexity. To illustrate this we give examples of how naturally
our general framework can be used to incorporate multiscale data of varying SNR’s
as well as multiscale data of varying degrees of coverage. We also provide an example
in which we use our framework to compute optical flow. This illustrates the potential
of our framework in solving a complex problem in computer vision in an efficient,
multiscale fashion.

In the remainder of this chapter we motivate the development of our multiscale
models by first giving a brief overview of the wavelet transform and showing how
the transform leads naturally to the study of processes indexed on lattices. We then
give some background on 1/f-type processes and in particular we cite recent results
on using wavelets to represent these processes which lead naturally to multiscale
models. We follow this with an introduction to a class of state-space models defined
on homogeneous trees, a special case of lattices, for which we provide a great deal of

analysis. And finally, we conclude this chapter with an outline of this thesis.

1.2 The Wavelet Transform

While there are several ways in which to introduce and motivate our modeling frame-
work, one that provides a fair amount of insight begins with the wavelet transforms.
However, the key for modeling is not to view the transform as a method for ana-
lyzing signals but rather as a mechanism for synthesizing or generating such signals
beginning with coarse representations and adding fine detail one scale at a time.
Specifically, let us briefly recall the structure of multiscale representations associated
with orthonormal wavelet transforms [21, 35].

The multiscale representation of a continuous signal f(z) consists of a sequence
of approximations of that signal at finer and finer scales where the approximations
of f(x) at the mth scale consists of a weighted sum of shifted and compressed (or

dilated) versions of a basic scaling function ¢(z):

fm(z) = f f(m,n)¢(2™z — n) (1.2.1)

n=--0o
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As m — oo the approximation consists of a sum of compressed, weighted, and shifted
versions of the function ¢(z) whose choice is far from arbitrary. In particular in order
for the (m + 1)st approximation to be a refinement of the mth, we require ¢(z) to be

representable at the next scale:
#(z) = 3 V2h(n)$(2z — n) (1.2.2)

As shown in [21], h(n) must satisfy several conditions for eq.(1.2.1) to be an
orthonormal series and for several other properties of the representation to hold. In
particular h(n) must be the impulse response of a quadrature mirror filter (QMF)
[21, 47], where the condition for h(n) to be a QMF is as follows.

3 h(k)h(k — 2n) = 6, (1.2.3)
k

which has the following frequency domain interpretation where H(w) denotes the

discrete-time Fourier transform of A(n).
|H(w)|? + |H(w +7))? =1 (1.2.4)

The simplest example of such a ¢,k pair is the Haar approximation with

1 02«1
T) = - 1.2.5
#(e) { 0 otherwise ( )
and 7
2 =0,1
h(n)={ 2 "T0° (1.2.6)
0 otherwise

By considering the incremental detail added in obtaining the (m + 1)st scale ap-
proximation from the mth, we arrive at the wavelet transform. Such a transform is
based on a single function ¥(z) that has the property that the full set of its scaled
translates {2’”/ 2p(2me — n)} form a complete orthonormal basis for L?. In [21] it is

shown that ¢ and 1 are related via an equation of the form

$(2) = 3 v2g(n)$(2z — n) (1.2.7)
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where g(n) and h(n) form a conjugate mirror filter pair [47], and that
Fmi1(2) = fmlz) + 3 d(m,n)2™?p(2™2 — n) (1.2.8)

Note that for g(n) and h(n) to form a conjugate mirror filter pair they must obey the

following algebraic relationships.

> g(k)h(k—2n) = 0 (1.2.9)
;‘:g(k)g(k —2n) = &, (1.2.10)
zk: h(n)h(n — 2k) + Z:: g(n)g(n —2k) = &, (1.2.11)
One particular choice of g(n) is the following.
g(n) = (=1)"h(1 — n) (1.2.12)

Thus, fm(z) is simply the partial orthonormal expansion of f(z), up to scale m,
with respect to the basis defined by 3. For example if ¢ and h are as in eq.(1.2.5),

eq.(1.2.6), then
1 0<z <1/2

b(z)=4{ -1 1/2<z <1 (1.2.13)
0 otherwise
3? n=>0

g(n)={ -2 n=1 (1.2.14)
0 otherwise

and {2"‘/21/:(2"‘:1: - n)} is the Haar basis.
Thus, we can view a function f(z) as having coarse scale approximations f..(x)
that live in subspaces of L? which we denote as V;,,. Furthermore, these subspaces are

nested, i.e. ...V, C Vjny1..., and in fact U, Vi = L?. The scaling functions ¢(z) span

these subspaces in that V,, = span{¢(2mz — n) | Vn}, while the wavelet functions

¥(z) span the orthogonal complement between successive subspaces; i.e. Vi 16V, =

span{y(2mz — n) | Vn}. The structure of these spaces is entirely governed by the
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choice of the filter pair h(n), g(n), which satisfy the algebraic properties in eq.’s(1.2.9-
1.2.11).

One of the appealing features of the wavelet transforms for the analysis of signals is
that they can be computed recursively in scale, from fine to coarse. Specifically, if we
have the coefficients {f(m + 1,-)} of the (m + 1)st-scale representation we can “peel
off” the wavelet coefficients at this scale and at the same time carry the recursion one
complete step by calculating the coefficients { f(m,-)} at the next somewhat coarser

scale:

f(m,n) => h(2n —k)f(m + 1,k) (1.2.15)

d(m,n) =Y g(2n — k)f(m + 1,k) (1.2.16)
k

Note that the operation in eq.’s(1.2.15,1.2.16)) is simply a linear convolution fol-
lowed by downsampling by a factor of two. These equations are often referred
to as the wavelet analysis equations. For convenience we define the operations in
eq.’s(1.2.15,1.2.16)) formally in terms of “coarsening” and “differencing” operators,
respectively. These operators map [? sequences, i.e. infinite square-summable se-

quences, into [? sequences and are defined as follows.

(Hnf(m+1,))n 2 S h(2n —k)f(m +1,k) (1.2.17)
k

(Gmfm+1, )0 & T g(2n—k)f(m +1,k) (1.2.18)

where the operators are indexed with the subscript m to denote that they map se-
quences at scale m + 1 to sequences at scale m'. From eq.’s(1.2.3,1.2.10,1.2.9 we have

the following fundamental algebraic properties of the operators H,, and G,.

HpH:, = I (1.2.19)
GnG*, = I (1.2.20)
H,G, = 0 (1.2.21)

INote that for the case of infinite sequences the operators as defined here are precisely equivalent
for each scale; i.e. they are not a function of m. However, we adhere to this notation for the reasons
that a) we may allow for the QMF filter to differ at each scale and b) for the case of finite-length
sequences the operators are in fact different at every scale due to the fact that the the number of
points differ from scale to scale.
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where “x” denotes the adjoint of the operator.
Reversing this process we obtain the synthesis form of the wavelet transform in

which we build up finer and finer representations via a coarse-to-fine scale recursion:
fm+1,n) =Y h(2k —n)f(m,k) + > g(2k — n)d(m, k) (1.2.22)
k k

Eq.(1.2.22) is referred to as the wavelet synthesis equation. Expressed in terms of the

operators H,, and G,, we have
f(m+1,n) = (H, f(m,-))n + (G}, f(m,))n (1.2.23)

or
H:Hpy+ GG =1 (1.2.24)

which is an expression of eq.(1.2.11) in operator form.

Thus, we see that the synthesis form of the wavelet transform defines a dynamical
relationship between the coefficients f(m,n) at one scale and those at the next. Indeed
this relationship defines an infinite lattice on the points (m,n), where (m + 1,k) is
connected to (m,n) if f(m,n) influences f(m + 1,k). This structure is illustrated in
Figure 1.2.1 for the case where h(n) is a 4-tap filter, where each level of the lattice
represents an approximation of our signal at some scale m. Note that the dynamics in
€q.(1.2.22) are now with respect to scale rather than time. It is this fact which allows
us to apply both ideas and intuition from the study of dynamic systems evolving in
time to the case of multiscale representations of signals. Note also that the fact that
scale plays the role of a time-like variable is true whether our representation is of a
1D signal or a 2D signal. This is an important fact which has implications for the
development of models and algorithms in 2D in which we use this notion of recursion
in scale.

In developing a class of conveniently parametrized models which describes a rich
class of phenomena, we need additional structure to supplement our dynamical mul-
tiscale representations. If we view these multiscale representations more abstractly,
much as in the notion of a state model, as capturing the features of signals up to a

particular scale that are relevant for the “prediction” of finer-scale approximations, we
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£f(m,n)

£f(m+1l,n)

Figure 1.2.1: Infinite Lattice Representing Domain of Scaling Coeflicients

can define rich classes of stochastic processes and models that contain the multiscale
wavelet representations of eq.’s(1.2.15-1.2.22) as special (and in a sense degenerate)
cases. Carrying this a bit farther, let us return to the point made in the introduction
that for wavelet transforms to be useful it should be the case that their application
simplifies the description or properties of signals. For example, this clearly would be
the case for a stochastic process that is whitened by eq.(1.2.15), eq.(1.2.16), i.e. for
which the wavelet coefficients {d(m,-)} at a particular scale are white and uncorre-
lated with the lower resolution version {f(m,-)} of the signal. In the next section we
review results which indicate that one such class of processes, the class of processes
known as fractional Brownian motion[38], is indeed simplified by wavelet analysis and
that processes generated by driving the wavelet synthesis equation with uncorrelated
coeflicients can exhibit fractal behavior.

With wavelet coefficients which are uncorrelated, eq.(1.2.22) represents a first-
order recursion in scale that is driven by white noise. However, as we know from
time series analysis, white-noise-driven first-order systems yield a comparatively small
class of processes which can be broadened considerably if we allow higher-order dy-

namics. In this thesis we introduce and investigate classes of stochastic state-space
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models on lattices for which the coeflicients at each node of the lattice can now be
finite-dimensional vectors rather than just scalars. As further motivation for such a
framework, note that in sensor fusion problems one wishes to consider collectively an
entire set of signals or images from a suite of sensors. In this case one is immediately
confronted with the need to use higher-order models in which the actual observed
signals may represent samples from such a model at several scales, corresponding to
the differing resolutions of individual sensors.

In summary, the wavelet transform provides a unifying framework for the represen-
tation of signals at multiple scales. The structure of the transform can be interpreted
in the context of infinite lattices, of which Figure 1.2.1 is an example, where each
level of the lattice can be used to represent both the approximation of the signal at
that scale (the scaling coeflicients) and the difference between that approximation
and the approximation at the next finest scale (the wavelet coefficients). From the
point of view of modeling, the wavelet transform synthesis equation provides the im-
petus for defining dynamic state models in scale. This is the basis for developing
efficient algorithms which are recursive in scale rather than in time. We emphasize
that these ideas are easily extendible to the case of 2D where it remains natural to
consider dynamic models and recursive algorithms in scale and where the potential

for computational savings is even greater.

1.3 1/f-Type Processes

The study of 1/f processes originated in the modeling of physical phenomena which
were observed to have long-term temporal dependencies. A model for these processes
was proposed by Mandelbrot and Van Ness[38]. The class of processes described by
this model is referred to as the class of fractional Brownian motion processes and it
includes as a special case the ordinary Brownian motion process. It is a Gaussian
zero-mean nonstationary process indexed by a single scalar parameter 0 < H < 1
(H = 1/2 corresponds to ordinary Brownian motion). If we denote the process as

By (t), its covariance has the following form.

rBy(t,s) = E[By(t)Bg(s)]
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2
= .‘-’2—(|t|2f’ +|s|2H — |t — s[?H) (1.3.25)

It was noted that these the increments of these processes are stationary and they
obey the property of statistical self-similarity[38]; i.e. the statistics of the process
are invariant to time scaling. This property of scale invariance already hints at the
possible use of the wavelet transform as a useful analysis tool for these processes.

Since the fractional Brownian motion process is non-stationary, one would expect
that the use of non-stationary transforms might simplify the analysis of such processes
and perhaps lend further insight into their structure. Flandrin[25] uses a variety of
non-stationary transforms in order to analyze fractional Brownian motion, including
the Wigner-Ville transform and the continuous-scale wavelet transform ( the wavelet
transform using continuous scale and translation parameters rather than powers of
two). He makes precise the notion of spectrum for this non-stationary process by
defining an averaged spectrum with respect to each of these transforms.

In the case of the Wigner-Ville transform , which is defined as
W(t,w) 2 / et Zot— Z)evTdr (1.3.26)
the averaged spectrum is taken to be
al (T
Sw(w;T) £ = / W (t,w)dt (1.3.27)
()

The result of taking the limit of this spectrum as the period goes to infinity is

1

Furthermore, for any finite 7' and any given frequency wy it is shown that for 7 > TvlF’

1
|wo|2H+1

Sw(wo; T) ~ (1.3.29)

A similar result is shown using the continuous-scale wavelet transform, which is de-

fined as
—t

S
a

C(t,a) 2 ‘{lﬁ | Bals)o(*=")ds (1.3.30)
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where a is the continuous scale parameter and g(t) is the wavelet function. To define

a notion of power spectrum in this case we define
T8, (t, 35a) = E[C(t,a)C(s,a)] (1.3.31)

which turns out to be a function of £2; in other words when analyzed relative to
a given scale, By(t) is stationary, which is intuitively satisfying given the fact that
the increments of By(t) are stationary. So by fixing a, the Fourier transform of
7By (t,;a), denoted as S¢(w;a), is well defined. The averaged spectrum is taken to
be the average of Sc(wj;a) taken over all scales and integrated using the normalizing

measure for the continuous-scale wavelet transform.

' & [®g . 190
Shp(w) 2 /0 So(w;a) 5 (1.3.32)
1
W’H (1-3-33)

These results show that in a very precise sense the spectrum of fractional Brown-
ian motion is indeed 1/f-like. Furthermore, the use of wavelet transforms seems to
simplify a great deal of the analysis of these processes. In particular the wavelet
coefficients of these non-stationary processes are stationary. It turns out that an even
greater deal of simplification occurs by using wavelets to analyze these processes as
borne out in the results of Tewfik[34]. These results consist of the analysis of the
covariance of fractional Brownian motion, eq.(1.3.25), using the orthonormal wavelet
transform. The results indicate that the wavelet coeflicients of fractional Brownian
motion are stationary and furthermore, the correlation between coefficients in both
scale and translation decays hyperbolically fast. The fast decay of the coefficients is
due to the vanishing moments property of (¢) where an increase in the number of
vanishing moments of (¢) necessarily entails an increase in the order of the QMF
filter A(n). Thus, these results indicate that wavelets do very well in decorrelating or
whitening the fractional Brownian motion process. This has strong implications for
the modeling of 1/f-type processes as shown in the results of Wornell[55].

The results of Wornell also concerns 1/f-type processes and in particular he con-
siders processes whose measured spectra are of the following form.

o?

S(w) = (1.3.34)

|l
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where 0 < v < 2. Note that 4 ranges slightly differently from the fractional power
associated with the spectrum of the fractional Brownian motion process. These spec-
tra correspond to a particular range of physical phenomena as studied in the work of
Keshner[33].

Motivated by Flandrin’s[25] earlier use of wavelets to analyze 1/ f processes, Wor-
nell shows how the wavelet transform may be used to produce models which approx-
imate 1/ f-type spectral characteristics. In particular he constructs models in which
the wavelet coeflicients d(m,n) are completely uncorrelated with respect to both m

and n, and their variances obey the following power law in scale:
E[d*(m,n)] = o?27™ (1.3.35)

% is a positive constant. He shows that the process resulting from driving the

where o
wavelet synthesis equations with coefficients obeying eq.(1.3.35) has an “averaged”
spectrum of the following form, where the notion of averaging corresponds to assuming

the model has uniformly distributed random phase:
(1.3.36)

for some 0 < k; < k; < oo which depend on the choice of wavelet function. Thus, the
wavelet basis represents a Karhunen-Loeve-like expansion of 1/ f processes. From the
perspective of modeling this result shows that by assuming the wavelet coefficients are
white and their variances are a function only of scale, the resulting process exhibits
1/ f-type spectra. Note that as we will show this corresponds exactly to a special case
of one of our models. The fact that the variances of the coeflicients are equivalent
modulo a factor that varies geometrically with scale coincides intuitively with the fact
that the increments of the fractional Brownian motion process are self-similar.

In summary, wavelets go a long way in simplifying the analysis of 1/ f-type pro-
cesses. For example, the fact that while these processes are non-stationary their
increments are stationary is characterized by the fact that the wavelet coefficients
are stationary. Furthermore, the wavelet transform provides a Karhunen-Loeve-like
decomposition in that the wavelet coefficients of these processes are nearly uncorre-

lated. Finally, by setting the the wavelet coeflicients to be uncorrelated with variances
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decaying geometrically in scale, we can actually synthesize a process with an average
spectrum corresponding to a 1/f-type process. Thus, the wavelet transform can be

used rather naturally to both analyze and model 1/f-type processes.

1.4 Multiscale Representations and Trees

In this section we introduce the class of state-space models on homogeneous trees
which is the subject of Chapter 3. Homogeneous trees are a special case of the lattice
with a great deal of additional structure of which we take advantage in developing
several highly efficient smoothing algorithms, including some that do not involve the
wavelet transform. This additional structure also allows us to analyze much more
deeply the structure of both our models and our algorithm.

Recall that the scaling coefficients, f(m,n), of a function reside on an infinite
lattice where the structure of the lattice is determined by the choice of wavelet rep-
resentation. As a specific case the Haar representation naturally defines a dyadic
tree structure on the points (m,n) in which each point has two equally-weighted (i.e.
h(0) = h(1)) descendants corresponding to the two subdivisions of the support inter-
val of #(2™z — n), namely those of ¢(2(™+1)z — 2n) and #(2(™*Vz — 2n — 1). The
structure of the tree is illustrated in Fig.1.4.2 where for notational convenience we
denote each node of the tree by a single abstract index ¢, i.e. ¢ = (m,n), where T
denotes the set of all nodes and m(¢) denotes the scale or m-component of t. The
development in the previous sections provide the motivation for the study of stochas-
tic processes x(m,n) defined on homogeneous trees (i.e. trees where the number of
branches emanating from each node is constant) where z(m,n) can in some sense be
viewed as a stochastic model for the scaling coefficients of the Haar representation of
a signal.

Let us make several comments about this case. First, as illustrated in Figure 1.4.2,
with this and any of the other lattices associated with the wavelet transform, the scale
index m is time-like. For example it defines a natural direction of recursion for our
representation: from coarse-to-fine in the synthesis of a signal and from fine to coarse

in the analysis (e.g. in the Haar case z(m,n) is directly obtainable from z(m +1,2n),
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coarse

QIHOPOHOD M

m(t)
fine

Figure 1.4.2: Dyadic Tree Representation

z(m + 1,2n + 1)). In the case of our tree, with increasing m - i.e. the direction of
synthesis - denoting the forward direction, we then can define a unique backward shift
4~! and two forward shifts o and 3 (see Figure 1.4.2). In particular, at = (m+1,2n),
Bt = (m+1,2n + 1), and y7't = (m — 1,[2]) where [y] =integer part of y.

As in the synthesis description of multiscale representations, one of the classes
of stochastic models we consider in this thesis are naturally described as evolving
from coarse-to-fine scales. Specifically, we consider the following class of state-space

models on trees:
z(t) = A(t)z(y~'t) + B(t)w(t) (1.4.37)

where {w(t),t € T'} is a set of independent, zero-mean Gaussian random variables.
Note that this model is defined locally along the nodes of the tree and that the
recursion is defined downwards in scale. We also note that while we develop our
formalism for the case of dyadic trees there is a trivial extension of everything we
do to the 2D case in which trees with four downward branches or quadtrees are used
to model 2D processes. The use of a simple quadtree model of this type has been
explored in the context of image coding and reconstruction[19, 52].

As we will see this formalism, which generalizes finite-dimensional state models
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to homogeneous trees, can be used to capture fractal-like behavior. Moreover, these
models provide surprisingly accurate descriptions of a broad variety of stochastic pro-
cesses and also lead to extremely efficient and highly parallelizable algorithms for
optimal estimation and for the fusion of multiresolution measurements using multi-

scale, scale-recursive generalizations of Kalman filtering and smoothing.

1.5 Outline

The following is an outline of the remainder of this thesis.

e Chapter 2:
We consider processes motivated directly by the structure of the wavelet trans-
form which are defined on lattices. We construct state-space models for these
processes in which scale plays the role of a time-like variable and then analyze
the eigenstructure of these processes. We formulate the multiscale smoothing
problem for our lattice processes and develop an algorithm which is highly ef-
ficient for smoothing single scale data and which incorporates multiscale data
with no added complexity. This algorithm uses the wavelet structure of the
process to decouple the computation into a set of small, independent standard
smoothers. We present two versions of the algorithm, one which goes from
coarse to fine then fine to coarse and another which goes from fine to coarse
then coarse to fine. We then discuss the problem of applying the wavelet trans-
form to finite-length data. The typical approach is to base the transform on
cyclic convolutions rather than on linear convolutions and to perform the scale
by scale recursion up to some specified coarse scale. We present a more general
perspective on the problem of adapting the wavelet transform to finite-length
data which includes as a special case the approach using cyclic convolutions as
well as other approaches which provide modifications of the wavelet transform

to provide Karhunen-Loeve expansions of windowed multiscale processes.

e Chapter 3:

We formulate and analyze the multiscale smoothing problem for our class of
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state-space models on homogeneous trees. These models can be thought of as a
special case of one of our lattice models in which the lattice is associated with
the Haar wavelet. We derive a two-sweep smoother for these models which is
highly efficient and extremely parallelizable. We exploit the structure of the tree
to which we generalize notions from Kalman filtering theory and linear system
theory. Our Kalman filter propagates upwards along the tree, accumulating
measurements from descendants nodes. This leads us to the analysis of a new set
of Riccati equations. We then define notions of reachability, observability, and
reconstructibility which allow us to give results on bounding the error covariance
of our generalized Kalman filter. We also define a natural notion of stability
for our processes which, along with our bounds on the error covariance, allows
us to give results on the stability of our filter as well as asymptotic properties.
Our overall smoothing algorithm for our tree processes is a generalization of the
Rauch-Tung-Striebel algorithm to trees which consists of the filtering step as
a first sweep up the tree followed by a sweep down the tree using a recursion
that is driven by the previous filtered estimates. Furthermore, by viewing the
smoothing problem from the Hamiltonian perspective we show that we can
derive a two-sweep algorithm by factoring the Hamiltonian dynamic equations.
In fact a property of these dynamics is the fact that they cannot be diagonalized;
i.e. there is no two-filter smoothing algorithm on trees. We give a derivation
of a Maximum-Likelihood version of the Rauch-Tung-Striebel algorithm based
on triangularizing these dynamics. This algorithm has the added advantage of
being able to handle sparse, non-uniformly sampled data. This is an important
point of consideration with regard to sensor fusion problems. As in the case
of our lattice models our algorithms apply equally well, with no difference in
complexity, to both the case of single scale and the case of multiscale data.
Finally, we present an iterative algorithm for solving the smoothing problem
which bears some resemblance to multigrid algorithms. Like our Rauch-Tung-
Striebel algorithm, this algorithm does not rely on the wavelet structure of the
process and can be applied to general measurement scenarios. We develop this

algorithm in the context of our tree models and show how it may be extended
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to the case of lattice models.

Chapter 4:

To demonstrate the applicability of our multiscale estimation framework and
to give an indication of how well our models represent processes, we give nu-
merical examples of the results of using our framework on specific problems. In
particular we give examples of smoothing well-studied processes using our mod-
els. For the case of 1st-order Gauss-Markov processes we show that the relative
difference in performance of standard smoothers using the “true” model versus
that of our smoothers based on our multiscale models is arguably insignificant.
We show that the same is true for the smoothing of 1/f-type processes. Further-
more, we demonstrate the performance of our smoothers for multiscale data as
well as for sparse, non-uniformly sampled data. In the case of non-uniformly
sampled data we give an example in which coarse data of full coverage is used
to interpolate sparse fine scale data. Finally, we apply our framework to the
optical flow problem. We formulate the problem in the context of a smooth-
ing problem, defined precisely within in our framework, which can be solved

extremely efficiently using our multiscale algorithms.




Chapter 2

Multiscale Processes on Lattices

2.1 Introduction

In this chapter we describe and analyze multiscale stochastic processes defined on
lattices. We construct a class of state-space models which is directly motivated by
the synthesis equation of the wavelet transform. We characterize the eigenstructure
of these processes, which is essentially related to the wavelet transform. We then
consider the multiscale fusion problem in which noisy measurements of our process at
different scales must be fused optimally to estimate the process. In this context we
develop an optimal fusion algorithm based on using the wavelet transform to diago-
nalize the smoothing problem, i.e. transform the problem into a set of independent
subproblems, resulting in an efficient and parallelizable procedure. In fact by work-
ing in the wavelet-transform domain we reduce the multiscale smoothing problem to
a set of independently computable 1D smoothing problems where the length of the
smoothing interval is at most log(/N), where N is the number points at the finest
scale. Finally, we discuss the significant problem of adapting the wavelet transform
to treat finite-length data. We characterize the problem in such a way as to sug-
gest a variety of possible transforms which are finite-length and orthonormal. One
of these examples is the case of using cyclic convolutions at each scale for both the
coarsening as well as the differencing operations. This procedure amounts to assum-
ing a periodic representation of the signal at each scale. Though the assumption of

periodicity is commonly used to adapt the wavelet transform to finite sequences, this

33
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can potentially introduce unwanted distortions at the edges of the interval. Other
possibilities include transforms which are not based on using cyclic convolutions. We
develop in detail examples of these other possibilities and give an interpretation of

these transforms as a type of windowing of the signal at multiple scales.

2.2 Eigenstructure of Lattice Models

In this section we define our class of lattice models which is directly motivated by
the synthesis equation, eq.(1.2.22), of the wavelet transform and analyze its eigen-
structure. As we will show, included in our class of models is precisely the model
used by Wornell[55, 56] to describe 1/f processes. The Karhunen-Loeve expansion
for the covariance function of our processes at a given scale is achieved exactly by the
wavelet transform. We will use this fact to derive an efficient smoothing algorithm
based on diagonalizing the problem using the wavelet transform. We develop our
ideas for the case of the infinite lattice, corresponding to the wavelet transform as
defined in Chapter 1, and later discuss the issue of adapting the wavelet transform
to the case of finite-length data.

Consider an infinite lattice corresponding to a wavelet whose scaling filter, h(n),
is an FIR filter of length P. Recall that each level of the lattice can be viewed as
the domain of an [? sequence representing either successively finer approximations of
a signal, the scaling coefficients f(m,n) where f gets finer with increasing m, or the
corresponding wavelet coeflicients, d(m,n). We define models whose state, z(m) € 12,
can in some sense be viewed as the stochastic analog of the scaling coeflicients at
scale m. Here, z(m) is defined to be an infinite-dimensional random vector whose
elements are defined at a particular scale of the lattice. Let H,, and (,, denote
the coarsening and differencing operators defined in eq.’s(1.2.17,1.2.18), where the
subscript m denotes that the operators map vectors at scale m + 1 to vectors at scale
m. Let G}, and H, denote their respective adjoint operators, i.e. operators that map
vectors at scale m to vectors at scale m + 1.

If we consider the synthesis equation of the wavelet transform, eq.(1.2.22), driven

by uncorrelated wavelet coefficients d(m,n), where the variances are constant along
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scale but varying from scale to scale, we get the following stochastic-dynamic state
model where we define the scale index m from an initial coarse scale, L, to the
finest scale, M, and where we assume that the coarsest scaling coeflicients f(L,n)
are uncorrelated. Thus, with z(m) corresponding to f(m,-) and w(m) to d(m,-) we

haveform=L,L+1,..M —1

E[z(L)x(L)T] = Ag (2.2.1)
= Al

z(m+1) = Hyz(m)+ Gw(m) (2.2.2)

Elw(iyw(i)"] = A (2.2.3)

= M ,i=L,L+1,.M—1

Note that if we let ); = 02277 i.e. the relationship in eq.(1.3.35), this model is
precisely the one considered by Wornell for modeling a 1/ f-type process with spectral
parameter 4. It is easy to show that the covariance of the process at each scale m,

i.e. E[z(m)zT(m)],is as follows.

R.o(m) £ E[z(m)z(m)T) (2.2.4)
m-1 t=L
= (._L Hf)]\L(HIHi)
+ nf( "ﬁl H?)GAkGr( kf[l H;) (2.2.5)
k=L i=k+1 i=m-—1

where we have, for simplicity of notation, adapted standard matrix-vector notation for
R..(m) and the infinite vector z(m). We now proceed to analyze the eigenstructure
of Rye(m). To do this we need the following properties of the operators Gy, and H,y,
which are the fundamental algebraic relations between the coarsening and differencing
operators as stated in eq.’s(1.2.19-1.2.21,1.2.24).

HH =I,GG =1 (2.2.6)

HH A+ GG =1 (2.2.7)
HG: =0 (2.2.8)
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We begin by defining unit vectors in /2 as follows.

5210, 0, 1 ,0,..0..)7 (2.2.9)
ith

where the superscript j is used formally to denote that the vector corresponds to the

jth scale of the lattice. Note that the superscript in this case is unnecessary since & is

not a function of scale. We adhere to this notation, since for the case of finite-length

data 6{ will be a function of scale. The following lemma characterizes the eigenvectors

for the correlation matrix Ryo(m).

Lemma 2.2.1 The vectors T-(m), vi(m) for | = L,..m — 1 and for i,n € Z are

eigenvectors of the correlation matriz at scale m, R,.(m), where

m—1
¥ (m) = ([ H})6f (2.2.10)

=L

and .
oi(m) = ([ H)G;é, (2.2.11)

=41

The following holds:

Reo(m)o(m) = Avi(m) (2.2.12)
Reo(m)vl(m) = X (m) (2.2.13)

forl=1L,..m—1,i,n€ Z where \,\ are scalars.

Proof
We show the existence of scalars’ A\l and X for [ = L,..m — 1 such that
Roo(m)TE(m) = ATF(m) and Rye(m)vl(m) = Mvi(m) for n = 0,1,..20 — 17 =
0,1,...2L — 1. Let

I, 2 (H H)GiMGi( kﬁl H;) (2.2.14)
g, 2 H H*)A,—,(H H;) (2.2.15)

=L
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so that

m—1

Rea(m)vl(m) = ¥l (m) + (3 TeJol(m) (2.2.16)

k=L
We now examine separately the structures of ¥pv!(m) and T'yv}(m). We begin
with ¥yv!(m) by noting that for { = L,..m — 1

m-—1 i=L m-—1
Urop(m) = ([T HDALIT B)( I H)Gré,
=L m-—1 i=l41
~ 0 (2.2.17)

which follows from eq.(2.2.6) applied m — 1 — [ times followed by the application
of eq.(2.2.8). Next, we examine the structure of I'yv(m) which can be written out

explicitly as
m~—1 k+1 m—1

Twoh(m) = M [T HDGIGW( I H)( I H)G;é, (2.2.18)

i=k+1 i=m-—1 i=l+1
We consider the following three cases. For k < I: Using eq.(2.2.6) we can reduce
€q.(2.2.18) to the following.

m—1 k+1
Twon(m) = M [T H)GLGH(]] Hi)Gr 6L, (2.2.19)
i=k+1 1=l

Applying the orthogonality condition, eq.(2.2.8), to eq.(2.2.19), we arrive at the fol-
lowing.
Tyol(m) =0 (2.2.20)

For k > l: Using eq.(2.2.6) we can reduce eq.(2.2.18) to the following.

m-—1 k
Twon(m) = M( [T ENGLG( [T H)GS,
1=k-+1 1=l+1
=0 (2.2.21)

where the last equality follows from eq.(2.2.8).
And finally, for k = I: Using eq.(2.2.6) we can reduce eq.(2.2.18) to the following.

m—1
Toi(m) = M( ] H)GiGiGé,

1={41

m~—1
= (] H)Gé,
i=l+1
= Mol (m) (2.2.22)
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where the second equality results from the application of eq.(2.2.6) to GiG;}.
Thus, from eq.(2.2.16) and eq.’s(2.2.20,2.2.21, 2.2.22) we get

Reo(m)vl(m) = Aol (m) (2.2.23)

Finally, we consider the structures of ¥ %Z(m) and T4+5L(m). Using eq.(2.2.8) we

can write

m—1 k
Teok(m) = M(T1 HD)GGW(IT S
i=k+1 i=L
=0 (2.2.24)

Using eq.(2.2.6) we can write

m—1
Urwi(m) = A([] HDéx

i=L
= Ap7E(m) (2.2.25)
From eq.’s(2.2.24,2.2.25) we conclude that
Roo(m)Ty(m) = Aro(m) (2.2.26)

We have shown that with ! = )p and X = ) for | = L,..m — 1,
Roo(m)E(m) = AGE(m) and R, (m)vl(m) = Awi(m), thus proving the lemma.
O

Note that computing the representation of a sequence in the basis,
{%’f(m),vfz(m) | iimeZ I=1L,.m- 1}, is done efficiently using the wavelet trans-
form of the sequence, i.e. recursively computing in scale the wavelet coefficients via
the analysis equations, eq.’s(1.2.15,1.2.16). We also have the following lemma which

shows the eigenvectors to be mutually orthogonal.

Lemma 2.2.2 The vectors 5F(m), vi(m) for | = L,..m -1, n = 0,1...2" — 1,
i = 0,1,..25 — 1 are mutually orthogonal; i.e. a) [v}(m)|T[vi(m)] = &_r;1, b)
[o}(m)[T[7E(m)] = 0, and ¢) [BF(m)]" [} (m)] = 6i-;.

Proof
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We begin with part a). For j < I:

[ (m)] " [vk(m)]

where the second equality follows

from eq.(2.2.8).
And similarly for j > I:

[ (m)[" [vi(m)]

= (&) I1 HX

@re; IT Ha)(

J+1

s=m-—1

J+1

s=l+1

()7 G,(I] H.)GréL

0

s=l

m—1
IT #)Gié:

39

(2.2.27)

(2.2.28)

(2.2.29)

from eq.(2.2.6), while the third equality follows

J+1

s=m-—1

s=l+1

) J
= (8)76;( I H)Gié,

0

s=l+1

m—1
IT B)G:6,

(2.2.30)

(2.2.31)

(2.2.32)

where again the second equality follows from eq.(2.2.6), while the third equality fol-

lows from eq.(2.2.8).
Finally, for 7 = I:

[vi(m)]"[vi(m)]

We now proceed with part b).

[ (m)]" 5% (m)]

@) G II H)II H)Gs

41

s=m-—1

(6HT GG 6L

(6)" 6%

8i ki1

= 0

i+l

s=m-—1

J

s=L+1

m~—1

s=Il41

676 T1 #)(T1 B)e

s=L

@re;( I1 H)HGL8

(2.2.33)

(2.2.34)
(2.2.35)
(2.2.36)

(2.2.37)

(2.2.38)

(2.2.39)
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where the second equality follows from eq.(2.2.6), while the third equality follows
from eq.(2.2.8).
Finally, part c).

L m—1
[Br (m)]* 57 (m)] = (87)7( _HIH’)(EH: )87 (2.2.40)
= (6/)76F (2.2.41)
= & (2.2.42)

where the second equality again follows from eq.(2.2.6). O
We have the following corollaries to Lemmas 2.2.1,2.2.2 which will be used in the

next section to diagonalize the smoothing problem.

Corollary 2.2.1 Given the collection of eigenvectors, {5F(m),vi(m) |l = L,..m —

1 i,n € Z}, and the fine-to-coarse scaling operator H,,_,, the following holds.

H,_ 7'(m) = 3f(m—-1) i€2Z (2.2.43)
Hp_vl(m) = vi(m—-1) I=L,.m—-2 neZ (2.2.44)
Hp vt(m) = 0 l=m—-1ne€Z (2.2.45)

Proof
Consider the case where [ = m — 1. Note that from the orthogonality condition,

eq.(2.2.8),

Hpo1vp ™' (m) = HpaGr 16770

=0 (2.2.46)
Forl=1L,...m—2

m-—1
Hpoyo(m) = Hna [] H)G, 877
=l+1
m—2
= (] H)Gs,
i=l+1

= vi(m—1) (2.2.47)
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And finally,
m—1
Hpno19y(m) = Haoi(]] H?)6E

i=L

m-—2
= (II #2)¢*

=L
= Thm-1)

[

41

(2.2.48)

Corollary 2.2.2 Given the collection of eigenvectors, {5F(m),vl(m) |l = L,..m —

1i,n € Z}, and the fine-to-coarse wavelet operator G,,_;, the following holds.

Gm_1T¥(m) = 0 i€ 2
Gm_1vi(m) = 0 I=L,.m-2 neZz
Gpro1vi(m) = 8 Il=m-1neZ

Proof
Consider the case where | = m — 1. From eq.(2.2.6)

Gm-1v" Y (m) = Gmo1Gh,_ 677"

_ m—1
= &

From the orthogonality condition, eq.(2.2.8), for I = L,...,m — 2

m-—1
Gmrvp(m) = Gmoa( [ H)Gh_ 677"
1=l+41

= 0
and also

m-1
GrmaTE(m) = Gm_i([] H;)sE
=L
= 0

(2.2.49)
(2.2.50)
(2.2.51)

(2.2.52)

(2.2.53)

(2.2.54)
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Corollary 2.2.3 Given the collection of eigenvectors, {5F(m),vt(m) |l = L,..m —

1 i,n € Z}, and the coarse-to-fine operator, H,, the following holds.
HTE(m) = vF(m+1) ic€Z (2.2.55)
H*v (m) = vi(m+1) I=L,..m—-1neZ (2.2.56)

Proof
To show eq.(2.2.55) we have

m~—1
Hoi(m) = H(]] B8
j=L
= 7/(m+1) i€Z (2.2.57)
To show eq.(2.2.56) we have

m—1
Hyv(m) = H,( I H)GS,
1=l+41
= vi(m+1) I=L,..m—-1neZ (2.2.58)

O

We now consider an important variation of the models we have considered so far.
We consider lattice models in which the elements of the state vectors at each scale
are no longer simply scalars but rather finite-dimensional vectors. In other words, if
we let d denote the dimension of these vectors and if z;(m) denotes the ith entry of
z(m), then z;(m) € R¢. By abuse of notation we now let H,,, G,, be vector versions

of the coarsening and differencing operators; i.e.

(Hnf(m+1,-))n 2 S h(2n —k)f(m +1,k) (2.2.59)

(Gmf(m+1,))n = Y g(2n —k)f(m +1,k) (2.2.60)
k

f(m+1,k) € R (2.2.61)

We specify our model as follows for m = L,L +1,..M — 1,

i

Elz(L)z(L)"] P.(L) (2.2.62)
z(m+1) = H;A(m+ 1l)z(m)+ B(m+ 1)w(m + 1) (2.2.63)
Elw(@w(7)¥] = Q@)6i-; , i=L+1,..M (2.2.64)
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where
Am) £ diag(...,A(m),...A(m),...) (2.2.65)
B(m) & diag(..., B(m),..B(m),...) (2.2.66)
Q(m) £ diag(...,Q(m),..Q(m),...) (2.2.67)
Po(L) £ diag(..., Po(L),...Ps(L),...) (2.2.68)

and where A(m), B(m),Q(m), and P,(L) are finite-dimensional matrices represent-
ing the system matrix, the process noise matrix, the process noise covariance matrix,
and the initial state covariance matrix, respectively. As we will show, the diagonal
operators A(m), B(m), @(m), and P,(L) do not affect the block eigenspace structure
of z(m), but do affect the eigenvalues. Note that by augmenting our model class to
include finite-dimensional state vectors defined on lattices, we allow for the possibility
of higher-order models. This allows us to consider a considerably richer class of pro-
cesses which is parametrized by the matrices corresponding to our state model. Note
also that this model bears resemblance to Laplacian Pyramid schemes[12] where the
added detail in going from one scale to the next is not constrained by the differencing
operator G,. Finally, this is the type of model we develop on trees in the next chapter
which corresponds to the case where H}, corresponds to the Haar representation.
The covariance of the process at each scale m, i.e. E[z(m)zT(m)], is as follows
where we have used the fact that the operators A(m), B(m), @(m), P.(L) and their

adjoints commute with the operators H,,, H},.
Reo(m) £ Elz(m)o(m)T] (2.2.69)
m~—1 i=L
= (B(m ~1,L)P(L)® (m ~ 1, L))(]] #:)(I] )
m—1

=L

Y @m— L,BRQR)B RE (m— LR B ] H)

k=L+1 1=k i=m-—

+ B(m)Q(m)B*(m)

where for ¢ > j
t=173

d(1,7) = { AT —1,5) i> 7 (2.2.70)
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It turns out that the block eigenstructure of this process is precisely the same as that
of the process defined earlier in eq.’s(2.2.1-2.2.3), modulo the fact that we now must
deal with d x d blocks as the basic elements of our decomposition. In fact what we
will refer to as block-eigenvectors will have the same structure as in the case of our
scalar model except that H,,,G,, are now the appropriate vector versions and the
resulting block-eigenvectors are infinite sequences of d X d matrices rather than an
infinite sequence of scalars. The “eigenvalues”, however, will differ as they will in fact
now be d x d eigenmatrices which will be functions of the matrices A(m), B(m), Q(m),

and P,(L). We first redefine our unit vectors as follows.

52 [...,od,...,Od,ld/,od,...od,...]T (2.2.71)

ith
where the superscript j is again used to denote that the vector (in (/2)?) corresponds
to the jth scale of the lattice and where I; is the d x d identity matrix (and 04 the
d X d zero matrix). We have the following lemma concerning the block-eigenstructure

of R,,(m), where the proof is patterned after that of Lemma 2.2.1.

Lemma 2.2.3 The block vectors 5F(m), vh(m) forl = L,..m — 1 and for i,n € Z

are block-eigenvectors of the correlation matriz at scale m, R,,(m), where

wE(m) & ("ﬁ1 H3)6E (2.2.72)
=L
vi(m) 2 ([] H?)Gé: (2.2.73)
The following holds: o
Roo(m)oF(m) = diag(...,Ap,... ,...)55 (m) (2.2.74)
Ro.(m)l(m) = diag(..., A, ... A, ...)v5(m) (2.2.75)
forl=1L,..m—1,i,n € Z where A, \; are d x d matrices of the form
Sp o= Y ((k, L)B(K)Q(R)BT(K)ST(k, L)) + B(m — 1, L) Pu(L)8T(m — 1, 1)
k=L+1 (2.2.76)
No= \Zj (®(k,1)B(k)Q(k)BT(k)®T (k,1)) (2.2.77)

k=l+41
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where
. I t1=7
8(i,5) = Nm 1 e (2:2.78)
A(R)®(i—1,7) 1>
Proof
We show the existence of matrices A\l and A for [ = L,..m — 1 such that

Reo(m)TF(m) = diag(..., Apy o AL,y ... )TE(m) and Rye(m)ol(m) = diag(..., N, ..\, o )vh(m)
for i,n € Z. Let

U, & (F(m-1,L)P(L)F (m - 1,L))("ff H;)(iﬁ H;) (2.2.79)

i=L

i

(@(m — 1, K)BRIQURB W (m — 1L,k)(I] B TI Hi)(2:2.80)

i=k i=m-—1

| 8

so that
Bea(m)ol(m) = W10 (m) + ("5: D)ol (m) + (B(m)@(m)B*(m))el(m) (2.2.81)
=L+1
Immediately, we have that
(B(m)Q(m)B*(m))v,(m) = diag(..., B(m)Q(m)BT (m),....B(m)Q(m) B (m),...)v}(m)
(2.2.82)

We now examine separately the structures of ¥pv!(m) and T'yv}(m). We begin
with ¥1v!(m) by noting that for | = L,..m — 1
‘I,vaz(m) = (E(m -1, L)'P:c(L)T(m -1, L))
m—1 i=L m~1
< (IT #)(IT #)( 11 H)Gie,

i=L m-1 i=l+1

= 0 (2.2.83)

which follows from eq.(2.2.6) applied m — 1 — [ times followed by the application
of eq.(2.2.8). Next, we examine the structure of I'yv) (m) which can be written out

explicitly as
Twol(m) = (B(m — 1,k)B(k)Q(k)B*(K)E" (m — 1,k)
(II #)C II HE)( II H:)Gré, (2.2.84)

t=k i=m-1 1=l41

X
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We consider the following three cases. For k < [ + 1: Using eq.(2.2.6) we can reduce
eq.(2.2.84) to the following.

Teol(m) = (@(m — 1, k)B(K)Q(R)B*(K)E (m — 1, )
« (TI &) B)G:é. (2.2.85)

i=k 1=l

By applying the orthogonality condition, eq.(2.2.8), we arrive at the following.
Trol(m) =0 (2.2.86)

For k > 1 + 1: Using eq.(2.2.6) we can reduce eq.(2.2.84) to the following.

Ted(m) = (Fm -1, HBRQRB (R)F (m — 1,k)( T1 H)Gi8,

= (®(m — 1,k)B(k)Q(k)B* (k)& (m — 1, k))«ug—(m)
= diag(..., My,...My,..)v! (m) (2.2.87)
M, = ®(m—1,k)B(k)Q(k)BT(k)®T(m — 1,k) (2.2.88)

And finally, for £ = [ 4+ 1: Using eq.(2.2.6) we can reduce eq.(2.2.84) to the
following.

m~—1

Twi(m) = (F(m—1,k)B(k)Q(R)B ()& (m —1,k))( [ H:)Gi6,

= (®(m — 1,k)B(k)Q(k)B*(k)& (m — l,k))vf:(m)
= diag(..., M3, ...M,,...)v}(m) (2.2.89)
M, = ®&(m —1,k)B(k)Q(k)BT(k)®T(m — 1,k) (2.2.90)

Thus, from eq.(2.2.81), eq.(2.2.82), and eq.’s(2.2.86,2.2.87, 2.2.89) we get

Bea(myoi(m) = (3 (@F(m — 1, k)B(k)Q(K)B*(K)F (m — 1, k)))

X ol (m)
= diag(..., M3,...Ms,...)vl(m) (2.2.91)
M; = f: (®(m — 1,k)B(k)Q(k)BT(k)®T(m — 1,k)) (2.2.92)

k=Il+4+1
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Finally, we consider the structures of ¥;5Z(m) and I'voL(m). Using eq.(2.2.8) we

can write
m—1 k-1
Lo (m) = (®(m—1,k)B(k)Q(k)B* (k)& (m — 1,k))( I~Ik HE‘)(E H})sE

= @(m— 1, K)B(R)QE)B (K)E (m — 1, k))(T] B;)6%
i=L

= (®(m - 1,k)B(k)Q(k)B*(k)& (m — 1,k))7:(m)

= diag(..., My(k),...My(k),...)TE(m) (2.2.93)

My(k) = ®(m —1,k)B(k)Q(k)BT(k)®T(m — 1,k) (2.2.94)

Using eq.(2.2.6) we can write

Vik(m) = (B(m 1, L)Pu(L)E"(m — 1, 1))(T] H?)6E

~ @(m -1, LYPL)F (m - 1, 1))7%(m)
= diag(..., Ms, ... M5, ...)5=(m) (2.2.95)
Ms = ®(m —1,L)P,(L)®"(m - 1,L) (2.2.96)

From eq.’s(2.2.81,2.2.93,2.2.95) we conclude that

Reo(m)si(m) = diag(...,(i;: M4(k))+M5,...(§ My(k)) + Ms,...)
k=L+1 k=L+1

x TL(m) (2.2.97)

In summary we have shown that with

Sp o= 3 (@(k, L)B(R)Q(E)BT (k)BT (k, L)) + B(m — 1, 1) Pu(L)87(m — 1, )
k=L+1

(2.2.98)

Moo= 3 (8(kOB(R)Q(k) BT (k)BT (k1) (2.2.99)
={+1

forl=1L,.m—1
Roo(m)Ti(m) = diag(...,AL,... L, ...)TE(m) (2.2.100)
Roo(m)ol(m) = diag(..., A, ... A, ...) vk (m) (2.2.101)

forl=L,.m—1,1i,n € Z, thus proving the lemma. O
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2.3 Efficient Optimal Smoothing

In this section we consider the problem of optimally estimating one of our processes
given sensors of varying SNR’s and differing resolutions. We formulate this sensor
fusion problem as an optimal smoothing problem in which the optimally smoothed
estimate is formed by combining noisy measurements of our lattice process at various
scales. In other words each sensor is modeled as a noisy observation of our process
at some scale of the lattice. We treat the smoothing problem in a way which is
sufficiently general to account for situations in which we have measurements at either
one or multiple scales. For example, for the problem of smoothing one of our processes
given measurements at a single scale we can think of having measurements exclusively
at the finest scale of the lattice. In the case of the fusion problem in which we have
measurements at more than one scale we consider having measurements at multiple
scales of the lattice. In the following development we assume the model in eq.(2.2.63).

Consider the following multiscale measurements for m = L,L + 1,...M.

y(m) = C(m)z(m) + v(m) (2.3.102)
where
C(m) £ diag(...,C(m),...C(m),...) (2.3.103)
R(m) & diag(...,R(m),...R(m),...) (2.3.104)
EP(i)v(5)T] = R()é; (2.3.105)

and where C(m)is a bx d matrix and R(m) is a bx b matrix. We define the smoothed
estimate, denoted as z*(m), to be the expected value of £(m) conditioned on y(¢) for
i=L,L+1,..M;ie.

z’(m) = E[z(m)|y(L),...y(M)] (2.3.106)

We define the coarse-to-fine filtered estimate, to be the expected value of z(m)

conditioned on y(i) for s = L,L + 1,...m; i.e

&(m|m) = E[z(m)|y(L),...y(m)] (2.3.107)
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We define the coarse-to-fine one-step predicted estimate to be the expected value

of z(m) conditioned on y(¢) for i = L,L + 1,..m — 1; i.e
&(m|m — 1) = E[z(m)|y(L),...y(m — 1)) (2.3.108)

From standard Kalman filtering theory, we can derive a recursive filter with its
associated Riccati equations, where the recursion in the case of our lattice models is
in the scale index m. We choose to solve the smoothing problem via the Rauch-Tung-
Striebel(RTS) algorithm[45]. This gives us a correction sweep that runs recursively
from fine to coarse scales with the initial condition of the recursion being the final
point of the Kalman filter. The following equations describe the “down” sweep, i.e.
the filtering step from coarse to fine scales.

Form=1L,...,.M:

g(mm-1) = H;_A(m)&(m —1jm - 1) (2.3.109)
&(mlm) = &(m|m —1) + K(m)[y(m) — C(m)&(m|m —1)] (2.3.110)
K(m) = P(m|m —1)C*(m)S(m) (2.3.111)
S(m) = (C(m)P(mlm — 1)C*(m) + R(m))"" (23.112)

Plmim—1) = Hy_y A(m)P(m — ljm — 1)4"(m) Ho_s
+ B(m)Q(m)B*(m) (2.3.113)
Pimim) = P Y mm—1)+C*(m)R™(m)C(m) (2.3.114)

with initial conditions

#LIL-1) = 0 (2.3.115)
P(LIL-1) = P.(L) (2.3.116)

We also have the following equations for the correction sweep of the Rauch-Tung-

Striebel algorithm, i.e. the “up” sweep from fine to coarse scales.
Form=M-1,M -2,..L+1,L:
z'(m) = &(mlm)+ P(m|m)A*(m + 1) Ho P (m + 1m)[z*(m + 1) — &(m + 1|m))]
(2.3.117)
P*(m) = P(mim)+ E(m)[P°’(m+ 1) — P(m + 1|m)] E*(m) (2.3.118)
E(m) = P(mm)A*(m + 1)H,P }(m + 1jm) (2.3.119)
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with initial conditions

(M) = & M|M) (2.3.120)
PH(M) = P(M|M) (2.3.121)

Note that we could equally have chosen to start the RTS algorithm going from fine
to coarse scales followed by a correction sweep from coarse to fine, i.e. an up-down
rather than the down-up algorithm just described. We treat this case in the next
section.

We now proceed to show how the smoothing problem can be decomposed into a
set of standard 1D smoothing problems, where we use the down-up version of the
RTS algorithm. By transforming our state vectors and data, i.e. by representing
them in the wavelet basis, we end up with a set of independent 1D RTS smoothing

problems which can be computed in parallel. Let us define the following transformed

quantities.

Zia(mlm —1) 2 (vf(m))Té(m|m — 1) (2.3.122)
Pir(mlm—1) & (vi(m))TP(m|m — 1)vf(m) (2.3.123)
Eip(mm) = (vf(m))Té(m|m) (2.3.124)
Pix(mlm) = (vi(m))TP(mlm)vi(m) (2.3.125)
drp(mim—1) = (7F(m))Té(mlm - 1) (2.3.126)
Pra(mim—1) = (55(m))"P(m|m — 1)vi(m) (2.3.127)
dga(mlm) 2 (T6(m)) #(mlm) (2.3.128)
Pri(mlm) 2 (5f(m))TP(m|m)vy(m) (2.3.129)
Zu(m) £ (vi(m))T="(m) (2.3.130)
1(m) = (vl(m))" P*(m)vi(m) (2.3.131)

g a(m) & (vf(m))T2"(m) (2.3.132)
Pia(m) £ (vf(m))TP*(m)vf(m) (2.3.133)

These quantities represent the transformed versions of the predicted, filtered, and

smoothed estimates in the Rauch-Tung-Striebel algorithm, along with their respective
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error covariances, in the transform domain. The eigenvectors used to transform these
quantities involve, as previously defined, d X 1 vector versions of the operators H; and
G;. We also need to represent the transformed data, where the data at each scale,
y(m), is an infinite-dimensional vector whose entries are finite-dimensional vectors of
dimension b x 1. We represent these vectors using eigenvectors which now involve

b x 1 vector versions of the operators H; and G;. In particular, we define the following

operators
(HoFf(m+1,) £ S h(2n—kE)F(m+1,k) (2.3.134)
k
(@rF(m+1, £ 3 g2n—k)F(m+1,k) (2.3.135)
k
fm+L,k) € R (2.3.136)

and the following unit vectors

8 = [-y 08y ey Oy Iy ,03,...05,...]7 (2.3.137)
~~
ith
We denote the corresponding block eigenvectors as V to distinguish them from their

d x 1 versions. In particular, we have

Vim) 2 (ﬁlﬁ;)ﬁf (2.3.138)
Viim) =2 (mff )G %, (2.3.139)
1=l+1

Finally, we define our transformed data as follows.

(Vi(m))Ty(m) (2.3.140)
(Vi (m))Ty(m) (2.3.141)

Fix(m)

Fr.k(m)

eI

Note that for each scale m, where m = L + 1,...M, our transform indices range

as follows.

j = L,...m-—1
k € Z (2.3.142)
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That is, for each m other than at the coarsest scale, L, we transform our quantities so
that they involve eigenvectors whose coarsest scale is L. As we will show, quantities
associated with m = L are already block-diagonalized, due to the fact that our model
assumes a block-diagonalized structure at this coarsest scale. For example, the fact
that the measurement at the coarsest scale, y(L), has a block-diagonal covariance
structure follows from the fact that z(L) has a block-diagonal covariance structure
and the fact that our measurements are uncorrelated along the nodes of the lattice.

The following lemma is essential to the results in this section.

Lemma 2.3.1 Let F(m) and G(m) be a block diagonal operators of the following

form

F(m) = diag(...,F(m),...F(m),...) (2.3.143)
E(m) = diag(...,E(m),...E(m),...) (2.3.144)
where F(m) is a d X d matriz and E(m) is a b X d matriz. We have the following
relationships.
(vi(m))TF(m) = F(m)(vi(m))" (2.3.145)
(i (m))TF(m)oi(m) = F(m)&_jun (2.3.146)
(Te(m))TF(m) = F(m)(w(m))" (2.3.147)
(Te(m))T F(m)or(m) = F(m)8i (2.3.148)
E(m)vi(m) = Vi(m)E(m) (2.3.149)
E(m)i(m) = Vi(m)E(m) (2.3.150)
E(mVi(m) = vi(m)E"(m) (2.3.151)
£ (m)Vi(m) = T(m)ET(m) (2.3.152)
Proof

We begin with eq.(2.3.145).

(wf(m) T F(m) = (857Ge( T H)F(m)

t=k+1

= BT FmG( T E)

1=k+1
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= e Tl )

i=k+1

= F(m)(vi(m))

where the second equality follows from the fact that F(m) commutes with the oper-
ators H; and G;.
We now consider eq.(2.3.146).

(uh(m))T Fmyef(m) = (87Gu( TT HoFem)(TT HDGIS,
1=k+1 i=l+41

= (5TFm)Gu( [[ E)( [I H)Gé:
i=k+41 1=l41

_ {F(m)(agc)Tég. k=1

0 otherwise

{ F(m)&i_j,k_g k =]

0 otherwise

where the second equality follows from the fact that F(m) commutes with the oper-
ators H; and G; and where the third equality uses the properties in eq.’s(2.2.6,2.2.8).
Similar arguments can be used to derive eq.’s(2.3.147,2.3.148).

We now consider eq.(2.3.149).

E(mpi(m) = Em)( TI H:)G;!
1=k+1
( [1 H.)G.E(m)8}

1=k+1

il

- (I &)B.3:E(m)
1=k+1
— Vi(m)E(m)

where the second equality follows from the fact that £(m) commutes with the oper-
ators H} and G} in the following way.
Em)H! = H;E(m) (2.3.153)
E(m)G? G E(m) (2.3.154)
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A similar argument can be used to derive eq.(2.3.150).
Finally, consider eq.(2.3.151).

£ (m)Vi(m) = s*(m)(mlj o5
i=kt1

(TI E)GiE (m)5:

1=k+1

]

= (IT #0685 m)
= vf(m)E7(m)

where the second equality follows from the fact that £*(m) commutes with the oper-

ators H, and G,.

E*(m)H, = H!E'(m) (2.3.155)
& (m)G, = Gi€*(m) (2.3.156)

A similar argument can be used to derive eq.(2.3.152). O

We now proceed to derive the equations for filtering and smoothing in the trans-
form domain. As we will see, these results form the basis of a smoothing algorithm
in the transform domain which consists of a collection of independent smoothing al-
gorithms each of which smooths, in scale, a d x 1 state vector rather than an infinite-

dimensional vector. We begin with the one-step predicted estimate &(m|m — 1).

Definition 2.3.1 The transformed one-step predicted estimates ip (m|m — 1)

and 2;x(m|m — 1) are defined as follows.

dpp(mim —1) 2 (8E(m))T&(m|m — 1) (2.3.157)
Zir(mim —1) £ (vi(m))T&(m|m — 1) (2.3.158)

Lemma 2.3.2 The transformed one-step predicted estimates dpr(m|m — 1) and
2;x(m|m — 1) evolve according to the following equations.

For k € Z we have

drp(mlm —1) = A(m)ire(m —1lm — 1) (2.3.159)
L+1,L+2,.M

m

H
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Forj=L,L+1,.M—2 k& Z we have

Zig(mim —1) = A(m)zu(m —1|m —1) (2.3.160)
m = 7+2,7+3,.M

with the initial conditions j = L,L+1,.M -1 ke Z
Zik(7 + 1]7) =0 (2.3.161)

Proof
Multiplying both sides of eq.(2.3.109) by (vi(m))T, we get for m = L +1,...M

(vi(m))Té(mlm —1) = Zu(mlm —1)

(v () Hyy_y Am)(m — 1fm — 1)
(i(m - 1) TA(m)é(m —1m —-1) j=L,.m—-2 k€ Z
0 j=m-1keZ

Am)zu(m—1m—1) j=L,.m-2 ke Z
— {(mMMm fm =1) m € (2.3.162)

0 j=m-1keZ

where the third equality follows from Corollary 2.2.1 and where the last equality
follows from Lemma 2.3.1. A similar argument applies in deriving eq.(2.3.159). O
We now consider the error covariances P(m|m) and P(m|m — 1) and show how

each of these quantities propagates in the transform domain.

Definition 2.3.2 The diagonalized one-step predicted error covariances,

Pir(m|m — 1), Ppp(m|m — 1) are defined as follows.

Piwimlm—1) 2 (vi(m))TP(m|m — 1)vi(m) (2.3.163)
Pru(mim—1) & (35(m))TP(m|m — 1)5E(m) (2.3.164)

Definition 2.3.3 The diagonalized filtered error covariances, Pjx(m|m), Py x(m|m)
are defined as follows.

(vi(m))* P (m|m)vi(m) (2:3.165)
(@F(m))TP(m|m)vF(m) (2.3.166)

Pji(m|m)

> 1

Py (m|m)
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Lemma 2.8.3 The diagonalized one-step predicted error covariances, P;(m|m — 1)
and Ppi(m|m — 1), evolve according to the following equations.
Foryj =L, L+1,.M—2 k€ Z we have

Pix(mim —1) = A(m)P;r(m — 1m — 1)AT(m) + B(m)Q(m)BT(m)

(2.3.167)
m = j+2,7+3,.M
with the initial conditions j =L, L+1,.M -1 ke Z
Pix(i +1lj) = B(j + 1)Q(j + 1)BT(j + 1) (2.3.168)

For k € Z we have

Pra(mlm—1) = A(m)Bpu(m — Ljm — 1)A”(m) + B(m)Q(m)B(m)
(2.3.169)
m = L+1,L+2,.M

The diagonalized filtered error covariances, P;i(m|m) and Py x(m|m), evolve ac-
cording to the following equations.
Forj=L,L+1,.M—1 k€ Z we have

P;i(mlm) = Pjp(mlm— 1)+ CT(m)R"(m)C(m) (2.3.170)
m = j+1,7+2,.M
Piu(LIL) & P7A(L)+ CT(L)R™Y(L)C(L) (2.3.171)
For k € Z we have
Pri(mlm) = Pri(m|m — 1)+ CT(m)R™(m)C(m) (2.3.172)
m = L+1,0+2,..M
Ppi(LIL) & P7Y(L)+CT(L)RY(L)C(L) (2.3.173)

Furthermore, the operators P(m|m) and P(m|m —1) are block-diagonalized by our

eigenvectors vi(m) and TE(m). Namely,

(v};(m))T’P(mlm)v{(m) = P;u(m|m)&i_jr_i (2.3.174)



CHAPTER 2. MULTISCALE PROCESSES ON LATTICES 57

(TE(m))TP(m|m)sf(m) = Bpiu(m|m)si_, (2.3.175)
(vi(m))TP(mIm — 1)vj(m) = Pip(m|m — 1)6i_jre (2.3.176)
@k (m))TP(mlm — 1)5F(m) = Ppip(m|m — 1)6_, (2.3.177)

Proof
We show our results by induction on m. From our initial condition, eq.(2.3.116),
and our update equation, eq.(2.3.114), we have
P(LIL) = (P;Y(L) + C*(L)YRY(L)C(L))™ (2.3.178)
The fact that P,(L), R(L) and C(L) are block-diagonal implies that P(L|L) is block-

diagonal. In particular,

—-1

PY(L|L) = diag(..., Py (L] L), .. Pry(L|L), ..) (2.3.179)
where
PLi(ZlL) = Pi(LIL)
= P;Y(L)+ CT(L)RY(L)C(L) (2.3.180)
Applying our prediction equation, eq.(2.3.113), to P(L|L) we get
P(L+1|L) = HpA(L+1)P(LIL)A*(L+1)HL
+ B(L+1)Q(L+1)B*L+1) (2.3.181)
By multiplying on the left by (vF(L + 1))T and on the right by v*(L 4 1) and by
applying Lemma 2.3.1 and the fact that the operator P(L|L) is block diagonal, we
get that
(vp(L+1)"P(L+ 1L (L +1) = B(L+1)Q(L+ 1)BT(L + 1)8_;
= —P.L’k(L -+ 1|L)6k_1 (2.3.182)
Similarly, by multiplying on the left by (¥f(L + 1))T and on the right by 3F(L + 1),
we get that
@ (L +1))"P(L+ L)L +1) = (A(L+1)Ppu(LIL)AT(L +1)
+ B(L+1)Q(L+ 1)BT(L + 1))bxy
= Ppp(L +1|L)6y (2.3.183)
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Thus, we have verified eq.(2.3.169) for m = L+1 and eq.(2.3.168) for 7 = L. We have
also shown that P(m|m) and P(m|m — 1) are block-diagonalized by our eigenvectors
vi(m) and F(m) for m = L + 1. By updating P(L + 1|L) using eq.(2.3.114) then
multiplying on the left by (vF(L + 1))T and on the right by vF(L + 1), we get

(WE(L 4+ 1)TP ML+ 1L+ 1)of(L+1) = (Ppu(L+1/L)
+ CT(L+1)RYL+1)C(L+1))br

—-1

= Pou(L+1|L+1)8_ (2.3.184)

where the first equality follows from Lemma 2.3.1 and the fact that P(L + 1|L),
C(L + 1), and R(L + 1) are block diagonal. This verifies eq.(2.3.170) for 7 = L and
m = L + 1. A similar argument verifies eq.(2.3.172) for j = L and m = L + 1.

We now assume that P(m — 1|m — 1) and P(m — 1|m — 2) are block-diagonalized
by vi(m — 1) and F(m — 1). We first show that P(m|m — 1) is block-diagonalized by
vi(m) and TF(m) and indeed satisfies eq.’s(2.3.167,2.3.168). Multiplying eq.(2.3.113)
on the left by (vi(m))T and on the right by vf(m) we get

(vi(m))"P(m|m — 1)oj(m) = (vi(m))"Hy,_; A(m)P(m — 1jm — 1)A*(m) Hp_1v{(m)
+ (vi(m))TB(m)Q(m)B*(m)v](m)

(A(m)Pjx(m — 1lm — 1)AT(m)

+B(m)Q(m)BTY(m))i_jkt j=L,..m—2 ke Z

(B(m)Q(m)BT(m))bi—jpt j=m—-1keZ

= Pr(mm — 1)8;_jr (2.3.185)

where the second equality follows from our induction assumption, Corollary 2.2.1,
Lemma 2.3.1, and the fact that (vi(m))Tvi(m) = I;. A similar argument can be
made to verify eq.(2.3.169).

The fact that P(m|m) is block-diagonalized by vi(m) and T¥(m) can be shown as
follows. Taking the inverse of each side of eq.(2.3.114) then multiplying on the left
by (vi(m))T and on the right by v{(m), we get

(vk(m))TP(mim)vi(m) = (Pj(mlm — 1)+ CT(m)R™ (m)C(m))éi s
= ?j,k(mlm)&_j,k_, (2.3.186)
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where the first equality follows from eq.(2.3.185) and Lemma 2.3.1. A similar argu-
ment can be made to verify eq.(2.3.172). O

We now consider the updated estimate &(m|m). In considering the scale evolution
of this quantity in the transform domain, we must bear in mind the fact that the
data is transformed using eigenvectors, V!(m), which are defined with respect to
the operators H; and G; operating on b X 1 vectors rather than on d x 1 vectors.
The following results show that in fact this does not present a problem with respect
to preserving the independence of the filtering steps with respect to the different

transform components.

Definition 2.3.4 The diagonalized or transformed data, 7;,(m) and jr (m), are
defined as follows.

(Vi(m))Ty(m) (2.3.187)
(Vi (m))Ty(m) (2.3.188)

Fix(m)
gr,x(m)

e e

Definition 2.3.5 The diagonalized filtered estimates, 2;r(m|m) and 4r x(m|m),
are defined as follows.

(Vi(m))T#(m|m) (2.3.189)
(P} (m))T&(m|m) (2.3.190)

Zik(mlm)

e

ﬁL,k(m|m)

Lemma 2.3.4 The diagonalized filtered estimates, z;r(m|m) and @ (m|m), evolve
according to the following equations.
Forj=L,L+1,.M—1andke2Z

Zir(mlm) = Zix(mlm — 1) + K;x(m)(F;(m) — C(m)2;s(m|m — 1))
m o= j+1,..M (2.3.191)

Forke Z

arp(mim) = dpr(mlm — 1)+ Kpp(m)(Fpi(m) — C(m)ip(m|m — 1))

m = L,L+1,..M (2.3.192)
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where
Kin(m) £ (vi(m))TK(m)Vi(m) (2.3.193)
Kpi(m) £ (v(m))TK(m)Vi(m) (2.3.194)
and furthermore,
(i (m)TEm)Vi{(m) = Ku(m)bi_ji (2.3.195)
@L(m))TK(m)Vi(m) = K;u(m)6i_jui (2.3.196)

Proof
We begin by premultiplying eq.(2.3.110) by (vi(m))T. For m = L,..M
(vi(m)Té(mlm) = 2;u(mlm) (2:3.197)
= Zju(mlm) + (v](m))TK(m)[y(m) — C(m)&(m|m — 1)]
We now use the following fact, which follows from the fact that {v}(m)sE(m)} is a

complete orthonormal basis for 2.
Z > vn(m)(vn(m))T + Z T (m)(Tn(m))T = I (2.3.198)
=L n

where I is taken to be the identity operator for {%; i.e. I,z = = for = € [2. Note that

M
LP(mim - 1), = (O_ 3 vh(m)(vi(m))T (2.3.199)

=L n

+ Z 7 (m)(T5(m))")

x P(m|m — 1)( i)_; >~ va(m)(vn(m))T + E Ty (m) (7 (m))”)
= (Z > vn(m)Pra(mlm — 1)(v, (m))"

=L n
+ DT (m)Pra(mim —1)((m))T)

where the second equality follows from the fact that P(m|m — 1) is diagonalized by
{vfl(m),iiﬁ(m)}. The result

C(m)P(mlm —1)C*(m) = C(m)(3_ > vn(m)Prn(m|m — 1)(v;,(m))T

=L n
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+ 2T ()P a(mlm — 1)(7E(m))T)C* (m)

> Va(m)C(m)Pya(m|m — 1)CT (m)(V,(m))F

L= =

l

+ S VE(m)C(m) By n(mlm — 1)CT (m) (P (m))T

=[]

(2.3.200)

follows from Lemma 2.3.1. Building on this we get

(C(m)P(m|m —1)C*(m) + R(m))™" = 33 Vp(m)(C(m)Pin(m|m — 1)CT(m)

=L n

+ B (m) (Vi(m)T
+ Y Vi(m)(C(m) By n(m|m — 1)CT (m)

+ R(m))1(VE(m))T (2.3.201)

It then follows, using Lemma 2.3.1, that

Klm) = Plmlm = 1)C"(m) |3 S W(m)(C(m)Pin(rmim ~ 1)07(m)
bR m) Y m) + 2 V,(m)
X (C(m)Pra(mlm — 1)CT(m) + B (m))(V,(m))"]
= 3 Plmim = Db (m)CT(m)(C{m)Pinrmim — )CT(m)
+ R m) RV m))T + X Pmlm — 1) (m)CT (m)
X (C(m)Pra(mm —1)CT(m) + R (m)) ' (Vy(m))T  (2.3.202)
Now, we consider premultiplying K(m) by (vi(m))T.

(vi(m))"K(m) = Piu(mlm — 1)CT(m)(C(m)P;x(m|m — 1)C7 (m)
+ RY(m))'(Vi(m))T (2.3.203)

where we have used the fact that

(vi(m))TP(m|m — 1)vi(m) = Pjp(m|m — 1)8i_;xi (2.3.204)
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Finally,

vi(m))TK(m)[y(m) — C(m)é(m|m — 1)] Pji(m|m — 1)C% (m)(C(m)P;x(m|m — 1)CT(m)
+ R (m))"'(Vi(m))T [y(m) — C(m)&(m|m — 1)]
Pji(mlm — 1)CT(m)(C(m)Pjx(m|m — 1)C7(m)
+ R7Y(m)) ' g;(m) — C(m)2je(m|m — 1)]
(2.3.205)

il

Il

From eq.’s(2.3.193,2.3.1972.3.205) it follows that

2ir(mlm) = Zr(mlm — 1) + K;x(m)(;1(m) — C(m)Z;x(m|m — 1))
(2.3.206)

thus, proving eq.(2.3.191). Eq.(2.3.192) can be derived in a similar manner. O

We now complete the diagonalization of our smoothing algorithm by deriving the
recursions for our fine-to-coarse sweep in the transform domain. In particular we
show how the recursion for both the smoothed estimate and its error covariance in

the transform domain decouple.

Definition 2.3.6 The diagonalized smoothed estimates, 23,(m) and 2 ,(m), are
defined as follows.

(vi(m))Tz*(m) (2.3.207)
(vE(m))T2*(m) (2.3.208)

z;‘,k(m)

z x(m)

e 1>

Lemma 2.3.5 The diagonalized smoothed estimates, z5,(m) and 2} ,(m), evolve ac-
cording to the following equations.

Forj=L,L+1,..M—-1andke€Z

-1

Zu(m) = Za(mlm) + Pip(m|m)AT(m + 1)P;(m + 1m)[z54(m + 1) = Zj.(m + 1jm)]
m = M—1,M-2,..L+1,L (2.3.209)

with initial condition

Zp(M) = 2;,(M|M) (2.3.210)
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Forke Z

23 x(m) = dip(mlm) + Pjp(m|m)AT (m + 1) Pl (m + 1m)[2](m + 1) — @6(m + 1jm)]

m = M-1,M-2,.L+1,L (2.3.211)
with initial condition
Zp(M) = ;. (M|M) (2.3.212)
Proof
By multiplying eq.(2.3.117) on the left by (vi(m))? we get
Zu(m) = (vi(m))Tz*(m)
= Zjx(m|m)
+ (vi(m))"P(m|m) AT (m)Hn P~} (m + 1m)1;
x [z*(m+1) — &(m + 1|m)] (2.3.213)
M
L = 3 S olm)elm) + ¥ ok(m)@E(m) (2.3.214)
=L n n
M
I = . Y ok(m+ 1)@ (m+ 1)T + 355 (m + 1)(@(m + 1))T
=L n n
(2.3.215)
Note that from
(v,’;(m))T'P(mlm)v{(m) = Pjp(m|m)&i_jpe—i (2.3.216)
we get that
(vi(m))*P(m|m)I, = Piu(m|m)vi(m))” (2.3.217)

From Corollary 2.2.3 and Lemma 2.3.1 we get that

(v](m))TP(m|m)LAT(m)Ha P~ (m + Um)I; = Pjx(mm)AT(m + Lw(m + 1))”
x P Hm+ 1m)I,
(2.3.218)

From

(vi(m + 1))TPY(m + 1 m)oi(m + 1) = P (m + 1jm)&_jri (2.3.219)
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we get that
(v,’;(m))T’P(mlm)IgAT(m)Hm'P"l(m +1m)I, = P;p(mim)AT(m +1)
X Pip(m + m)(v(m +1))7
(2.3.220)

Substituting eq.(2.3.220) into eq.(2.3.213) we get

-1

Zp(m) = Zie(mlm) + Pie(m|m)AT(m + 1)P;o(m + 1lm)[z5(m + 1) — 2a(m + 1|m)]
(2.3.221)
thus, proving eq.(2.3.209). Eq.(2.3.211) is proved in a similar manner. [J

Definition 2.3.7 The diagonalized smoothed error covariances, P},(m) and
ijk(m), are defined as follows.

Pi(m) £ (vi(m))TP*(m)vi(m) (2.3.222)
By u(m) & (5E(m))TP(m)vE(m) (2.3.223)

Lemma 2.3.6 The diagonalized smoothed error covariances, Pf,(m) and P3,(m),

evolve according to the following equations.

Forj=L,L+1,..M—-1and ke Z

Piu(m) = Pix(m|m) + Ejn(m) [Ph(m + 1) — Pia(m + 1m)] Ej(m)

(2.3.224)
Ejw(m) = Piu(m|m)AT(m+1)P,(m + 1|m) (2.3.225)
m = M—1,M—-2,..L+1,L
with initial condition
P (M) = P;x(M|M) (2.3.226)

Forke Z
Piy(m) = Pju(mlm)+Eju(m) [Poa(m + 1) — Pia(m + 1jm)] ()" (m)
(2.3.227)
E(m) = Pj(mlm)AT(m + 1)P3H(m + 1jm) (2.3.228)
m = M—-1,M-2,..L+1,L
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with initial condition

Piy(M) = Pip(M|M) (2.3.229)

Furthermore, we have that
(@ (m))TP (m)vf(m) = BPf,(m)e (2.3.230)
(vi(m))TP*(m)zi(m) = Pl (m)éi_jn— (2.3.231)

Proof
We show eq.(2.3.224) by induction on m. Assume that

(vi(m + 1))TP*(m + 1)vj(m + 1) = Pfi(m + 1)6i_j e (2.3.232)
Multiplying eq.(2.3.118) on the left by (vi(m))T and on the right by v/(m), we get

(vi(m))TP*(m)v](m) = Pir(m|m)si_jp-
+ (vk(m))TE(m)L [P*(m + 1) = P(m + 1jm)] LE*(m)v](m)
(2.3.233)
where I} is defined in eq.(2.3.215). From Corollary 2.2.3, Lemma 2.3.1, and the fact
that
(i(m))TP(m|m)oi(m) = Pip(m|m)bi_ji (2.3.234)
(vi(m))TP~H(m + Um)vf(m) = Po(m+1m)6ijur  (2.3.235)

we get

(vh(m))TE(m)I; = (v(m))"P(m|m)L2A*(m + 1) Hy P} (m + 1jm)1,

-1

= Pir(m|m)AT(m + P, (m+ 1jm)(vi(m + 1))*
(2.3.236)

Substituting eq.(2.3.236) into eq.(2.3.233) and using the fact that

(v,’e(m + 1))TP(m + llm)vi’(m + 1) = —ﬁj,k(m -+ Hm)(s,;_j,k_g (23237)
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we get
(vi(m)TP*(m)vf(m) = Pin(m|m)éi_jn
+ Pia(m|m)AT(m + 1P (m + 1jm)
X [Piulm+1) = Pia(m + 1m)] 8i-jis
X Pip(m+ 1m)A(m + 1)Pjp(m|m)
= P/ (m)éi_jr (2.3.238)
By substituting eq.(2.3.236) into eq.(2.3.233) and by using the fact that
(Wh(M)TP*(M)vi(m +1) = (vi(M))TP(M|M)vi(m + 1)
= Pu(M|M)&;_jp (2.3.239)
we show eq.(2.3.238) is true for m = M +1. Thus, we have verified eq.’s(2.3.224,2.3.231).
Eq.’s(2.3.227,2.3.230) are derived in a similar manner. O
The previous results can be grouped together to form a smoothing algorithm
consisting of a collection of 1D Rauch-Tung-Striebel smoothing algorithms, each of

which can be performed in parallel. In particular we have the following algorithm.

Algorithm 2.3.1 Consider the smoothing problem for a lattice defined over a finite
number of scales, labeled from coarse to fine as m = L,L + 1,...M. The following
set of equations describes the solution to the smoothing problem, transformed onto
the space spanned by the eigenvectors of R..(m), in terms of independent standard

Rauch- Tung Striebel smoothing algorithms.

DOWN SWEEP:

Forj=L,L+1,.M—-2andkec Z:
Zir(mm —1) = A(m)zje(m —1jm — 1) (2.3.240)
—P—j,k(m[m -1) = A(m)P;p(m — 1|m — l)AT(m) + B(m)Q(m)BT(m)

(2.3.241)
m = j+2,j+3,..M
with the initial conditions for j = L, L+1,..M —1 andk € Z
Zip(G+17) = 0 (2.3.242)
Pix(j+1j) = B(+1)Q(U+1)B"(j+1) (2.3.243)
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Forj=L,L+1,.M—1andke€ 2Z:

Zix(mlm) = Zx(mlm — 1) + K;x(m)(F;.(m) — C(m)2;x(m|m — 1))

(2.3.244)
Piu(mlm) = Pp(mlm —1) + CT(m)R™}(m)C(m) (2.3.245)
m = j7+1,3+2,.M
Kix(m) & (vi(m))TK(m)Vi(m) (2.3.246)
For k € Z we have

ﬁL,k(m|m - 1) = A(m)ﬁL,k(m — llm — l) (2.3.247)

PL,k(mlm -1) = A(m)f’,—,,k(m —1jm — l)AT(m) + B(m)Q(m)BT(m)
' (2.3.248)

m = L+1,L+2,.M
with the initial conditions

drp(LIL—1) = 0 (2.3.249)
Pri(LIL—1) = P.(L) (2.3.250)

For k € Z we have

darp(mim) = aga(mlm —1) + Kpp(m)(Gpu(m) — C(m)igu(m|m — 1))

(2.3.251)
Pri(mlm) = Pri(m|m — 1)+ CT(m)R™(m)C(m) (2.3.252)
m = L, L+1,.M
Kru(m) & (@(m)"K(m)Vi(m) (2.3.253)
UP SWFEEP:

Forj=L,L+1,.M—1andke 2

Zip(m) = Zix(mlm) + Pia(mlm)AT(m + )P (m + 1m)[z5u(m + 1) = 2i4(m + 1m)]
(2.3.254)
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Pi(m) = Piu(m|m) + Eju(m) [Piu(m + 1) = Piu(m + 1|m)| E; (m) (2.3.255)
Ejx(m) = Piu(mm)AT(m + 1)P;(m + 1m) (2.3.256)
m = M—1,M—2.j+27j+1 (2.3.257)

with initial condition

(M) = . (M|M) (2.3.258)
P (M) = Pu(M|M) (2.3.259)

i

Forke Z

Fa(m) = Ai(mlm)+ Piu(mlm)AT(m + 1) P (m + Um)[£u(m + 1) — de(m + 1jm)]

(2.3.260)
Pty(m) = Ppu(mlm)+Eju(m) [Biu(m +1) = Pia(m + 1m)| (E;)"(m)  (2.3.261)
E;u(m) = Bju(mlm)AT(m + 1)P7t(m + 1jm) (2.3.262)
m = M—-1,M~-2,.L+1,L (2.3.263)
with initial condition
2 M) = apu(M|M) (2.3.264)
P (M) = Bpu(M|M) (2.3.265)

The structure of this algorithm is illustrated in Figure 2.3.1. Note that our algo-
rithm is highly efficient in that we’ve transformed the problem of smoothing infinite
dimensional vectors to one of smoothing in parallel a set of finite dimensional vectors.
Also, the smoothing procedure takes place in scale rather than in time, and for finite
data of length N this interval is at most of order logN. In particular, the number of
scale components at each scale increases with finer scales. Since only data at scales
at or finer than the scale of a particular component provide information about that
component, this leads to smoothers of different length in scale, with their length in-
dexed by scale component. Let us analyze the complexity of our overall algorithm
for smoothing our lattice processes. We first transform our data using the wavelet

transform which is fast: O(IN) where N is the number of points at the finest scale
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Figure 2.3.1: Parallel 1D Smoothing - Down-up
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and [ is the length of the QMF filter. We then perform in parallel our 1D smoothers.
Note that as illustrated in Figure 2.3.1 the different scale components are smoothed
using RTS smoothers over different length intervals, where the typically the length of
the interval is at most log/N. Even if these smoothers are computed serially the total
computation is O(IN). After performing the parallel 1D smoothers on these trans-
formed variables an additional inverse transformation is required, which is performed
again using the inverse wavelet transform (the synthesis equations). Thus, the overall
procedure is of complexity O(IN). We show in detail later how the wavelet transform
is adapted to the case of finite length sequences. We also point out that our algorithm
generalizes Wornell’s smoothing algorithm([56] to allow for multiscale measurements
and to allow for higher-order models.

As a final note concerning lattice models and our lattice-based smoother, our
transform method of parallelizing the smoothing problem requires the matrix C(m)
in eq.(2.3.102) to have constants along the diagonal for all m, i.e. that the same
measurements are made at all points at any particular scale. The case of missing data
at a given scale is an example in which this structure is violated. This is relevant
to situations in which one might want to use coarse data to interpolate sparsely
distributed fine data. This problem is easily handled by our framework using models
based on homogeneous trees, which is the topic of Chapter 3. We can also use an
iterative algorithm to solve this problem in the context of our lattice models; this is

also discussed in Chapter 3.
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2.4 Up-down Version of the Algorithm

In this section we describe a version of our transform approach to smoothing lattice
processes which performs the Rauch-Tung-Striebel algorithm starting with a fine to
coarse or “up” sweep followed by a coarse to fine or “down” sweep. In principle there
is no reason why the filtering step must necessarily be defined from coarse to fine as in
the previous section. However, since our state model is defined in the direction from
coarse to fine, having the filtering step be defined in the same direction simplified the
derivation of the transform approach in the last section. Given that we’ve already
diagonalized the smoothing problem in this context, in order to derive an up-down
version of the algorithm we can do this entirely in the transform domain using the
smoothing equations derived in the previous section.

In particular note that the filtering step for each of the components in Algo-
rithm 2.3.1 can be interpreted as a Kalman filter for the following state model and

observation equation.

zig(m +1) = A(m)zjr(m) + B(m)w;r(m) (2.4.1)
Elwj(mwi(m)] = Q(m) (24.2)
Tix(m) = C(m)zjp(m) + rjx(m) (2.4.3)
Elrip(m)rjp(m)] = R(m) (2.4.4)

If we assume A(m) is invertible for all m, we can use results on backward Markovian

models[53] to write down the corresponding backwards model for eq.(2.4.1).

zj,k(m - 1) = Dj,k(m)zj,k(m) —_ A"l(m)B(m)tb,,k(m) (245)

Djp(m) = A7Y(m){I - B(m)BT(m)(P5(m))'}  (2.4.6)
Efw;n(m)Ti(m)] = I— BT(m)(P5(m))™*B(m) (2.4.7)
£ Q(m)
where
P2, (m) £ (v(m))" Rea(m)vi(m) (2.4.8)

Similarly, we have

uL,k(m — 1) = -ﬁL,k(m)uL,k(m) — A*l(m)B(m)’tHL,k(m) (2.4.9)
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Dru(m) = A7Y(m)M{I — B(m)BT(m)(Py,(m))"'} (2.4.10)
E@pu(m)@L(m)] = I~ BT(m)(Py.(m))"*B(m) (2.4.11)
2 Q(m)
where
P k(m) £ (5F(m))T Reo(m)oE (m) (2.4.12)

Now, if we use our newly defined backward models for our transformed variables
and apply the standard Rauch-Tung-Striebel algorithm to each of these, we can trans-

form the algorithm in the previous section into the following up-down algorithm.

Algorithm 2.4.1 Consider the smoothing problem for a lattice defined over a finite
number of scales, labeled from coarse to fine as m = L, L + 1,..M. The following
set of equations describes the solution to the smoothing problem, transformed onto
the space spanned by the eigenvectors of R..(m), in terms of independent standard
Rauch-Tung Striebel smoothing algorithms.

UP SWEEP:

Forj=L,L+1,.M—-2andke Z:

Zir(mim+1) = D(m+1)Zk(m+1lm+1) (2.4.13)
Pir(mim+1) = D(m+ 1)Pp(m+ 1jm +1)DT(m + 1)
+ B(m+1)Q(m +1)BT(m +1) (2.4.14)

m = M-1,M-2,..7+2,7+1
with the initial conditions for j =L, L+1,.M —1 andk € Z

2a(MIM +1) = 0 (2.4.15)
Pu(M|M +1) = P5(M) (2.4.16)

Forj=L,L+1,.M—1andke Z:
Zir(mlm) = Zp(mlm 4+ 1) + K;jp(m)(G;,(m) — C(m)2;6(m|m + 1))

(2.4.17)

Pin(mlm) = Piu(mlm+ 1)+ CT(m)R™}(m)C(m) (2.4.18)

I
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m = M,M~1,.5+2,j+1
Kix(m) & Piu(mlm+1)CT(m)V-1(m) (2.4.19)
V(im) = C(m)Px(m|m +1)CT(m) + R(m) (2.4.20)

For k € Z we have

drp(mm+1) = D(m+1)ags(m+1m+1) (2.4.21)
Briu(mim+1) = D(m+ 1)Bpi(m+1m+1)D (m +1)
+ B(m+1)Q(m + 1)BT(m +1) (2.4.22)
m = M—-1,M-2,.L+2,L+1

with the initial conditions

il

G (MM +1) 0 (2.4.23)
Pou(M|IM +1) = P (M) (2.4.24)

For k € Z we have

dre(mlm) = dpu(mlm+ 1)+ Kpp(m)(Fpe(m) — C(m)ipi(m|m + 1))

(2.4.25)
Ppi(mim) = Pgi(mlm+ 1)+ CT(m)R™(m)C(m) (2.4.26)
m = M,M-1,.L+2L+1
Kpi(m) & By(mlm +1)CT(m)V-1(m) (2.4.27)
V(m) = C(m)Pju(m|m +1)C%(m) + R(m) (2.4.28)
DOWN SWEEP:

Forj=L,L+1,.M~1andkeZ

zZig(m+1) = Zx(m+1m+1)
+ Pix(m +1m +1)DT(m) Py (mlm + 1)[z54(m) — Zia(m|m + 1)]
(2.4.29)
Ph(m+1) = Piu(m+1m+1)+ Eju(m + 1) [Ph(m) — Pix(mlm + 1)) Ejy(m + 1)
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-1

Ejx(m+1) = Pju(m+1m +1)DT(m)P;,(m|m + 1)
m = j+1,j+2,.M—-2,M~-1

with initial condition

Zip(G+1) = Z(G+1i+1)
Ph(G+1) = Piulj+1l7+1)

Forke Z

Zem+1) = dp(m+1m+1)

74

(2.4.30)
(2.4.31)
(2.4.32)

(2.4.33)
(2.4.34)

+ Piu(m+1m + 1)D" (m) Bl (mlm + 1)[£5(m) — dju(m|m + 1))

(2.4.35)

Plum+1) = Pia(m+1m+1)+Eju(m+1) [B(m) — Bix(mlm + 1)] (F},)"(m + 1)

E(m+1) = Pip(m+1m+1)D" (m)Bl(m|m + 1)

m = L+1,L+2,.M-2,M -1
with initial condition

ZpL+1) = dare(L+1L+1)
B (L+1) = Pp(L+1L+1)

(2.4.36)

(2.4.37)
(2.4.38)

(2.4.39)
(2.4.40)

Note that as in the case of the down-up version of the algorithm, each transform

component is smoothed over an interval whose length is indexed by scale. In this

version the filtering step of each transform component begins at the finest scale and

filters upward to the scale of the component, followed by a correction sweep back

down to the finest scale.
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2.5 Finite Length Wavelet Transforms

In this section we discuss the problem of adapting the wavelet transform, thus far
defined only for infinite sequences, to the case of finite-length sequences, i.e. produc-
ing a transform that maps finite-length sequences into finite-length sequences. We
characterize the problem in such a way as to show a variety of possibilities for viewing
the finite-length wavelet transform as an orthonormal matrix transformation. Note
that both the analysis and synthesis equations, eq.’s(1.2.15,1.2.16,1.2.22), for com-
puting the wavelet and scaling coeflicients are defined as operations on infinite length
sequences. Adapting these equations to the case of finite length sequences while pre-
serving both the orthogonality and the invertibility of the transformation proves to be
non-trivial for the following reason. Take a 10-point sequence (i.e. a sequence whose
non-zero support is 10 points), z(n), and consider performing its wavelet transform
using a QMF filter, h(n), of length four. To compute the scaling coeflicients at the
next coarsest scale we apply eq.(1.2.15) to z(n), resulting in a scaling coeflicient
sequence, ¢(n), which is of length 6 (the linear convolution results in a 13-point se-
quence, while the downsampling by a factor of two reduces this to a 6-point sequence).
Similarly, by applying eq.(1.2.16) to z(n) we get a wavelet coeflicient sequence, d(n),
which is also of length 6. Thus, the overall transformation from the nonzero portion
of {z(n)} to the nonzero portions of {c(n),d(n)} in this case is a map from R to
R'%, which makes it impossible for it even to be invertible, let alone representable by
an orthonormal matrix. This example is illustrated Figure 2.5.2, where z(n) is de-
fined as indicated on the first level of a truncated lattice and {¢(n),d(n)} are mapped
into the second level where the lattice branches are illustrated for the case where the
operators H;, G; correspond to a QMF filter, h(n), of length four and only branches
connecting to points in the nonzero portion of z(n) are shown.

Thus, we can already see the fundamental problem in trying to develop an or-
thonormal matrix transformation based on the wavelet transform. At each scale we
must have a well-defined orthonormal transformation from our approximation at that
scale into its scaling coefficients and its wavelet coeflicients at the next coarsest scale.

To see how this can be done it is sufficient to focus on our previous example involv-




CHAPTER 2. MULTISCALE PROCESSES ON LATTICES 76

- e(n),d(n)

e x(n)

Figure 2.5.2: Transformation of a 10-pt. Sequence z(n) into its 6-pt. Scaling Coeffi-
cients ¢(n) and its 6-pt. Wavelet Coeflicients d(n)

ing the map from z(n) into {c(n),d(n)}. We can write the transformation in our
example explicitly as follows. We denote our 4-tap QMF filter, h, as a row vector
[ ho hy hy hs |. Similarly, our filter, g, is denoted as [ g5 ¢, g» gs | where from
eq.(1.2.12) we know that

[90 91 92 gs]=[hs —hy hi —ho] (2.5.41)

If we think of the non-zero portion of our sequence z(n) as a vector, z, in R'? and
the non-zero portions of ¢(n),d(n) as vectors, ¢ and d, in R®, our maps z(n) — c(n)

and z(n) — d(n) can be thought of as the following 6 x 10 matrices.

(b, hs 0 0 0 0 0 O O 0
Bo by hy B3 0 0 0 0 0 0
0 0 ho hy hy hs O 0O 0 0

e
>

(2.5.42)
0 0 ho hy hy hy 0 O

0 0
O 0 0 O 0 0 ho hl hz h3
0 0 0 0 0 0 0 0 he Ay
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(9 g6 0 0 0 0 0 0 0 0]

go 1 g2 gs 0 0 0 O O O
a & 0 0 go g1 92 g3 0 0 0 O (2.5.43)

0 0 0 0 go 91 92 93 0 O

0 0 0 0 0 O g0 91 92 93

0 0 0 0 0 0 0 0 g & |

where

¢ = He (2.5.44)
d = Gz (2.5.45)

Note that ¢ and d are precisely the non-zero portions of the sequences one obtains
by applying the operators H;, G; to z(n). Thus, we can in fact reconstruct z(n) from

¢, d using our synthesis equation, eq.(1.2.24). In matrix notation
z=Hlc+GTd (2.5.46)

If we denote our overall map = — c¢,d as the 12 x 10 matrix

H

U‘ [ ] (2.5.47)
G

then eq.(2.5.46) says that UTU = I. Note, however, that it is not the case that

UUT = I, since U is not even square. Another way of seeing this is observing, using

our QMF properties eq.’s(1.2.3,1.2.9,1.2.10), that

HHT # 1 (2.5.48)
GGT #£ I (2.5.49)
GHT # 0 (2.5.50)

The failure of these conditions to hold is due primarily to the first and last rows of
H and G. In Figure 2.5.2 these correspond to the averaging performed at the edges
of both ends of the lattice. Note that the rows of H are mutually orthogonal and the
rows of G are mutually orthogonal. The reason for eq.’s(2.5.48,2.5.49) is simply the
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fact that the edge rows of H and G are not normalized so that their inner products
equal one. The reason for eq.(2.5.50) is the fact that the edge rows of G are not
orthogonal to the edge rows of H.

If we want our overall transformation, U, to be orthonormal, we must somehow
eliminate two of its rows. Note that if we eliminate the first and last rows of the

matrix H we get

ho hy Ay h3 0 0 0 0 0 O

= a6 |0 0 ho by hy Ag 0 0 0 0
T 0 0 0 0 ho hy hy hs O O
0 0 0 0 0 0 ho hi hy hs

(2.5.51)

The matrix [HTGT]T is now square and it is sufficient to check the following conditions

for its orthonormality.

HHT =1 (2.5.52)
GGT =1 (2.5.53)
GHT = 0 (2.5.54)

Eq.’s(2.5.52,2.5.54) follow from our QMF properties eq.’s(1.2.3,1.2.9). As noted be-
fore, however, eq.(2.5.53) does not quite hold due to the fact that the the first and
last rows of G are not properly normalized. Examining G in detail and using the
QMF property in eq.(1.2.10) we see that

(2 0000 0]

010000

001000
GGT = (2.5.55)

000100

0000T10

0000O0 b

where

a = g§+g§ (2556)

b = go+g} (2.5.57)



CHAPTER 2. MULTISCALE PROCESSES ON LATTICES 79

Thus, we can satisfy eq.(2.5.53) simply by normalizing the first and last rows of G by

a and b, respectively. So, if we let

g g5 0.0 0 0 0 0 0 0
go g1 92 s 0 0 0 0 0 O
a8 0 0 g0 g1 92 9 0 0 0 O (2.5.58)
0 0 0 0 go g1 92 g3 0O O
0 0 0 0 0 0 g0 91 92 93
0 0 0 0 0 0 0 0 go g

where the §;’s are properly normalized, then the following defines an orthonormal

matrix in R10X10,

H

G

b (2.5.59)

Our transformation {7 maps « into scaling coeficients ¢ of length 4 while mapping
x into wavelet coeflicients d of length 6. This has the following interpretation. While
U maps the nonzero portion of z(n) into the nonzero portion of its wavelet coefficients,
d(n), at the next coarsest scale, normalizing the coefficients at the edges, it maps the
nonzero portion of z(n) into the nonzero portion of its scaling coeflicients, c(n),
while zeroing the two scaling coeflicients at the edges. Note that if we perform
our transformation recursively in scale, at scale each scale we end up with scaling
coefficients which are zeroed at the edges, leaving us with fewer and fewer scaling
coefficients as we go to coarser scales. If we take our example one step coarser in
scale, i.e. we apply the same idea used to create U on the scaling coefficients c, we
end up mapping c into one scaling coefficient and three wavelet coefficients at the
next coarsest scale. The overall two scale decomposition results in scaling coefficients
defined on the lattice in Figure 2.5.3. The resulting wavelet coefficients reside on the
lattice in Figure 2.5.4, where the dotted lines represent averaging at the edges due to
the normalized §;’s. Thus, we have defined a way of adapting the wavelet transform
to the case of finite-length sequences which has the interpretation of producing a set
of scaling coeflicients which are zeroed at the edges at each scale and producing a set

of wavelet coefficients which are include additional edge points at each scale.
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~&— o = Hx

Figure 2.5.3: Lattice Representing Domain of Scaling Coefficients for 2-scale Decom-
position Based on Zeroing Edge Scaling Coeflicients

Figure 2.5.4: Lattice Representing Domain of the Wavelet Coeflicients for 2-scale
Decomposition Based on Zeroing Edge Scaling Coeflicients
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Note that the coefficients d(n) and ¢(n) play a symmetric role in our procedure for
making our transformation U orthonormal. In particular we could equally well have
zeroed the edges of of our wavelet coeflicients d(n) rather than our scaling coeflicients

c(n). This possibility leads us to defining

he B3 0 0 0 0 0 0 0 O
ho hy ha A3 0 0 0 0 0 O
0 O ho hy ho hs 0 0 0 0

0 0

P (2.5.60)
0 0 0 O hyg hy hy hs
0 0 0 0 0 0 hy hy hy hs
0 0 0 0 0 0 0 0 hy hy
-.90 g1 92 93 0 0 0 0 0 O
o 8 0 0 g0 91 92 95 0 0 0 O (2.5.61)

0 0 0 0 go 91 92 g3 0 O
| 0 0 0 0 0 0 g0 91 92 93

where the k;’s are properly normalized. In this case the matrix [H TG"T]T is orthonor-
mal. As in our previous case with U this procedure can be performed at each scale.
The resulting lattice structure, however, is different. Figure 2.5.5 illustrates domain
of the scaling coefficients for a two scale decomposition while Figure 2.5.6 illustrates
domain of the wavelet coeflicients.

Finally, we describe a way of making our transformation U orthonormal by using
cyclic convolutions. The idea is to take a finite-length sequence, say of length [ where
l is a multiple of two, and to perform our coarsening and differencing operations using
l-point cyclic convolutions. Thus, in our example convolving the 10-point z(n) with
h(n) using a 10-point circular convolution followed by downsampling by a factor of
two, yields a 5-point sequence ¢(n) while convolving z(n) with g(n) using a 10-point
circular convolution followed by downsampling by a factor of two, yields a 5-point

sequence d(n). The matrices representing these operations are defined as follows,
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Figure 2.5.5: Lattice Representing Domain of the Scaling Coeflicients for 2-scale
Decomposition Based on Zeroing Edge Wavelet Coefficients

Figure 2.5.6: Lattice Representing Domain of the Wavelet Coefficients for 2-scale
Decomposition Based on Zeroing Edge Wavelet Coefficients
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where the top row of each matrix is a cyclic permutation of the other rows.

(hy ks 0 0 0 0 O 0 ho hy]
ho hi hy h3 0 0 0 0 0 0O
H 2 | 0 0 ho hi hs hs 0 0 0 0 (2.5.62)
0 0 0 0 ho hy hy hs 0 O
| 0 0 0 0 0 0 ho hy hy hg
(g2 g6 0 0 0 0 0 0 go g |
go 91 92 g3 0 0 O 0O 0 O
Ge 2 |0 0 go g1 g2 96 0 0 0 0 (2.5.63)

000090919’29300
[0 0 0 0 0 0 go g1 g2 gs |

From our QMF properties we can show that the matrix [HY GT]T is indeed orthonor-
mal.

We have described several ways of adapting the wavelet transform so that it per-
forms an orthonormal matrix transformation on a finite-dimensional vector. Though
we have focused on a simple 3-scale example, our approach can obviously be used for
QMTF filters of arbitrary order and for transforms decomposing signals into an arbi-
trary number of scales. For example the approach using cyclic convolutions works for
sequences which are powers two, where each step of the transform amounts to taking
cyclic convolutions of length equal to the number of points at that particular scale
followed by downsampling by a factor of two. Note in principal one could iterate this
procedure to a coarse scale consisting of a single point. Due to the fact, however, that
for scales coarser than the length of the QMTF filter the degree of wrap-around due to
the cyclic convolution is so great, one typically iterates to the coarsest at which the
number of points is greater than the length of the filter.

We now proceed to show how the results in the previous section apply to the case
of the finite-length wavelet transform. To do this we describe in detail the general
form of the approach based on zeroing out the scaling coefficients at the ends of
each level of the lattice, i.e. the approach yielding U in our earlier example. In this
case, for QMF filters of length P the scaling coeflicients reside on a lattice where the
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number of points at the ith scale obeys the following recursion.
fG+1)=2f(:)+P -2 (2.5.64)

where at the coarsest scale, L, f(L) = 1. Figures 2.5.3 and 2.5.4 illustrate the domains
of the scaling coefficients and the wavelet coeflicients respectively for the coarsest 3
scales where the filter length is 4.

To see how our approach generalizes we consider the matrices H; and G;, mapping
points at the ¢ + 1st scale to the ith scale, where the filter length P = 6. They are
given explicitly as follows where the solid horizontal lines demarcate the edge vectors

associated with G;.

e -

ho hi hy hs hy hs 0 0

0 O ho hy ho hs hy hs O
g o= | c | (2.5.65)
0 0 ho hy hy hs hy hs 0 O
0 0 0 0 ho hi hy hs hs hs |

gs g5 0 0O 0
g2 93 Ga Gs 0
go 91 G2 gs 9ga Gs 0
0 0 go g1 92 93 92 g5 O 0
G, = : : (2.5.66)
0 0 0 g0 91 92 93 94 g5 0 O
0 0 0 0 0 g9 91 92 95 94 g5
0 0 0 0 0 0 0 go g1 92 s
0 0 0 0 0 0 0 O 0 go &

Note that our matrices H; and G; satisfy all the algebraic relations satisfied by
our operators H; and G; for the case of the infinite lattice. Thus, the results in the
previous section apply with the only changes being purely dimensional ones. Also,
block extensions of H; and G; can be defined exactly as in the case for H; and G;. In

particular let us define a state model in which we denote the vector of states at the
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mth scale of our finite lattice to be z(m), where each entry, z;(m), is a d dimensional
state vector. Qur matrices H; and G; are now block matrices where each entry which
was previously a scalar is now a d X d matrix equal to that scalar times I;. Note that
in the case of finite lattices the subscript 7 is indeed necessary now as the dimensions
of these matrices vary with scale.

We specify our model on the finite lattice as follows for m = L, L+ 1,..M — 1,

E[z(L)x(L)T] = P.(L) (2.5.67)

g(m+1) = HLA(m + Dz(m)+B(m+ Dw(im +1)  (2.5.68)

Elw(@)w()T] = QG)6i; , i=L+1,..M (2.5.69)

where

A(m) £ diag(..., A(m),...A(m),...) (2.5.70)

B(m) & diag(..., B(m),..B(m),...) (2.5.71)

Q(m) £ diag(...,Q(m),..Q(m),...) (2.5.72)

P.(L) £ diag(...,Po(L),...Po(L),...) (2.5.73)

and where A(m), B(m),Q(m), and P,(L) are d x d matrices representing the sys-
tem matrix, the process noise matrix, the process noise covariance matrix, and the
initial state covariance matrix, respectively. The block-eigenstructure of our finite-
lattice process is precisely as we derived in the previous section, where the infinite
dimensional block operators are now replaced by our block versions of H; and G;. In
particular
8 2 [04,...,04, I ,04,...04)7 (2.5.74)
~—
ith
where the superscript j is again used to denote that the vector (now in Rf(H)xd)
corresponds to the jth scale of the lattice and where I; is the d x d identity matrix
(and 04 the d x d zero matrix). The block vectors 57 (m), vi(m) for | = L,..m — 1
and for ¢ = 0,1,2...f(L) — 1 and n = 0,1,2...f(I) — 1 are block-eigenvectors of the

correlation matrix of the process at scale m, Ry;(m), where

7E(m) £ (nﬁ1 776k (2.5.75)
j=L




CHAPTER 2. MULTISCALE PROCESSES ON LATTICES 86

and oy
oi(m) 2 ( [] HF)GTé, (2.5.76)

i=l+41
As we did for the infinite case we can now transform the smoothing problem using
a wavelet basis composed of the block vectors 7¥(m) and v!(m). Our transformed

variables are formed as in eq.’s(2.3.122-2.3.133), except that now we have a finite
number of variables to estimate. In particular for each scale index, j, the translation
index k ranges from 0 to f(j) — 1. Our wavelet transform smoothing algorithm now

applies, in either down-up or up-down form, as described in Sections 2.3 and 2.4.




Chapter 3

Multiscale Representations and

Stochastic Processes on Trees

3.1 Introduction

In this chapter we develop a framework for performing estimation using models de-
fined on trees as described in Section 1.4. Note that the dyadic tree is a special case of
the lattice and that what we developed in the previous chapter applies to a subclass
of the models considered in this chapter. There is, however, a great deal of additional
structure in processes defined on trees which allows us to analyze the estimation prob-
lem much more deeply than is possible for general lattices. In particular we present a
smoothing algorithm which is a generalization of the Rauch-Tung-Striebel algorithm
for smoothing temporal processes. Our algorithm includes a generalized notion of
Kalman filtering propagating up the tree based on filtering subtrees of data. This
filtering procedure includes a merge step at each scale which has no counterpart in
standard Kalman filtering theory. This leads us to the analysis of a new set of dis-
crete Riccati equations indexed in scale. We then decompose the filter into two parts
one of which corresponds to the Maximum-Likelihood filter, the other corresponding
to propagating the prior information. We derive the Maximum-Likelihood filter in
several ways, one of which corresponds to triangularizing the Hamiltonian dynamics.
From the structure of the Hamiltonian it will become clear that we can only trian-

gularize and not diagonalize the dynamics. We also present elements of a system

87
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theory for processes on trees in analyzing our filter, including notions of reachability,
reconstructibility, and observability. We then provide a notion of stability for systems
propagating upward on trees. Using our system theory, we give results on bounding
the error covariance of our filter as well as results on asymptotic properties of the
filter. Finally, we note that all of the results in this chapter apply equally well (with

simple modifications) in 2D, using quadtrees instead of dyadic trees.

3.2 Dynamic Stochastic Models on Trees
Recall the following class of state-space models on trees:
z(t) = A(t)z(y~'t) + B(t)w(t) (3.2.1)

where {w(t),t € T} is a set of independent, zero-mean Gaussian random variables. If
we are dealing with a tree with unique root node, 0, we require w(¢) to be independent
of £(0), the zero-mean initial condition. The covariance of w(t) is I and that of z(0) is
P,(0). If we wish the model eq.(3.2.1) to define a process over the entire infinite tree,
we simply require that w(¢) is independent of the “past” of z,i.e. {z(r)|m(r) < m(¢)}.
If A(t) is invertible for all ¢, this is equivalent to requiring w(t) to be independent of
some z(7) with T # t, m(7) < m(t).

Let us make several comments about this model. Note first that the model does
evolve along the tree, as both z(at) and z(5t) evolve from z(t). Secondly, we note
that, as with all of our lattice processes, this process has a Markovian property:
given z at scale m, = at scale m + 1 is independent of z at scales less than or equal
to m — 1. Indeed for this to hold all we need is for w to be independent from
scale to scale and not necessarily at each individual node. Also, the analysis we
perform from Section 3.4 onward focuses on the case in which A(t) and B(t) are
functions of m(t); i.e. we focus in these sections on a translation-invariant model
where A(t) = A(m(t)) and B(t) = B(m(t)). As we will see this leads to significant
computational simplification and also, when this dependence is chosen appropriately,
these models lead to processes possessing self-similar properties from scale to scale.

Note that in this case the approach in the previous chapter applies.
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Note that the second-order statistics of z(t) are easily computed. In particular
the covariance P, (t) = E[z(t)zT(t)] evolves according to a Lyapunov equation on the

tree:

P.(t) = A(t)P.(y"'t)AT(t) + B(t)BT(t) (3.2.2)

Let K..(t,s) = E[z(t)zT(s)]. Let s At denote the least upper bound of s and t, i.e.
the first node that is a predecessor of both ¢ and s. Then

Koo(t,s) = ®(t,s At)Po(s AN)BT (5,5 A 1) (3.2.3)
where for m(t1) > m(t,)

I ty =1t

B(t1,t) = 1 e (3.2.4)
A(t) (v t,t2) m(th) > m(ts)

As we will see in a moment, the multiscale estimation algorithm we will ana-

lyze involves a fine-to-coarse recursion requiring a corresponding version of eq.(3.2.1).

Assuming that A(t) is invertible for all ¢ we can directly apply the results of [53]:

z(y~'t) = F(t)z(t) — A71(¢)B(¢)w(t) (3.2.5)
with
F(t) = A7) - B(t)B"(t)P;(t)]
= P, (v ')AT(t)P7Y(t) (3.2.6)
and where
w(t) = w(t)— Elw(t)|z(t)] (3.2.7)
Elw(t)wT(t)] = I- BT(t)P7'(t)B(¢) (3.2.8)
£ Q)

Note that w(#) is a white noise process along all upward paths on the tree —i.e. (s)
and w(t) are uncorrelated if t = y~"s or s = ¥~ "t for some 7; otherwise w(s) and w(t)

are not uncorrelated.
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We now formulate the problem of smoothing our processes based on multiscale
measurements. We consider the estimation of the stochastic process described by

€q.(3.2.1) based on the measurements
y(t) = C(t)z(t) + v(¢t) (3.2.9)

where {v(t),t € T} is a set of independent zero-mean Gaussian random variables
independent of z(0) and {w(¢),t € T}. The covariance of v(t) is R(t). The model
eq.(3.2.9) allows us to consider multiple resolution measurements of our process. This
model provides a natural framework for addressing the sensor-fusion problem, where
one is interested in optimally fusing measurements at various resolutions. This in-
cludes the case for example where one might be interested in fusing coarse data with
sparse fine data. If M denotes the finest scale, sparse data at this scale can be rep-
resented by having C(t) = 0 for some of the points at which m(¢) = M. The single
resolution problem, i.e. when C(¢) = 0 unless m(t) = M, is also of interest as it cor-
responds to the problem of restoring a noise corrupted version of a stochastic process
possessing a multiscale description.

Let us now examine what we will refer to as the scale-varying model, i.e. the
model whose parameters vary in scale only, for which the analysis following Section 3.3

applies. In this case the covariance evolves according to the following equation.
P.(t) = A(m(t))Pe(y~t) AT (m(t)) + B(m(¢)) BT (m(t)) (3.2.10)

Note in particular that if P.(7) depends only on m(7) for m(7) < m(¢)—1, then P,(t)
depends only on m(t). We will assume that this is the case and therefore will write
P,(t) = P,(m(t)). Note that this is always true if we are considering the subtree with
single root node 0. Also if A(m) is invertible for all m, and if P.(t) = P,(m(t)) at
some scale(i.e. at all ¢ for which m(t) equals m for some m), then P,(t) = P,(m(t))

for all t. Our covariance, K..(%,s), now has the following form.
Koo(t,s) = ®(m(t),m(s A t)) Pu(m(s A t))BT(m(s),m(s A t)) (3.2.11)
where for my > m4

I my = Mo

(3.2.12)
A(ml)‘I’(ml - l,mg) my > My

@(ml, m2) = {
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Also, let d(s,t) denote the distance from s to ¢, i.e. the number of branches on the
shortest path from s to ¢£. Then d(s,t) = d(s,s At) + d(t,s At) = d(t,s) and if
A(m(t)) = A, then

K.o(t,s) = AU NP, (m(s A t))(AT)Hesnt) (3.2.13)

Furthermore, if A is stable and if B(m(¢)) = B, let P, be the solution to the algebraic
Lyapunov equation
P, = AP,AT + BBT (3.2.14)

In this case if P,(0) = P,(if we have a root node), or if we assume that P,(r) = P,
for m(r) sufficiently negative!, then P,(t) = P, for all ¢, and we have the stationary

model
K,.(t,s) = Ad(t”At)Pw(AT)d(a,a/\t)
= Ke.(d(t,sNt),d(s,sNt)) (3.2.15)

As a final note, we point out that there is one class of scalar stochastic processes
on trees that has been the subject of substantial analysis. In [3] these are referred to
as stationary processes but we prefer to use that terminology for the larger class of
processes for which K,,(t,s) depends only on d(¢,s A t) and d(s,s A t). The class of
processes considered in [3] is characterized by the condition that K,.(¢,s) depends
only on d(s,t) and we refer to these as isotropic processes. Note that eq.(3.2.15)
represents an isotropic covariance if AP, = P, AT, which shows the connection to the

class of reversible stochastic processes[1]. For example in the scalar case

1-—- A2
Some of our other research has examined the modeling of isotropic processes on trees;
this is the subject of 5, 6].

2
Km(t,s)z{ B }A"(”t) (3.2.16)

3.3 Two-Sweep, Rauch-Tung-Striebel Algorithm

In this section we derive the equations for our two-sweep algorithm for smoothing

measurement data on trees. The algorithm is a generalization of the well-known

1Once again if A is invertible, if P,(t) = P, at any single node, P,(t) = P, at all nodes.
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Rauch-Tung-Striebel(RTS) smoothing algorithm for causal state models. Recall that
the standard RTS algorithm involves a forward Kalman filtering sweep followed by a
backward sweep to compute the smoothed estimates. The generalization to our mod-
els on trees has the same structure, with several important differences. First for the
standard RTS algorithm the procedure is completely symmetric with respect to time
- i.e. we can start with a reverse-time Kalman filtering sweep followed by a forward
smoothing sweep. For processes on trees, the Kalman filtering sweep must proceed
from fine-to-coarse(i.e. in the reverse direction from that in which the model eq.(3.2.1)
is defined) followed by a coarse-to-fine smoothing sweep?. Furthermore the Kalman
filtering sweep, using the backward model eq.’s(3.2.5-3.2.8) is somewhat more com-
plex for processes on trees. In particular one full step of the Kalman filter recursion
involves a measurement update, two parallel backward predictions(corresponding to
backward prediction along both of the paths descending from a node), and the fusion
of these predicted estimates. This last step has no counterpart for state models evolv-
ing in time and is one of the major reasons for the differences between the analysis
of temporal Riccati equations and that presented in this paper. As a final remark we
note that our algorithm involves a pyramidal set of steps and a considerable level of
parallelism.

To begin, let us recall the structure of the standard Rauch-Tung-Striebel algorithm
for a standard state model in time whose state we denote as z(t). The first step of
the process consists of a Kalman filter for computing £(¢|t) for all ¢; at any time ¢ the
prediction step yields 2(t + 1|t) while updating with the new measurement y(¢ + 1)
yields 2(t + 1|t + 1). The second step propagates backward in time combining the
smoothed estimate 2,(f + 1) with the filtered estimate at the previous point in time
2(t|t) (or equivalently 2(t + 1J¢)) to compute Z,(¢). In the case of estimation on
trees, we have a very similar structure; indeed the backward sweep and measurement
update are identical in form to the RTS algorithm. The prediction step is, however,

somewhat more complex, and while it can be written as a single step, we prefer to

2The reason for this is not very complex. To allow the measurement on the tree at one point to
contribute to the estimate at another point on the same level of the tree, one must use a recursion
that first moves up and then down the tree. Reversing the order of these steps does not allow one
to realize such contributions.
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ﬁ(t!t) is based on
measurements in

.......................................................................................

%(t|t+) is based on
measurements in

Figure 3.3.1: Representation of Measurement Update and Merged Estimates

think of it as two parallel prediction steps, each as in RTS, followed by a merge step
that has no counterpart for state models evolving in ¢ime. One other difference is
that the forward sweep of our algorithm is from fine-to-coarse and thus involves the
backward version eq.(3.2.5) of our original model eq.(3.2.1).

To begin let us define some notation:

Y; = {y(s)|s =t or sis a descendant of ¢}

= {y(s)ls € (e, 8)"t , m(s) < M} (3.3.17)

' o= {y(s)ls € (a,B)"t , t <m(s) < M} (3.3.18)
&(-lt) = El=()|¥ (3.3.19)
2(-lt+) = Elz()|Y,] (3.3.20)

The interpretation of these estimates is provided in Figure 3.3.1.
We begin by considering the measurement update step. Specifically, suppose that
we have computed #(t|t+) and the corresponding error covariance, P(t|t+). Then,

standard estimation results yield

B(tlt) = a(tt+)+ K(t)[y(t) — C(t)a(tlt+)] (3.3.21)
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K(t)
40

P(tit+)CT(#)V-1(2) (3.3.22)
C(t)P(t|t+)CT(t) + R(t) (3.3.23)

i

and the resulting error covariance is given by
P(t|t) = [I — K(t)C(¢)]|P(t|t+) (3.3.24)
Note that the computations begin on the finest level(m(t)=M) with &(t|t+) = 0,
P(tjt+) = Py(t) for m(t) = M.
Suppose now that we have computed Z(at|at) and &(5t|5t). Note that Y,, and

Yp: are disjoint and these estimates can be calculated in parallel. We then compute
&(t|at) and £(t|Ft) which are given by

#(tlat) = F(ot)i(at|at) (3.3.25)
2(t|gt) = F(Bt)2(Bt|Bt) (3.3.26)
with corresponding error covariances given by
P(tlat) = F(at)P(at|at)FT(at)+ Q(at) (3.3.27)
Q(at) = A (at)B(at)Q(at)BT(at)A™T(at) (3.3.28)
P(t|8t) = F(Bt)P(Bt|Bt)FT(Bt) + Q(Bt) (3.3.29)
Q(Bt) = ATN(Bt)B(Bt)Q(Bt)BT(Bt)A~T(B¢) (3.3.30)

Eq.(3.3.25) and eq.(3.3.26) follow from projecting both sides of our backward model
eq.(3.2.5) onto Y, and Yj, respectively. By noting that the dynamics of the one-
step prediction error are identical to the dynamics of our backward model eq.(3.2.5),
we arrive at eq.’s(3.3.27,3.3.29) by squaring both sides of the equation and taking
expectations.

These estimates must then be merged to form &(¢|t+). The derivation of this

computation can be given as follows. By definition
&(t|t+) = E[z(t)|Yar, Yae) (3.3.31)
But from our model, eq.(3.2.1), we can decompose Y, and Yg; in the following way.

Yor = Muz(t)+& (3.3.32)
Yor = Mp(t) + & (3.3.33)
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where the matrices M,: and Mg, contain products of A(s), m(s) > m(t), and the
vectors {; and £, are functions of the driving noises w(s) and the measurement noises
v(8) for s in the subtree strictly below at and s in the subtree strictly 53¢, respectively,
the latter fact implying ¢; L é;. We also let

R.. = E[6.¢]) (3.3.34)
Rs: = E[¢2¢]) (3.3.35)

We then write eq.(3.3.32) and eq.(3.3.33) as a single equation in the following way.

Y =Ha(t) + = (3.3.36)
where
T JE = [ & ] ,R = E[EET) (3.3.37)
MBt €

and z(t) L E. We can write the optimal estimate of z(t) given Y in the following
way.
&(tlt+) = [PU@)+ HIRH)HIRYY
= [P7Y(t) + MELRZ Moy + MZ,R3! Mp,) ' [ME R You + M3, R3] Ya]

(3.3.38)
But since
P(tlat) = [P7Y(t) 4+ MELRZ M.)™ (3.3.39)
Pt|Bt) = [P7U(t)+ M3 R5 Mp,]™" (3.3.40)
we can rewrite eq.(3.3.38) as
B(t[t+) = P(t|t+)[P7'(tlat)z(t|at) + P77 (¢Bt)2(t|Bt)]
(3.3.41)
P(tit+) = [P7(tlat) + P1(¢|Bt) — P (¢)]™! (3.3.42)

We now derive the formulas for the second part of the RTS algorithm involving

the propagation downward along the tree combining the smoothed estimate Z,(y~'t)
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with the filtered estimate £(¢|t) to produce £,(t). Our derivation relies essentially on
the following orthogonal decomposition of Yy(the measurements at every node on the
tree).

For each t, Y;, as defined in eq.(3.3.17) is the set of measurements in the subtree
beneath t(and including the measurement at t). Let Y; denote all the remaining

measurements, and viewing this as one large vector, define
v = Yi — E[G{Y) (3.3.43)
so that vg; L Y; and the linear span of the set of all measurements, Yy, is given by
span Yp = span {Y;, Yz} = span {Yt,ug,t} (3.3.44)
Then

2,(t) = E[z(t)|Y:va.)

= &(tt) + El=(t)|vge (3.3.45)
If we write z(t) as
z(t) = &(t|t) + &(t|t) (3.3.46)
and note that
&(t]t) L vy (3.3.47)
then we can write the following.
&4(t) = 2(t[t) + E[2(t|t)|vy:] (3.3.48)

Using the same argument on Z,(y~'t) allows us to write
&,(y71t) = &(y7't|t) + E[&(v7t]t)|vgel (3.3.49)
Suppose the following equality were to hold.
Bl&(t1t)lvad = L(Els(r"tit)lvad) (3.3.50)

where L is a matrix. Then eq.(3.3.48) and eq.(3.3.49) could be combined to yield the

following formula.

B4(t) = #(t]t) + L [#.(77t) — 2(77"t]t)] (3.3.51)
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We now proceed to show that eq.(3.3.50) indeed holds and compute explicitly the

matrix L. We begin with the following iterated expectation.
Ela(tt)lvae] = EIE[#()]5(v¢1¢), vaellvre (3.3.52)

We now examine the inner expectation, E[&(¢|t)|Z(y~¢|t), vg:], in detail. In particular

the linear span of {5:(7‘1t[t),1/qt} has the following structure.

span {i(y‘ltlt),r/ﬂt} = span {i(v“lt[t),ﬁ,lz,,w,:,v,n} (3.3.53)
T(y7ME) L Wyl wer, ven (3.3.54)

where
s,8',s" ¢ subtree under ¢ (3.3.55)

To show this we note the following decomposition of Y;.
Y= Liz(v7't) + f(Wslw,, Wor, Ver) (3.3.56)

where f is a linear function of its arguments. Substituting eq.(3.3.56) into eq.(3.3.43)
yields
Ve = Ll:i('y“lt[t) + f(u'),,lm,,w,',v,u) (3.3.57)

where we have used the fact that f(w,s,, ws,v,) L Y;. The fact that #(y~'¢ft) L
f(Wyjs,, wer, ven) verifies eq.(3.3.53). Using eq.(3.3.53) we have that

E[z(t|t)|z(y"tlt), vae] = E[&(t[t)|2(y"¢]t)] (3.3.58)

where we have also used the fact that f(w,).,,ws,vsn) L £(¢]t). Substituting eq.(3.3.58)
into eq.(3.3.52) we get

E(&(t[t)lvne] = B[E[&(t]t)|2(v"¢1)]lve] (3.3.59)

But by using our backward equations, eq.(3.2.5), eq.(3.3.25)(in the latter case with
at — t and t — y~1t) we find that

El&(t]t)[&(y 7 tlt)] = P(tR)FT(t)P~ (v tft)E(v tlt)
(3.3.60)
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This leads to our desired result.

El&#(tlt)lvn] = P([E)FT()P7 (v t[t) E[#(v"t]t)|vqe]
(3.3.61)

Finally, eq.(3.3.50), eq.(3.3.51), and eq.(3.3.61) yield the following smoothing formula.
£,(t) = &(t]t) + PRIFT ()P (v 4[t) [2,(v7"E) — 2(v7't]t)] (3.3.62)
We can easily derive a recursion for the smoothing error. Let

F4(t)
J(t)

z(t) — &,(t) (3.3.63)
P(t|t)FT(t)P~ (v~ t|t) (3.3.64)

> e

Subtracting z(¢) from both sides of eq.(3.3.62) and changing signs on both sides, we
get

Z(t) = &(t]t) + J(t) [£.(777t) — B(v 7t [t)] (3.3.65)
By rearranging terms we get

B.(t) — J(£)&,(v71t) = &(t|t) — J(O)2(y~ ¢|t) (3.3.66)

By multiplying both sides of eq.(3.3.66) on the right by its transpose and taking

expectations, we get

P,(t) + J() B[ (v )a (YT () = P(t]t) + J(8)Eld(y t]t)T (v )] ()

(3.3.67)
P,(t) = E[z,(t)zT(t)) (3.3.68)

where we have relied on the fact that
E[z,()2T(v7 )] = 0 (3.3.69)
E[z(t|t)zT(v7'¢[t)] = 0 (3.3.70)

And finally, since

Elg,(y7't)E](v7)] = Pe(y7't) = Po(v7't) (3.3.71)
Ela(y't8)eT (v eE)] = Po(y7't) — P(y7'tt) (3.3.72)
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it follows that
P,(t) = P(t|t) + J(t)[P.(y~1t) — P(y1t|t)]TT(¢) (3.3.73)

We now summarize the overall two-sweep algorithm:
Upward Sweep

Measurement Update:

#(tlt) = 2(tt+) + K(#)[y(t) — C(t)&(t|t+))] (3.3.74)
K(t) = P(@Rt+)CT(#)V(¢) (3.3.75)
V() = C@)P(t[t+)CT(t) + R(t) (3.3.76)
P(t|t) = [I— K(t)C(t)P(t|t+) (3.3.77)

One-step Prediction:

#(y7itt) = F(t)a(¢|t) (3.3.78)
P(y7't|t) = F(t)P(tt)FT(t) + Q(t) (3.3.79)
Q(t) = A (¢)B(t)Q(t)BT(t)AT(¢) (3.3.80)

Merge Step:

B(tlt+) = P(t|t+)[P (tlat)a(t|at) + P71(¢8t)a(t|B¢)]

(3.3.81)

P(tjt+) = [P (t|at)+ P7I(¢|Bt) — P7Y(t)] ! (3.3.82)
Downward Sweep

B.(t) = a(tlt)+ J(t) [2.(v7t) — #(y7"E]t)] (3.3.83)

P,(t) = P(t|t) + J(&)[P(y7't) — P(y7't[t)]TT(¢) (3.3.84)

J(t) = P(tt)FT(t)P~1 (v ¢|t) (3.3.85)

Finally, in looking ahead to the results in the following sections we summarize the

overall two-sweep algorithm for the scale-varying model.
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Upward Sweep

Measurement Update:

&(tlt) = z(t|t+) + K(m(t)y(t) — C(m(t))2(t|t+)] (3.3.86)

K(m(t)) = P(m(t)|m(t)+)CT(m(t))V-(m(t)) (3.3.87)
V(m(t)) = C’(m(t))P(m(t)!m(t)—i—)C'T(m(t))+R(m(t)) (3.3.88)
P(m(t)|lm(t)) = [I— K(m(¢))C(m(t))]P(m(t)lm(t)+) (3.3.89)

One-step Prediction:

g(y7ltt) = F(m(t)a(t|t) (3.3.90)
P(m(t) - 1m(t)) = F(m(t))P(m(t)Im(t))F (m(t)) + Q(m(t))  (3.3.91)
Q(m(t)) = A7(m(t))B(m(t))Q(m(t))BT(m(t)) AT (m(t))3.3.92)

Merge Step:

a(tlt+) = P(m(t)lm(t)+)P (m(t)|m(t) + 1)[2(tlat) + &(t|5t)]

(3.3.93)

P(m(t)lm(t)+) = [2P7'(m(t)lm(t)+1) — B (1)) (3.3.94)
Downward Sweep

B,(t) = a(tlt) + J(m(2)) [8.(v7'8) — 2(y7*t]t)] (3.3.95)

P(t) = P(t]t)+ J(m(t))[P(y7"t) — P(y7'¢[t)] I (m(t))  (3.3.96)

J(m(t)) = P(m()lm(t))FT(m(t)P~*(m(t) — 1m(t)) (3.3.97)

3.4 Maximum Likelihood Estimator

In this section we examine the difficulties in analyzing our filtering equations. These
difficulties point to the need to decompose the filter into two parts; one representing
what we call the ML filter, and the other representing our estimate of the mean

of the process. Note that while everything in this section can be developed for the
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general case, we develop our ideas in the scale-varying case, i.e. the case where the
model parameters vary only with scale, for which the results in the following sections

apply.
We begin by rewriting the set of Riccati equations for our filtering problem as

follows.
P(mlm+1) = F(m+1)P(m+1m + 1)FT(m +1)
+ Gm+1)Q(m+1)GF(m +1) (3.4.1)
P Y(m|m) = P~ Y(m|m*)+ CT(m)R*(m)C(m) (3.4.2)
P~ l(m|m*) = 2P '(m|m+1) - P} (m) (3.4.3)
where
G(m(t)) & — A~ (m(t))B(m(t)) (3.4.4)

Note that we can combine eq.(3.4.2,3.4.3) into the following single equation.
P~ Y(m|m) = 2P Y (m|m + 1) — P} (m) + CT(m)R~(m)C(m) (3.4.5)

The Riccati equations for our optimal filter, eq.’s(3.4.1-3.4.3), differ from standard
Riccati equations in two respects: 1) the explicit presence of the prior state covariance
Py(m(t)) and 2) the presence of a scaling factor of 2 in eq.(3.4.3). The scaling factor
is intrinsic to our Riccati equations and is due to the fact that we are fusing pairs of
parallel information paths in going from level to level. The presence of P,(m(¢))in the
Riccati equations accounts for the double counting of prior information in performing
this merge.

The presence of this prior variance term points to a significant complication in
analyzing our filter. Specifically, in standard Kalman filtering analysis the Riccati
equation for the error covariance can be viewed simply as the covariance of the error
equations, which can be analyzed directly without explicitly examining the state
dynamics since the error evolves as a state process itself. This is apparently not the
case here because of the explicit presence of P,(m) in eq.(3.4.5). Indeed as we show
later in this section, if one examines the backward model eq.’s(3.2.5-3.2.8) and the
Kalman filter eq.’s(3.3.21,3.3.25,3.3.26,3.3.41) one finds that the upward dynamics
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for the error x(t) — &(t|t) are not decoupled from z(¢) unless P *(m(t)) = 0. This
motivates the following decomposition of the estimator into a dynamic part based on
an estimator in which P;! = 0(the ML estimator) followed by a gain adjustment to
account for prior information.

To be precise, let Pyr(m|m + 1) and Pprr(m|m) denote the covariance of the
estimation errors produced by our upward Kalman filter assuming that P, }(m) = 0
for all m. These satisfy the following Riccati equation, which doesn’t depend explicitly
on P,(m).

Pyr(mim+1) = A (m+ 1)Pyr(m+1m+1)AT(m+1)+ Gm +1)GT(m +1)
(3.4.6)

Pii(mlm) = 2P (m|m+ 1)+ CT(m)R(m)C(m) (3.4.7)
where our initial condition at level M is Py (M|M) = 0. As we will show the
filtering equations for the ML estimator correspond exactly with the equations for
the optimal(Bayesian) filter with Pyr(m|m) and Pyr(m|m + 1) being substituted
for P(m|m) and P(m|m + 1) and by setting P;!(m) = 0. In particular they can be
written as follows.

ML Filtering Equations

Measurement Update:
emr(tlt) = @mr(tlt+)+ Kur(m(t))ly(t) — C(m(t))2ar(t|t+)]3.4.8)
Kup(m(t)) = Pur(m(t)|m(t)+)CT(m(t))V " (m(t)) (3.4.9)
V(m(t)) = C(m(t))Pur(m(t)lm(t)+)CT(m(t)) + R(m(t)) (3.4.10)
Pyr(m(t)m(t)) = [I— Kur(m(t))C(m(t))]|Prur(m(t)m(t)+) (3.4.11)

One-step Prediction:

emr(77MlE) = AN (m(t)Ear(t]t) (3.4.12)
Pyr(m(t) — 1m(t)) = A7 (m(t))Pur(m(t)lm(t)) A~ (m(t))
+  G(m(t))GT(m(t)) (3.4.13)

Merge Step:

emr(tt+) = Par(m(t)lm(t)+)Pirr(m(t)im(t) + 1)[Zar(tlat) + 2ar(t|Bt)]



CHAPTER 3. MULTISCALE PROCESSES ON TREES 103

(3.4.14)
P (m(t)lm(t)+) = 2Pyp(m(t)|m(t) + 1) (3.4.15)

Before elaborating further on the ML estimator, we describe its relationship to

the optimal estimator. The two are related in the following way.

(tlt) = P(m(t)lm(t))Pyr(m(t)lm(t))emr(tlt)  (3.4.16)
P~ (m(t)lm(t)) = Pyr(m(t)lm(t)) + P (m(t)) (3.4.17)

To derive these relationships we start by writing

Y = Hex(t) + 6(t) (3.4.18)

where
E[8(t)87(t)] = R. (3.4.19)
E[f(t)) = 0 (3.4.20)

Recall that Y; is the set {y(s)|s = t or s is a descendant of t}. Eq.(3.4.18) follows
directly from our downward model for the process z(¢) on the tree. From eq.(3.4.18)
we can write the following maximum likelihood estimate for z(¢), i.e. the estimate
that maximizes the distribution of Y; conditioned on z(t) where z(¢) is considered to

be an unknown, deterministic parameter.
emr(tlt) = (HIR7'H)*HIR 'Y, (3.4.21)
Pis(m(t)|m(t)) = HIR;'M, (3.4.22)

To derive an expression for the Bayesian estimate of z(¢) we can augment our previous

measurements with an extra “measurement” of z(¢) in the following way.

i | | He 8(t)
[ﬁ(t)} = [I ]w(t)+ [n(t)] (3.4.23)
where
E[8(t)nT ()] = 0 (3.4.24)
Elp(t)n"(¢)] = Po(m(t)) (3.4.25)

El@®)] = 0 (3.4.26)
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and #(¢) is the mean of #(¢). The maximum likelihood solution to this problem gives

the Bayesian estimate of z(t), i.e. E[z(t)|Y;]. The solution is given as follows.

a(t)t) = P(m(t)lm(t))(Pap(m(t)|m(t))&ar(tlt) + P (t)Z(t))
(3.4.27)
P (m(t)lm(t)) = Paip(m(t)lm(t))+ Pt (m(t)) (3.4.28)

Since we consider z(t) to be a zero-mean process, eq.(3.4.27) and eq.(3.4.16) are
equivalent.

We now proceed to show that #as7(¢]t) can in fact be computed using what we have
defined as our ML filtering equations. In order to derive a recursion for Z1(t[t) we

solve the following ML problem for z(¢), whose solution can be shown to be equivalent
to the solution of the ML problem defined by eq.’s(3.4.18-3.4.20).

y(%) C(m(t)) v(t)

tmr(atlat) | = | A(m(t)) | z(t) + | B(m(t))w(at) + Epmr(at|at) (3.4.29)
Eur(Bt|Bt) A(m(t)) B(m(t))w(Bt) + £mL(Bt|At)
where
zyr(at|at) = Epr(at|at) — z(at) (3.4.30)
Enr(BtiBt) £ dmr(Bt|Bt) — z(Bt) (3.4.31)

That the ML estimate of z(¢) given measurements defined in eq.(3.4.29) is equivalent
to the ML estimate of z(t) given measurements defined in eq.(3.4.18) is a consequence

of the following lemma(for a proof of this result see [41]).

Lemma 3.4.1 Let z and z be unknown vectors and consider the following measure-

ments

= H:cw + v (34.32)
Yo = Jez+Jz4w (3.4.33)

where v and w are independent, zero-mean Gaussian vectors. If  is estimable based

on eq.(3.4.32), then we denote this ML estimate as £, and its estimation error by U;.
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Consider the following measurement
&=z +u (3.4.34)

where u is zero-mean Gaussian with variance Uy. If z is estimable based on eq.’s(3.4.32,3.4.33),
its ML estimate and estimation error are equivalent to the ML estimate and estima-
tion error of z based on eq.’s(3.4.34,3.4.33).

The particular form of eq.(3.4.29) follows directly from our downward model. We can

use the properties of this model to show the following.

v(t)

I £ | B(m(t))w(at) + Eur(at|at) (3.4.35)
| B(m(t))w(Bt) + £mr(Bt|5t)
[ R(m(t)) 0 0

EIOT = |o Im o (3.4.36)

0 0 1,

I, = Pur(et|at)+ B(m(t))BT(m(t)) (3.4.37)

I, = Puyr(Bt|Bt)+ B(m(t))BT(m(t)) (3.4.38)

(3.4.39)

Note that as we are considering the case where our model parameters vary only with
scale, II; in fact equals II; and thus, we will now denote the updated error covariance

as P(m(t)|m(t)). If we let

[ C(m(t))
A(m(?)) (3.4.40)
| A(m(t))
[ y(t)

n‘:ML(atlat) (3.4.41)
| 2um2(Bt|Bt)
E[mNY] (3.4.42)

>

~4
ne>

=0
e
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then our ML solution for z(¢) is given as follows.

gmr(tlt) = (ATRH)'HTR'Y

1l

+ B(m(t)) B (m(1)))™ (2mu(atlat) + sz (Bt6t))]
O (m(t))R™*C(m(2))
+ 247 (m(t))(Pus(m(at)m(at)) + B(m(t))BT (m(t))~ A(m(t))

Pygp(m(t)Im(t))

We can derive the ML predicted estimate as a function of the ML updated estimate in
a similar fashion. In particular #p77(y7t|t), the ML estimate of z(y~'t) based on Y},

can be viewed as the ML estimate of z(y~'t) based on the following “measurement”.
Emr(tlt) = A(m(t))zmr(vy™'t) + B(m(t))w(t) + Ear(t(t) (3.4.45)
The ML estimator has the following solution.

Pyr(m(y7't)m(t)) = A7 (m(t))Parr(m(t)|m(t))A~T(m(2))
+ A7 (m(t))B(m(t))BT(m(t))A"T(m(t)) (3.4.46)
Emr(77E) = ATY(m(2)zmo(t|t) (3.4.47)

We see that eq.’s(3.4.44,3.4.46) are precisely what we defined earlier as our ML Riccati
equation in eq.’s(3.4.6,3.4.7). As an alternative way of seeing that our ML equations
indeed provide recursions for an estimator whose error covariance Pyrr(m(t)) satisfies
eq.(3.4.28) we can start with the recursions for Pyr(m(t)), P(m(t)), and Py(m(t)),
then show that eq.(3.4.28) is satisfied for all m. This is done in Appendix 3A.
There are several reasons for viewing the optimal estimator as being decomposed
into an ML part and a part due to the prior model. One is that the ML Riccati
equations are simpler because they do not include the explicit presence of the prior
information P, !(m(t)). This simplicity is significant in that the ML Riccati equations
are readily amenable to stability analysis. The important reason mentioned previously

for focusing our analysis on the ML filter, and perhaps a deeper one, is that the error

Pagr(m(t)|m(t)) [T (m(£)) R~ (m(t))y(t) + AT(m(t))(Par(m(at)|m(at))

(3.4.43

(3.4.44
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dynamics for the optimal filter cannot be written as a noise driven process with closed-
loop dynamics whereas the error dynamics for the ML filter can. Let us flesh out
this last point in more detail.

Let us begin by examining the dynamics of our filter in the upward sweep of the
RTS algorithm, eq.’s(3.3.21-3.3.24, 3.3.25-3.3.28,3.3.41,3.3.42). We can rewrite the
dynamics of the filter in update form, eq.(3.3.21), as follows.

B(t)t) = L(m(&))F(m(t)+ 1)(#(atlat) + #(Bt8))
+ K(m(t))y(t) (3.4.48)
L(m(t) = P(m(t)im(t))P~(m(t)m(t)+ 1) (3.4.49)
We can also write the dynamics for our process in a similarly symmetric form.
2(t) = 3F(m{t) + Dl(at) + 2(80)] + 5Gm(®) + Dlio(at) + 3(69]  (3.4.50)
We can easily rewrite eq.(3.4.48) as
B(tlt) = (I— K(m(t))C(m(t))L/(m(t) F(m(t) + 1)(é(at|at)
T+ 8(t8t)) + K(m(t))y(?) (3.451)
L(m(t)) = P(m()m(t)+)P~(m(t)|m(t) +1) (3.4.52)
By doing straightforward manipulations on eq.(3.4.51) and eq.(3.4.50) we can get

&(tlt) = (I - K(m(t))CO(m(?)))a(t) — K(m(¢))o(¢)
— (I = K(m(t))C(m(t))L'(m(2))F(m(t) + 1)(2(at|at) + £(5|6t))
(3.4.53)
(tt) = =(t)— &(¢t) (3.4.54)
The difficulty in proceeding any further with eq.(3.4.53) lies in the presence of the
term L'(m(t)). In standard filtering L'(m(t)) = I; said another way there is no
difference between P(m(t)|m(t)+) and P(m(t)|m(¢) 4+ 1). Let us now write down the

equations for the ML filter and its corresponding error.

emr(tlt) = %(I — Ky (m(t))C(m(t)) A7 (m(t) + 1)(2nmr(at|at) + 2pr(Bt|Bt))
—“+ KML(m(t))y(t) (3455)
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eup(tlt) = (I - Kpr(m(t))C(m(t)))z(t) — Kur(m(t))v(t)
- 315(1 — Kpr(m(t))C(m(t))) A7 (m(t) + 1)(nmr(at|at) + 2ar(Bt|6¢))
(3.4.56)

Note that we can write the dynamics for our process using our downward model as

follows.

z(t) = -;—A"l(m(t) + 1)(z(at) + z(Bt)) — %A'I(m(t) + 1)B(m(t) + 1)(w(at) + w(Bt))
(3.4.57)
By substituting eq.(3.4.57) into eq.(3.4.56) we get

Emr(tlt) = %(I — K (m(t))C(m(t)) A~ (m(t) + 1)(Zar(at|at) + Zar(Bt]8t))

- %(I — Kuz(m(t))C(m(t)))G(m(t) + 1)(w(at) + w(Bt)) — Kmur(m(t))v(t)
(3.4.58)

Note that eq.(3.4.58) has the same algebraic structure as the the equations for the
error dynamics of the standard Kalman filter except for the scaling factor of £ and the
fact that there are two terms in the immediate past being merged. Both the scaling
factor and the merging of pairs of points is crucial to the study of the stability of
the filter. As we will see in Section 3.8 the appropriate scaling factor is necessary for
controlling in some sense the potential growth that might occur in merging points.

Also, for future reference, let us rewrite eq.(3.4.58) using the following equality:
1
5 = Kpz(m(2))0(m(t))) = Prr(m(t)[m(t)) Pagr(m(t)/m(t) + 1) (3.4.59)
We can rewrite eq.(3.4.58) as

Emr(tlt) = Pur(m(t)|m(t))Pyr(m(t)im(t) + 1)A7 (m(t) + 1)(Zmr(ot|at) + Zxr(Bt|Bt))
Py (m(t)|m(t)) PaL(m(8)lm(t) + 1)G(m(t) + 1)(w(at) + w(Bt))
K (m(t))v(t) (3.4.60)

I
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3.5 Up-down Smoothing Algorithm on the Tree

Using Hamiltonian Triangularization

In this section we discuss an alternative derivation of the ML up-down smoothing
algorithm. The derivation is based on triangularizing the Hamiltonian matrix for the
smoothing problem. This approach not lends additional insight into the smoothing
process. In particular as we will see in our derivation the structure of the Hamiltonian
dynamics is non-square; thus, this leads to triagularizing these dynamics and not
diagonalizing them. This approach also suggests an alternative way of computing
the Bayesian smoother. In particular the incorporation of the prior variance, i.e.
the variance of the top node of the tree, is done at the end of the upward sweep
rather than being carried around in the dynamics of the upward sweep as is done in
our previously derived smoother. Note that while we derive our equations for scale-
invariant system parameters, the extensions to the scale-varying case as well as the
general case are trivial.

Consider the following scale-invariant model defined with downward dynamics and

its associated measurement equation for an M-level tree.
z(t) = Az(y7't) + Bw(t) (3.5.1)
y(t) = Cz(t)+v(¢) (3.5.2)

where w and v are white-noise processes with variances ) and R respectively. The

Hamiltonian function for the smoothing problem is as follows.

H(z,)) = 3 () - Oa(t)) B (y() ~ Ca(t) + > SwT(DQw()  (3.53)

+ %(w(to) — B(to))" Py * (z(ta) — Z(to)) + :[, M (2(t) — Az(y7't) — Bu(t))

The optimal estimates of the state z, the noise w, and the Lagrange multiplier A are
obtained by solving the following equations for the minimum of H.
0 = CTR'C&(t)— CTRy(t) — AT(M(at) + A(Bt)) + A(t)  (3.5.4)
0 = Q 'i(t)— BTA}) (3.5.5)
0 = &(t) — Az(y7't) — Bi(¢) (3.5.6)
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for all ¢ # ¢, while for ¢t = ¢, we have

0 = CTRC#(to) — CTR y(to)
— AT(M\(ato) + M(Bto)) + Py ti(te) — Py a(to) (3.5.7)

By substituting eq.(3.5.5) into eq.(3.5.6) and reindexing the equations, we get the

following set of equations solely in terms of = and ).

0 = CTRC#(t)— CTRYy(t) — AT(M(at) + A(Bt)) + A(t)  (3.5.8)
0 = #&(at)— A#(t) — BQBT\(at) (3.5.9)
0 = &(Bt)— As(t) — BQBTA(Bt) (3.5.10)

for all t such that ¢ # ¢, and m(¢) # M while for ¢t = t, we have

0 = CTR™'Ci(to) — CTR Yy(to)

— AT(AM(ato) + M(Bto)) + Pyla(te) — Py taE(to) (3.5.11)
0 = #(ato) — Aé(te) — BQBT \(ato) (3.5.12)
0 = #(Bto) — Ai(to) — BQBTA\(Bto) (3.5.13)

and for m(t) = M we have
0 = CTR™'C4&(t) — CTR'y(t) + A(t) (3.5.14)

By rewriting eq.’s(3.5.8-3.5.10) in matrix form we get the following Hamiltonian dy-

namics in terms of the points ¢, of, and F¢ for ¢ # ¢o.

0
A[i] +@a[§} + 0, :f} =|o (3.5.15)
t at Bt C’TR‘Iy(t)
where
—A 0
A = —A 0 (3.5.16)

CTRC I
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[ I —BQBT ]

O, = [0 0 (3.5.17)
-0 _AT R
[0 ©

© = | I —BQBT (3.5.18)
[0 —AT ]

We now consider the problem of deriving an up-down algorithm for solving for the
smoothed estimate Z. Our approach to the problem is to triangularize the dynamics
defined by eq.(3.5.15), thus yielding an algorithmic structure in which an upward
recursion is followed by a downward recursion to produce &. Consider the following

time-varying transformation.

(3.5.19)

where
r, I
T: = 3.5.20
t [I 0] (5.5.20)

With respect to the transformed variables z* and # we now wish to transform the
dynamics of eq.(3.5.15) into a form in which there is an upward recursion for z*
decoupled from #. Note that we are free to multiply eq.(3.5.15) on the left by an
invertible matrix, S, without losing information. By doing so, we wish to transform

the dynamics for z* and &, eq.(3.5.15), into the following structure.

u u ) u OTR_ly(t)

SAT | © | 450,77 } +St@ﬁTt;1[‘f' } =10 (3.5.21)
z t at © Bt 0

where

_P7'AY _ptATY T
S = |0 I 0 (3.5.22)
I 0 0
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St Afrt_l ==

St @aTt:_l =

Sg@ﬂTt—_;_l -

(1 0
Ly L,
| L3 L4
[ F,, ©
0 0
| N APATT,, |
[ Fy 0 ]
N APATT,,
L 0 0 i
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(3.5.23)

(3.5.24)

(3.5.25)

We now solve for the matrices Ly — L4, Fy4, and N given eq.’s(3.5.22-3.5.25). It
is straightforward to show that eq.’s(3.5.24,3.5.25) are actually equivalent. Thus,

eq.’s(3.5.23,3.5.24) represent 12 constraint equations(9 of which are non-trivial) for

our 6 unknowns. These 9 equations are explicitly as follows.

Iy
L,

It follows easily that

2P + CTRIC

0

0

LiTey + L,

LsTyy + Ly
A
PrA'BQBT — AT
NT., + ARATT,,
~BQBT

Lg—‘:—-A
L4:—A

(3.5.26)
(3.5.27)
(3.5.28)
(3.5.29)
(3.5.30)
(3.5.31)
(3.5.32)
(3.5.33)
(3.5.34)

(3.5.35)
(3.5.36)

Thus, we can write the up-down algorithm as an upward recursion for z* followed by

a downward correction sweep involving & and z*.
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For all £ such that ¢ # ¢ and m(t) # M the upward recursion is as follows.

z'(t) = Fip(z*(at) +«*(Bt)) + CTR 1y(t) (3.5.37)
}-H' = —'FH.. = Pt—lA—IF;: (35.38)
For t = to we have
w“(to) = fto+(m“(ato) + w“(ﬁto)) -+ CTR—ly(to) + Po_-l'i)-(to) (35.39)
where
For = PJ1ATITY (3.5.40)
I;Y = 2P'+CTR'C+P;? (3.5.41)

Note that we’ve incorporated our a priori variance Py at the end of the upward sweep.

The initial condition for the upward recursion, eq.(3.5.37), is determined by con-
sidering our constraints for all ¢ such that m(¢t) = M, namely eq.(3.5.14). We must
now define z* along the bottom level to provide our desired initial conditions. Con-

sider the following definition for all s such that m(s) = M.

z%(s) = Tuz(s)+A(s) (3.5.42)
'y = CTR'C (3.5.43)

By substituting eq.(3.5.42) into eq.(3.5.14) we get our desired initial condition for z*.
z¥(s) = CTR Yy(s) (3.5.44)

Note that the system matrix for our upward recursion, F;., can be written
solely as a function of P, !, But we can also write a recursion for P;'. From
eq.’s(3.5.26,3.5.31,3.5.32) we get the following.

Pt =(A'(2P;' + CTR'C) AT + AT'BQBTAT) ™! (3.5.45)
where for all s such that m(s) = M

P1=0 (3.5.46)




CHAPTER 3. MULTISCALE PROCESSES ON TREES 114

Note that if we let
P = P~Y(m(t) + 1jm(t)) (3.5.47)

then eq.(3.5.45) is precisely the Riccati equation for the Maximum-Likelihood esti-
mator in information form.
We now write down the downward recursion for the smoothed estimate Z(¢). For

all ¢ such that ¢ # ¢ the downward recurion is as follows.
#(t) = Fla(y ')+ FFA*BQBTz*(t) (3.5.48)
while for ¢ = t;, we have
E(to) = I‘;,i:c“(to) (3.5.49)

We now summarize the overall two-sweep algorithm for the case of general pa-
rameters A(t), B(t), Q(¢), and R(?):

Upward Sweep

For all ¢t such that ¢t # ¢, and m(t) # M:

B(y7tft) = (S(et)d(t|at) + S(Bt)&(tI8t)) + CT() R (t)y(¢)  (3.5.50)
S(t) = P(y7't|t)A7Y(t)P(t)t) (3.5.51)
P(tlt) = P~ Y(at|t)+ P~ (Bt|t)+ CT(t)R()C(t) (3.5.52)
P(y7'tlt) = AT()P(tjt)AT(t) + A7 (t)B(t)Q(¢)BT(£)A7T(t) (3.5.53)

Initial Conditions:
#(y7itlt) = 0 (3.5.54)
P"l('y'lt{t) =0 (3.5.55)

for all ¢ such that m(y~'t) = M.

Incorporation of Prior at Top Node

&4(tolte) = P '(tolte)(tolto) (3.5.56)
P~ tolte) = P (tolate) + P~ (to|Bto) + CT(to) R (t0)C(to) + P; ' (to)
(3.5.57)
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Downward Sweep

2,(¢) = ST(t)&.(v7't) + ST(t)A~1(t)B(t)Q(¢)BT(t)a(v~'t|t)  (3.5.58)
Py(t) = P(t]t)+ J()[P(v7'¢) — Py~ t]t)]I7(¢) (3.5.59)
J(t) = P(t)A"T(t)P (v 1t|t) (3.5.60)

3.6 Reachability, Observability, and Reconstructibil-
ity

In this section we develop certain system theoretic constructs which are useful in
analyzing both the stability and the steady-state characteristics of our filter. In
particular we define notions of reachability, observability, and reconstructibility on
dyadic trees in terms of system dynamics going up the tree. At the end of this
section we describe a dual theory for systems with downward dynamics. Note that
for the remainder of this chapter we focus on the scale-varying case, i.e. the model

parameters depend on scale only.

3.6.1 Upward Reachability

We begin with the notion of reachability for a system defined going up a tree. Anal-
ogous to the standard time-series case, reachability involves the notion of being able
to reach arbitrary states at some point ¢ on the tree given arbitrary inputs in the
past where in the case of processes evolving up a tree the past refers to points in the
subtree under ¢. Recall that we can rewrite the dynamics for our backward process

up the tree, eq.(3.2.5), in the following form.
z(t) = %F(m(t) + D[z(at) + z(Bt)] + —;—G(m(t) + 1)[w(at) + w(6t)) (3.6.1)

Also, recall that in our backward model @(¢) is a white noise process along upward
paths on the tree. For the analysis of reachability, however, we simply view w(¢) as

the input to the system eq.(3.6.1).
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We define the following vectors,

Xuse 2 [27(aMto), 2T (Ba™ Ly, ...zT(8Mto)]” (3.6.2)
Wirey 2 [ @T(ate) @T(Bto) ... @T(aMto)..@T(BMto) T  (3.6.3)

which have the following interpretation. Consider an arbitrary point on the tree,
to. The vector X, denotes the vector of 2M points at the Mth level down in the
subtree under to; i.e. X, includes all of the nodes at this level that influence the
value of z(to). The vector Wy, comprises the full set of inputs that influences (o)
starting from initial condition Xps,, i.e. the w(¢) in the entire subtree down to M

levels from to. We define upward reachability to be the following.

Definition 3.8.1 The system is upward reachable from Xpr,, to z(o) if given any
Xz, and any desired E(to), it is possible to specify Wars, 50 if Xasso = X My, then
€B(to) = -:f(to)

In studying conditions for reachability since we are given Xps,,, we can set it equal

to zero without loss of generality. Note that if Xps., = 0, then we have

2(to) = GWars, (3.6.4)
where
G 2 [w(0) T(O) ¥(1) TQ) ¥1) ¥1) .. (3.6.5)
U(M —2)..9(M —2) (M —1)..9(M 1) |

2M-1 times M t‘i(mes

w6 2 (%)i+1¢(m(t‘o),m(to) +§)G(mlto) +5 + 1) (3.6.6)
é I mip = My

Homama) = { F(m; + 1)¢(m1 +1,mp) my < my (3.67)
d(m—1,m) & F(m) (3.6.8)

Let us also define the following quantity.
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Definition 3.6.2 Upward-reachability Grammian

R(to, M) & GGT
M-1
= Zo 271 g(m(to), m(to) + 1)G(m(to) + i + 1)
x  GT(m(to) + i + 1)¢T (m(to), m(to) + 1) (3.6.9)

From eq.(3.6.4) we see that the ability to reach all possible values of z(y) given
arbitrary inputs, WMJO, depends on the rank of the matrix G. This, along with the
fact that the rank of G equals the rank of GG7, leads to the following, where z(t) is

an n-dimensional vector:

Proposition 3.6.1 The system is upward reachable from Xjpr,, to z(t) iff G has
rank n iff R(te, M) has rank n.

Note that R(to, M) bears a strong similarity to the standard reachability grammian

for the following system.

#(m) = 3 F(m + Da(m + 1) + 5G(m + Du(m + 1) (3.6.10)
where the reachability grammian in this case is
R*(m,m + M) & %jl 27 2¢(m,m +1)G(m + i+ 1)
x Ct;)(m +i+ 1) (m,m +1)
G*(G")*

el

g*
In fact it is evident from the definitions in eq.’s(3.6.5,3.6.11) that the rank of G is
equivalent to the rank of G*. This leads to the following corollary.

[T(0) ¥(1) ... ¥(M—2) ¥(M-1)] (3.6.11)

Corollary 8.6.1 The system is upward reachable from Xyr,, to z(to) iff for any
a,B # 0 R z(m(te),m(to) + M) has rank n, where R, 5(m(to), m(to) + M) is the
reachability grammian for the system

z(m) = aF(m + )z(m + 1) + BG(m + 1)u(m + 1) (3.6.12)

Note that if F' and G are constant in eq.(3.6.1), then reachability is equivalent to the
usual condition, i.e. rank[G|FG|...|FM-1G] = n.



CHAPTER 3. MULTISCALE PROCESSES ON TREES 118

3.6.2 Upward Observability and Reconstructibility

We develop the notion of observability and the notion of reconstructibility on trees.
Defined on trees, observability corresponds to the notion of being able to uniquely
determine the points at the bottom of a subtree, i.e. the “initial conditions”, given
knowledge of the inputs and observations in the subtree. It is also useful to develop
the weaker notion corresponding to being able to uniquely determine the single point
at the top of a subtree given knowledge of the inputs and observations in the subtree.
This notion is analogous to reconstructibility for standard systems; thus, we adopt
the same term for the notion on trees.

Let us define

Yire = [ 47 (k)] v7(eto), 37 (Bto)l . ly™(aMto),.yT(BMEe) [T (3.6.13)

where

y(t) = C(m(t))z(t) (3.6.14)

Definition 3.8.3 The system is upward observable from Xy, to z(to) if given

knowledge of Wiy, and Yars,, we can uniquely determine Xz, -

Note that if Wys,, = 0 then
Yareo = HuXm e, (3.6.15)

where Hjys is most easily visualized if we partition it compatibly with the levels of
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the observations in Yar,:

oM blocks
0(0) ©(0) .. . ©(0)
o) .. O 0 . w0
0 0 o) .. 0(1)
0(2) 0(2) o0 0 0 0 0 0
0 0 6@ 0(2) 0 0 0 0
0 0 0 0 0@ .. 6@2) o 0
Hy 2|0 0 0 0 0 0 0(2) ... 02
o(M) 0
0o ew) ..
o o . e
(3.6.16)
Here
0%) 2 (%)M“iC(m(to) +§)p(mlto) + i, mlto) + M) (3.6.17)

As a simple example to help clarify the structure of the matrix Hps consider the
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matrix H, for the scale-invariant case, i.e. where F(m) = F, C(m) = C.

[ LcF? 10F? lCF® lCF?
ICF ICF 0 0
0o o loF icF
He=|C 0 0 0 (3.6.18)
o ¢ 0 0
o o C 0
o 0o 0o ¢ |

That is, at level i, there are 2¢ measurements each of which provides information
about the sum of a block of 2¥~% components of X M,t,- Note that this makes clear
that upward observability is indeed a very strong condition. Specifically, since suc-
cessively larger blocks of Xp, are summed as we move up the tree, subsequent
measurements provide no information about the differences among the values that
have been summed. For example consider M = 1. In this case y(t) contains infor-
mation about the sum z(at) + z(0t), and thus information about z(at) — z(8t) must
come from y(at) and y(Bt). This places severe constraints on the system matrices.
In particular a necessary condition for observability is that y have dimension larger
than Z(otherwise Hps has fewer rows than columns).

We also define the following.

Definition 3.6.4 Upward-observability Grammian

M & HE Ha (3.6.19)

where
M = U(k,0) (3.6.20)
Uk,k) = i_‘fjo(%)z"“%T(m(to)+i,m(to)+k)C(m(to)+i)¢(m(to)+i,m(to)+k)
(3.6.21)
C(k) & CT(k)C(k) (3.6.22)
v 2 | UBIHD SkD (3.6.23)

S(k,1) U(k,1+1)
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and S(k,1) is a block matriz with 2¢-1=1 x 2k=1=1 plocks each of which equals

T(k,1) = ;(%)Z(k‘i)cﬁT(m(to)-{—i, m(to)+k)CT (m(te)+3)C(m(to)+i)d(m(to)+i, m(to)+k)
- (3.6.24)

Once again we consider the scale-invariant case, this time in order to make explicit

the structure of the matrix Mjys. The following is M, for the scale-invariant case.

M, M, M; M,
M, M, Ms M,

M, = (3.6.25)
My My My M,
My M; M, M,
where
M, = -1—16F2TCT0F2+§FOTCF+CTC (3.6.26)
M, = i%.F"TOTOFHLi}r«’c*f"ozf (3.6.27)
M; = i%F‘*’TCTOI«“z (3.6.28)

From eq.(3.6.15) we see that being able to uniquely determine Xas,, from Yas,, is
equivalent to requiring the nullspace of the matrix Hps to be {0}. This leads to the

following.

Proposition 8.8.2 The system is upward observable from Xys;, to z(to) iff N (Hu) =
{0} iff Mps is invertible.

A much weaker notion than that of observability is the notion of reconstructibility.
Reconstructibility requires only the ability to determine the single point at the top

of a subtree given knowledge of the inputs and observations in the subtree.

Definition 3.8.5 The system is upward reconstructible from X to z(to) if

given knowledge of Wi, and Yars,, we can uniguely determine z(to).

We also define the following.
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Definition 3.6.6 Upward-reconstructibility Grammian
O(to, M) = IyHEHuIL
M
= Y 2'¢"(m(to) + i,m(to) + M)CT (m(to) +4)

=0

C(mto) + ) ${m(to) + i, m(to) + M)

X

where
Inge = [I|1].../1]

2M {imes
and each I is an n X n identity matriz.

Note that if WM,to = 0, then
w(to) = (I)(tO)XM,to

where
B(t0) 2 ()" ${mito), m(to) + M) Iy
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(3.6.29)

(3.6.30)

(3.6.31)

(3.6.32)

Since the condition of reconstructibility only requires being able to uniquely determine

the single point z(Zo) from the measurements in the subtree, we guarantee this con-

dition by requiring that any vector in the nullspace, N'(Hps), is also in the nullspace,
N(®(to)). We thus have the following theorem, the proof of which can be found in

the Appendix 3B.

Theorem 3.8.1 The system is upward reconstructible iff N(H) C N (®(to)). If
F(m) s invertible for all m, this is equivalent to the invertibility of O(to, M).

Note that O(to, M) bears a strong similarity to the standard observability grammian

for the following system.
z(m) = aF(m+1z(m+1)+ G(m+ 1)u(m +1)
y(m) = BC(m)z(m)

where the observability grammian in this case is

(3.6.33)
(3.6.34)

M
Ous(mlte),mlte) + M) £ 3 PM-D824T (1m(to) + 1, m(to) + M)CT(mfto) + i)

C(mite) + §)d(mite) + i, mlto) + M)

X

(3.6.35)
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This results in the following corollary.

Corollary 3.6.2 Assuming that F(m) is invertible for all m, the system is upward
reconstructible from Xps., to x(to) iff Ou,p(m(to), m(to) + M) has rank n.

Let us comment on an important difference between the concepts of reconstructibil-
ity and observability for our upward propagating systems and those for standard
temporal systems. For standard systems observability implies reconstructibility and
the two concepts are equivalent if the state transition matrix is invertible. In our
case, observability certainly implies reconstructibility, but the former remains a much
stronger condition even if ¢ is invertible. In this case reconstructibility is equivalent
to being able to determine the average values of the components of the initial state.

We can define this notion formally as follows.

Definition 3.6.7 The system is upward coarsely observable from Xy, to z(to)

if given knowledge of Wag,, and Yars,, we can uniquely determine ave(Xps,,) where

ave(Xare) 2 (2) It Xage, (3.6.36)

[

Note that if ¢ is invertible from eq.’s(3.6.31 and 3.6.32) we get

1 .
ave(Xa,,) (§)MIM/‘M,to

= ¢7H(m(to), m(to) + M)z(to) (3.6.37)
This leads to the following corollary.

Corollary 3.6.3 Assuming that F(m) is invertible for all m, the system is upward
reconstructible from Xy, to z(to) iff the system is upward coarsely observable
from XM,to to $(to).

Note that in contrast to our notion of observability our reachability concept going
up the tree is actually rather weak since we have many control inputs in the subtree
to achieve a single final state z(fo). As one might expect there is a dual theory
for systems defined moving down the tree, but the tree asymmetry leads to some

important differences. In particular, weak and strong concepts are interchanged.
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For example, observability is concerned with determining the single initial state
given observations in the subtree under ¢y, while reconstructibility corresponds to
determining the entire vector Xpr:,. In this case if ¢ is invertible observability is
equivalent to determining the average value of Xjs,,. Similarly, reachability is
concerned with reaching arbitrary values for the entire vector Xps,,, an extremely
strong condition. A natural and much weaker condition is achieving an arbitrary
average value for Xpr:,. A complete picture of this system theory is be given in the

next section.

3.6.3 Downward Systems

In this section we describe a dual theory for systems defined moving down the tree.

Consider the following system described by downward dynamics.
z(t) = A(m(t))z(y~'t) + B(m(t))w(t) (3.6.38)

with measurements

y(t) = C(m(t))e(t) (3.6.39)

We define the following vector,
W, 2 [ wT(to) |wT(ate) wT(Bto)l ... |wT(aMto)..wT(BMte) ]T  (3.6.40)

where Wz, represents the the full set of inputs that influences Xy, (as previously
defined) starting from the initial condition z(y~'¢p), i.e. the w(¢) in the entire subtree
down to M levels from to, including the point w(¢o). The reason for defining the
initial condition as being z(y~'¢o) rather than z(%o) is to insure a duality between the
downward and the upward concepts. The necessity for the asymmetry in upward and
downward definitions will become more clear as we begin to establish this duality.
Let us begin with the notion of observability for downward systems. This is the
notion of determining uniquely the initial state, which in this case is (o), from
the observations in the subtree down to M levels from ¢y, but not including the

point y(¢p). Again this asymmetry in upward and downward definitions is necessary
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for establishing a duality between upward and downward concepts. We define the

following vector of observations,

Yargo 2 [ y%(ato), 37(Bto)] ... |lyT(eMto),...yT(BMto) 17 (3.6.41)

and also the following vector of inputs
N
Wire, = [ wT(ate) wT(Bto)] ... |wT(cMtp)..wT(8Mto) |T (3.6.42)
where Wy, is simply Wiy, without the input w(t,).

Definition 3.6.8 The system is downward observable from z(to) to Xy, if given

knowledge of Wy, and Yars,, we can uniquely determine z(to).

Note that if Wiz, = 0 then

}.’M,to = ﬂMm(to) (3.6.43)
where
HYL 2 [§(0) ¥(0) (1) ¥(1) ¥(1) ¥@) .. (3.6.44)
Y(M -2)..¥(M -2) ¥(M-1)..9(M -1) ]

2M-1 times 2M times

IT(3) £ C(mlto) + i + 1)p(m(to + i), m(to)) (3.6.45)
N I ™My = My

$(mi,ma) = { Ay — 1)g(ms — Lma) my > ms (3.6.46)
p(m+1,m) & A(m) (3.6.47)

We also define the following.
Definition 3.6.9 Downward-observability Grammian
My & HY (3.6.48)

Since being able to uniquely determine z(to) from Y3y, is equivalent to requiring the

nullspace of Hys to be {0}, we get
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Proposition 3.6.3 The system is downward observable from z(to) to Xz, iff
N (Har) = {0} iff My is invertible.

Similarly to the case of observability and reconstructibility for upward systems we
would expect the invertibility of ¢ to suggest an equivalence between these concepts
for downward systems as well. But in this case weak and strong concepts are reversed;

i.e. observability is equivalent to coarse reconstructibility for invertible ¢.

Definition 3.6.10 The system is downward coarsely reconstructible from z(to)

to Xar, if given knowledge of War ., and Yary,, we can uniquely determine ave( Xz, )-
If ¢ is invertible, then from eq.(3.6.37) we get

Corollary 3.8.4 Assuming that F(m) is invertible for all m, the system is down-
ward observable from z(to) to Xar., iff the system is downward coarsely recon-
structible from z(to) to Xary,.

We now consider reachability for downward systems. In this case for the sake of
establishing duality between downward and upward concepts we consider our initial

condition to be z(y~'¢o) rather than z(to)

Definition 3.6.11 The system is downward reachable from z(y~t) to Xa,
if given any T(y~'ty) and any desired Xprys,, it is possible to specify Wars, so if
z(y7 o) = T(7 o), then Xars, = X Mito-

Note that if z(y~'to) = 0, then we have

Xty = GWare, (3.6.49)
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where
i 2™ blocks
0(0) ©6(0) .. . 0(0)
0(1) (1) o 0
0 0 o(1) ... o(1)
6(2) 0(2) © 0 0 0 0 0
0 0 012 ... 6(2) o 0 0 0
0 0 0 0 6(2) .. 62 o 0
gL 210 0 0 0 0 0 6(2) 6(2)
6(M) 0
0 o(M) ..
0 0 . O(M)
) (3.6.50)
Here
67 (i) £ $(m(to) + M,m(to) + i) B(m(to) + 7) (3.6.51)
Let us also define the following quantity.
Definition 3.6.12 Downward-reachability Grammian
R(to, M) = GGT (3.6.52)

Since reaching all possible states Xpr:, depends on having the rank of G be equal to

the dimension of Xps,s,, we get the following.
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Proposition 3.8.4 The system is downward reachable from z(to) to Xy, iff G

has rank m iff R(to, M) has rank m, where m is the dimension of Xagy,.

Finally, we define the following weaker concept of reachability which will prove to be

the dual of reconstructibility for upward systems.

Definition 3.6.13 The system is downward coarsely reachable from z(y~1¢o) to
X, if given any F(y~*to) and any desired ave(X sy, ), it is possible to specify Wars,
s0 if (7 o) = T(7 Ybo), then ave(Xnrs,) = ave(Xars,)-

Note that .
ave(Xarzo) = (5)" InGWa e (3.6.53)

We also define the following.

Definition 3.6.14 Downward-coarsely-reachability Grammian
ave(R(to, M)) = InGGTIZ, (3.6.54)

Proposition 3.8.5 The system is downward coarsely reachable from z(to) to
X, iff IMG has rank n iff ave(R(to, M)) has rank n, where n is the dimension of
the state.

Having defined appropriately our downward system theoretic concepts, we can
now state the following duality between upward and downward systems. Given the

following downward model,

z(tg) = FT(m(tg))w('y’ltg) + C'T(m(to))w(to) (3.6.55)
z(t) = %FT(m(t))m('y"lt) + CT(m(t))w(t) m(t) > m(to) (3.6.56)

y(t) = —;—Gt(m(t))az(t) m(t) > m(to) (3.6.57)

we have the following duality between the upward model(eq.’s(3.6.1,3.6.14)) and the
downward model(eq.’s(3.6.55-3.6.57)).
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Upward Downward

Reachability Observability
(Coarse Reconstructibility)

Observability Reachability

Reconstructibility Coarse Reachability
(Coarse Observability)

3.7 Bounds on the Error Covariance of the Filter

In the following sections we will analyze the stability of our upward Kalman filter via
Lyapunov methods. As we will see our analysis of the ML filter will require bounds
on Pyr(m|m), and it will also be necessary to have bounds on P(m|m) in order to
infer stability of the optimal filter. Thus, in this section we begin by deriving strict
upper and lower bounds for the optimal filter error covariance P(m|m). We then
use analogous arguments to derive upper and lower bounds for the ML filter error
covariance Pyr(m|m). Existence of these bounds depends on conditions that can be
expressed in terms of the notions of upward reachability and upward reconstructibility
developed in the previous section.

Recall our system whose dynamics are described by eq.(3.6.1) and whose measure-
ments are described by eq.(3.6.14). We define the stochastic reachability grammian

for this system as follows.

Definition 3.7.1 Stochastic Reachability Grammian

M-1

R(to, M) = Z 271 g(m(to), m(to) + 1)G(m(te) + i + 1)
x  Q(m(to) + 1 4+ 1)GT (m(to) + i + 1)¢T (m(to), m(to) + 1) (3.7.1)

We define the stochastic reconstructibility grammian for this system as follows.
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Definition 3.7.2 Stochastic Reconstructibility Grammian

Olto, M) £ 3247 (m(te) + i, m(to) + M)CT(mto) +4)

=0

xRN (m(to) + §)C(m(te) + i)d(m(to) + i, m(te) + M) (3.7.2)

Among the assumptions that we make under which we prove our bounds is that
the matrices F(m), F~1(m), G(m), Q(m), C(m), R(m), and R~1(m) are bounded
functions of m. In terms of our reachability and reconstructibility grammians these

assumptions mean that for any My > 0 we can find o, > 0 so that

R(t,My) < alforallt (3.7.3)
O(t,Mo) < QBIforallt (3.7.4)

We define the notion of uniform reachability as follows.

Definition 3.7.3 An upward system is uniformly reachable if there exists v, My >
0 so that
R(t, Mo) > ~I for all t (3.7.5)

This property insures that the process noise contributes a steady stream of uncertainty
into the state. Intuitively, we would expect in this case that the error covariance
P(m|m) would never become equal to zero. In fact we prove that under uniform
reachabilty P(m|m) is lower bounded by a positive definite matrix.

We also need the notion of uniform reconstructibility, which is formulated as

follows.

Definition 3.7.4 An upward system is uniformly reconstructible if there ezists
8, My > 0 so that
O(t, My) > &8I for all t (3.7.6)

where M is the bottom level of a tree.

This property insures a steady flow of information about the state of the system.
Intuitively, we would expect that under this condition the uncertainty in our esti-
mate remains bounded. In fact we prove that under the condition of uniform recon-

structibility the error covariance, P(m|m), is upper bounded.
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Without loss of generality we can take M, to be the same in eq.’s(3.7.3-3.7.6) for

any system which is uniformly reachable and reconstructible.

3.7.1 Upper Bound

We begin by deriving an upper bound for the optimal filter error covariance, P(m|m).
The general idea in deriving this bound is to make a careful comparison between the
Riccati equations for our optimal filter and the Riccati equations for the standard

Kalman filter. First consider the following lemma.

Lemma 3.7.1 Given the Riccati equation

P(mlm+1) = F(m+1)P(m+1m+ 1)FT(m +1)
+ G(m+1)Q(m +1)GT(m + 1) (3.7.7)
P7Ym|m) = P~'(m|m+1)+CT(m)R™(m)C(m)
+ P Y(m|m+1)— P Y (m) (3.7.8)

and the Riccati equation

Pmim+1) = Fm+1D)P(m+1m+1)F(m+1)

+ G(m+1)Q(m+1)GT(m+1) (3.7.9)
P lmlm) = P (mm+1)+ CT(m)R"(m)C(m) (3.7.10)

we have that
P '(m|m) < P~(m|m) (3.7.11)

Proof
We first note that eq.(3.7.8) can be rewritten as

P~ Y(m|m) = P~Y(m|m + 1) + CT(m)R~(m)C(m) + DT (m)D(m) (3.7.12)

where DT(m)D(m) is positive semi-definite. ~This follows from the fact that
P(m|m + 1) < P,(m) or P~}(m|m + 1) — P;'(m) > 0. The Riccati equation,
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eq.’s(3.7.9,3.7.10), characterizes the error covariance for the optimal filter correspond-

ing to the following filtering problem.

z(m) = Fm+Dz(m+1)+Gm+1w(im+1) (3.7.13)

E[w(m)wT(m)] = Q(m) (3.7.14)
y(m) = C(m)z(m)+ v(m) (3.7.15)
E[v(m)vT(m)] = R(m) (3.7.16)

Similarly, the Riccati equation, eq.’s(3.7.7,3.7.12), characterizes the error covariance
for the optimal filter corresponding to the filtering problem involving the same state

equation, e€q.(3.7.13,3.7.14), but with the following measurement equation.

g(m) = - gEZ; ] z(m) + u(m) (3.7.17)
B [ R(m) 0
E[u(m)uT(m)] = K I } (3.7.18)

Since the filter corresponding to eq.(3.7.7,3.7.12) uses additional measurements com-
pared to the filter corresponding to eq.(3.7.9,3.7.10), its error covariance can be no
worse than the error covariance of the filter using fewer measurements;i.e. P(m|m) <
P(m|m) or P '(m|m) < P~1(m|m).

0

We now state and prove the following theorem concerning an upper bound for
P(m|m).

Theorem 3.7.1 Given uniform upper boundedness of the stochastic reconstructibility
grammian, i.e. eq. (3.7.4), and given uniform reconstructibility of the system there

exists K > 0 such that for all m at least My levels from the initial level P(m|m) < k1.

Proof
Consider the following set of standard Riccati equations.
P(mim+1) = F(m+1)P(m+1m+1)FT(m +1)
+ G(m+1)Q(m+1)G¥(m +1) (3.7.19)
P lmlm) = P '(mm+ 1)+ CT(m)R1(m)C(m) (3.7.20)
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From standard Kalman filtering results we know that given (F(m), R~%(m)C(m)) is
a uniformly observable pair that is bounded above, there exists a x > 0 such that
P(m|m) < kI or P~ '(m|m) > x~'I. But by Corollary 3.6.2, (F(m), R~#(m)C(m))
being a uniformly observable pair is equivalent to the original system being uni-
formly reconstructible. Also, the grammian (F(m), R-3(m)C(m)) being bounded
above is equivalent to our assumption of uniform upper boundedness of the stochas-
tic reconstructibility grammian. Thus, under uniform reconstructibility and the uni-
form upper boundedness of the stochastic reconstructibility grammian of the orig-
inal we deduce that P '(m|m) > x~'I. But from Lemma 3.7.1 we know that
P (m|m) < P-Y(m|m). Thus, P-Y(m|m) > x~1I or P(m|m) < xI.

0

We can easily apply the previous ideas to derive an upper bound for Pysr(m|m).
Note that Lemma 3.7.1 would still apply if eq.(3.7.8) did not have the P, !(m) term
and the matrices F' and () were replaced with the matrices A~ and I, respectively;
i.e. the lemma would apply to the case of the ML Riccati equations. Then by using

the same argument used to prove Theorem 3.7.1 we can show the following theorem.

Theorem 3.7.2 Given uniform upper boundedness of the stochastic reconstructibil-
ity grammian, i.e. eq.(3.7.4) where the state transition matriz ¢ corresponds to the
system associated with dynamics A~1(m), and given uniform reconstructibility of the
system there exists ' > 0 such that for all m at least My levels from the initial level
Pyp(m|m) < k'I.

3.7.2 Lower Bound

We now derive a lower bound for P(m|m). As in deriving the upper bound, we appeal

heavily to standard system theory.
Lemma 3.7.2 Let

S(m|m)

1l

S(P~(mim) — CT(m)R"(m)C(m) + P:(m)) (3.7.21)

g

S(m|m +1) FTm+1)P Y m+1m+1)F Y (m+1) (3.7.22)
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Given the Riccati equation

S*(mlm+1) = 2F T(m+1)S*(m+1m+ 1)F Y (m+ 1)
+ FT(m+1)CT(m)R(m)C(m)F(m+1)  (3.7.23)
§* 7 (mlm) = §*7(mlm+1)+ Gm+1)Q(m+1)GF(m +1) (3.7.24)

where $(0]0) = §*(0]0). Then for all m S*(m|m) > S(m|m).

Proof
By substituting eq.(3.7.12) into eq.(3.7.21) and collecting terms we get

S(m|m) = P~ (m|m + 1) (3.7.25)
By substituting eq.(3.4.1) into eq.(3.7.25) we arrive at

[F(m 4+ 1)P(m +1m + 1)FT(m 4 1)
+ G(m+ 1)Q(m +1)GT(m +1)]?
= [ mm+1)+Gm+1)Q(m+1)GT(m +1)]"*  (3.7.26)

S(m|m)

i

where the the last equality results from the substitution of eq.(3.7.22). Also, by
substituting eq.(3.7.21) into eq.(3.7.22) and collecting terms we get

S(mim+1) = 2F T(m+1)8(m+ 1jm + 1)F(m + 1)
+ FT(m+ 1)CT(m)RY(m)C(m)F~Y(m + 1)
— FT(m+ 1P Y (m)FY(m+1) (3.7.27)

Now we prove by induction that for all m S*(m|m) > S(m|m). Obviously, $*(0]0) >
5(0]0). As an induction hypothesis we assume S*(i + 1|i + 1) > §(i + 1|i + 1). From
eq.(3.7.27), eq.(3.7.23), and the fact that F~T(m + 1)P;}(m)F~1(m + 1) > 0 we get
that

$* (@i + 1) < 57(6) (3.7.28)
Substituting eq.(3.7.24) and eq.(3.7.26) into eq.(3.7.28) and canceling terms we arrive
at §*7'(i)i) < §7'(ili), i.e. S*(ili) > S(i]s).

(]
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Theorem 3.7.3 Given uniform upper boundedness of the stochastic reachability gram-
mian, i.e. eq.(3.7.3), and given uniform reachability of the system there ezists L > 0
such that for all m at least My levels from the initial level P(m|m) > LI.

Proof

Consider the following set of standard Riccati equations.

S*(mlm+1) = 2F T(m+1)§*(m + lm + D)F~(m + 1)
+ FT(m+1CT(m)RY(m)C(m)F(m +1) (3.7.29)
$*(mlm) = §* 7 (mim+1)+Gim+1)Q(m + 1)GF(m +1) (3.7.30)

From standard Kalman filtering results we know that if (F~T(m), G(m)Q%#(m)) is a
uniformly reachable pair that is bounded above, then there exists N > 0 such that
S*(m|lm) < NI. However, from Corollary 3.6.1 and the invertibility of F(m) the
uniform reachability of the pair (F~T(m), G(m)Q%(m)) is equivalent to the original
system being uniformly reachable. Also, the grammian (F~T(m), G(m)Q%(m)) being
bounded above is equivalent to our assumption of uniform upper boundedness of
the stochastic reachability grammian. Thus, under uniform reconstructibility and
the uniform upper boundedness of the stochastic reconstructibility grammian of the
original we deduce that S*(m|m) < NI. But from Lemma 3.7.2 we know that
S*(m|m) > §(m|m). Thus, S(m|m) < NI. But from eq.(3.7.21) we get

—;—(P‘l(mlm) — CT(m)R~}(m)C(m) + P-}(m)) < NI (3.7.31)

It follows straightforwardly that

P l(m|m) < LI (3.7.32)

where
L7I > 2NI + CT(m)R(m)C(m) (3.7.33)

Thus,
P(m|m) > LI (3.7.34)
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Using analogous arguments we can derive a lower bound for Pyp(m|m). Note
that with the following definitions for 'S and the equations (3.7.23,3.7.24) where the
matrices F and ( are replaced with the matrices A~! and I, respectively, Lemma 3.7.2

still applies.

>

S(m|m)

S(m|m + 1)

S(Piz(mim) — O (m) R (m)C(m)) (3.7.35)

£ AT(m+ )Py (m + 1m + 1)A(m + 1) (3.7.36)

Using the same argument as in the proof of Theorem 3.7.3 with our current definitions
for § we get that

%-(P;,}J(mlm) _ CT(m)R-Y(m)C(m)) < NI (3.7.37)
for N > 0. Equivalently,
Pif(m|m) < (L)1 (3.7.38)
for
(L')™'I > 2NI + CT(m)R~*(m)C(m) (3.7.39)

Thus, we have the following theorem.

Theorem 3.7.4 Given uniform upper boundedness of the stochastic reachability gram
mian, i.e. eq.(3.7.3), where the state transition matriz ¢ corresponds to the system as-
sociated with dynamics A=1(m) and the matriz Q is replaced with I, and given uniform

reachability of the system there ezists L' > 0 such that for all m Ppyp(m|m) > L'I.

3.8 TUpward Stability on Trees

In this section we formalize the notion of stability for dynamic systems evolving up
the tree. The dynamics on which we are interested in focusing the major portion
of our analysis are the ML error dynamics of eq.(3.4.60). Thus the general class of

systems we wish to study here has the form

z(t) = F(m(¢) + 1)[z(at) + 2(88)] + G(m(2))u(t) (3.8.1)
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What we wish to do is to study the asymptotic stability of this system as the dynamics
propagate up the tree. Since we are interested in internal stability, we will consider
the autonomous system with u = 0.

Intuitively what we would like stability to mean is that z(¢) — 0 as we propagate
farther and farther away from the initial level of the tree. Note, however, that as we
move up the tree(or equivalently as the initial level moves farther down), 2(t) is influ-
enced by a geometrically increasing number of nodes at the initial level. For example,
2(t) depends on {z(at), z(Bt)} or, alternatively on {z(a?t), z2(Bat), z(aft), z(3%t)} or,
alternatively on {z(a3t), 2(Ba’t), z(aBat), z(F%at), z(a?Bt), z(Baft), z(af%t), z(33)},
etc. Thus in order to study asymptotic stability it is necessary to consider an infi-
nite dyadic tree, with an infinite set of initial conditions corresponding to all nodes
at the initial level. Note also, that we might expect that there would be a number
of meanings we could give to “z(¢t) — 0” — e.g. do we consider individual nodes at a
level or the infinite sequence of values at all points at a level?

To formalize the notion of stability let us change the sense of our index of recursion
so that m increases as we move up the tree. Specifically, we arbitrarily choose a level
of the tree to be our “initial” level, i.e. level 0, and we index the points on this initial
level as z;(0) for ¢ € Z. Points at the mth level up from level 0 are denoted z;(m) for

it € Z. The dynamical equations we then wish to consider are of the form
zi(m) = A(m — 1)(22:(m — 1) + z3i41(m — 1)) (3.8.2)

Let Z(m) denote the infinite sequence at level m, i.e. the set {z;(m),: € Z}.

The p-norm on such a sequence is defined as
A L
12(m)ll, = (3 l(m)I5)? (3.8.3)

where ||z;(m)||, is the standard p-norm for the finite dimensional vector z;(m).

We define the following notion of exponential stability for a system.

Definition 3.8.1 A system is l,-exzponentially stable if given any initial sequence
Z(0) such that ||Z(0)], < oo,

1Z(m)|l, < Ca™[|Z(0)]l, (3.8.4)

where 0 < a < 1 and C is a positive constant.
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From eq.(3.8.2) we can easily write down the following.

zi(m) = (I'(m,()) Z Zj(ﬂ) (385)

jeom,i

where the cardinality of the set O,,; is 2™ and for m; > m,

I my,mz

(3.8.6)
A(m1 — 1)<I>(m1 — 1,m2) my; > Mo

®(mq,my) = {
As in the case of standard dynamic systems it is the state transition matrix, ®(m,0),
which plays a crucial role in studying stability on trees. However, unlike the standard
case, as one can see from eq.(3.8.5), the nature of the initial condition that influences
zi(m) depends crucially on m; in particular the number of points at level 0 to be

summed up and scaled to give z;(m) is 2. These observations lead to the following:

Theorem 3.8.1 The system defined in eq.(3.8.2) is l,-ezponentially stable if and only

if
25| ®(m, 0)||, < K'y™  for all m (3.8.7)

where 0 <y < 1 and K' is a positive constant.
Proof

Let us first show necessity. Specifically, suppose that for any K > 0,0 < vy < 1,

and M > 0 we can find a vector z and an m > M so that

18(m,0)2]|, > Ky™27% ||2]l, (3.8.8)
where L1
; + :1. =1 (3.8.9)

Let 2z and m be such a vector and integer for some choice of K, v, and M, and define

an initial sequence as follows. Let pq, p1, p2, ... be a sequence with

=1 (3.8.10)

=0
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Then let
poz 0<i<2m
p1z 2m<i<2.2m
z(0) =« : (3.8.11)
piz j2m<i<(j+1)2™
Note that

12Oz = S I=O)

=0
= 2|z (3.8.12)
Also, note that
(i+1)2m-1
zi(m) = ®(m,0) Y 2(0)
j=12m
= 2"p;®(m,0)z (3.8.13)

Thus,

1Z(m)llp = 277(|@(m,0)z|]}
> 2Py |||
2P KPymP2 e 27| Z(0)|[7
K7™ Z(0)||7 (3.8.14)

I

il

where the first equality comes from eq.(3.8.10), the inequality from eq.(3.8.8), the
next equality from eq.(3.8.12), and the last equality from eq.(3.8.9). Hence for any
K,0<~v<1and M >0 we can find an initial l,-sequence Z(0) and an m > M so
that

1Z(m)llp > Kv™[|Z(0)]], (3.8.15)

so that the system cannot be /,-exponentially stable.

To prove sufficiency we use the following.



CHAPTER 3. MULTISCALE PROCESSES ON TREES 140

Lemma 3.8.1 A system is l,-exponentially stable if for every i
lzi(m)ll, < KB™( D 12(0)]3)? (3.8.16)
jeom,i

where 0 < 8 <1 and K is a positive constant.

Proof
By raising both sides of eq.(3.8.16) to the pth power we get

ltmll < K77 5 =50l (38.17)

Since eq.(3.8.17) holds for every i we can write
2 lz(m)lls < E2(67)™ 3 |2:(0)|17 (3.8.18)

The lemma follows from raising both sides of eq.(3.8.18) to the power of %.
a

Lemma 3.8.2 Consider the sequence of vectors x; fori € Z. Then, for any m and

any j

I3 @l <2%( Y |=illp)? (3.8.19)

1€0m,j 1€0m,j
where O ; = {7,7 +1,...7 + 2™ — 1} and q satisfies eq.(3.8.9).

Proof
We first show the following.
L L
lla + i, < 23(lle|lf + l[blI7)> (3.8.20)
Since || - ||3 is a convex function, we can write
1 Lo Lo Lo
1(5)a + (1 = )bl < ()lallz + (1 = S)BZ (3.8.21)

from which eq.(3.8.20) follows immediately. We now show the result by induction on

m. Suppose for all j

IS all, <2%( Y [leil)s (3.8.22)

1€0m,,; 1€0m,;
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Consider the summing z; over the two sets O,, ;, and O, ;, where j, = j; +2™. From
eq.(3.8.20) we get
L L
1022 =+ 30 2l <29(IC X0 alp+1IC X2 =li2)? (3.8.23)
i€0m.j, 1€0m. i, 1€0m,j; 1€0m,jy

Then by substituting into eq.(3.8.22) eq.(3.8.23) we get

I T a2 @l wi)? (3.8.24)

ieOm,,'l Uom,jz ieom,jl iGOm’jz

O
We can now show sufficiency thereby completing the proof of the theorem. By
applying the p-norm to eq.(3.8.5) and using the Cauchy-Schwarz inequality we get

lzi(m)ll> < 120, 0l 32 25(0)]l, (3.8.25)

jeom,i

Using Lemma 3.8.2, we get

= L
z:(m)ll, < |8(m,0)]l,2( > l2(0)I[2)7 (3.8.26)
jeom,i
By substituting eq.(3.8.7) into eq.(3.8.26) we get
L
lz(m)ll, < K'y™( 32 llz;(0)lI)? (3.8.27)
jeom,:’

which by Lemma 3.8.1 shows the system to be [,-exponentially stable.

(]
Note that referring to eq.’s(3.8.2,3.8.5,3.8.6) we see that the [,-exponential stabil-
ity of eq.(3.8.2) is equivalent to the usual exponential stability of the system

¢(m) = 27 A(m — 1)¢(m — 1) (3.8.28)
For example for p = 2, we are interested in the exponential stability of
¢(m) = V2A(m — 1)é(m — 1) (3.8.29)

If A is constant this is equivalent to requiring A to have eigenvalues with magnitudes

2
<2
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Note also that it is straightforward to show that if one considers the system with

inputs and outputs

zi(m) = A(m —1)(zas(m — 1) + z2:11(m — 1))
+ B(m — 1)(uz(m — 1) + ugiy1(m — 1)) (3.8.30)
yi(m) = C(m)zi(m) (3.8.31)

then if B(m) and C(m) are bounded, the asymptotic stability of the undriven dynamics
imply bounded-input/bounded-output stability.

3.9 Filter Stability

In this section we show that the error dynamics of the maximum likelihood filter are

stable and also that the same is true of the overall filter.

Theorem 8.9.1 Suppose that the ML system is uniformly reachable and uniformly
reconstructible. Then, the error dynamics of the mazimum likelthood filter are [p-

ezponentially stable.

Proof

The following proof follows closely the standard proof for stability of discrete-
time Kalman filters given in [24]. Based on the comments at the end of the preceding
section and on the ML error dynamics of eq.(3.4.60), we see that we wish to show

that the following causal system is stable in the standard sense.
z(m) = Pyz(m|m) Py (m|m — 1)vV2A7 (m — 1)z(m — 1) (3.9.1)

Theorem’s 3.7.2 and 3.7.4, i.e. the upper and lower bounds on Pur(m|m), allow us

to define the following Lyapunov function.
V(z,m) & 27 (m) Py (m|m)z(m) (3.9.2)

Let us also define the following quantity.

z(m) 2 \/§A”1(m —1)z(m —1) (3.9.3)

= Pyr(m|m — 1)Pyp(m|m)z(m) (3.9.4)
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Substituting eq.(3.4.7) into eq.(3.9.2) followed by algebraic manipulations, one gets

V(zym) = F(m)(2Pgy(mlm — 1) + CT(m)R™(m)C(m))z(m)

+ 21 (m)(2Pip(m[m — 1))z(m)
(m) H(m) _ 57(m) £(m)
+ TPML(mIm - 1) \/5 - \/- PML(m'm - 1) \/—
= - zm——M vz (m|m — zm—z(m)
= —(vV22(m) 7 )" Pizy(mlm — 1)(v22(m) i )
1 #(m) 51 Z(m)
— 2T(m)CT(m)R " (m)C(m)z(m) + -—E—PML(mlm 75
But note that by using the matrix inversion lemma we get
—5—1~‘g—7-7-7:-)-}’"1 (m|m — l)i(m) = V(zym-1)-A (3.9.8)
\/i ML \/-2- ’ ..
A >0 (3.9.9)

It follows that

Visym) = Vizm=1) < ~(V3s(m) - 227 P mlm — 1)(vEx(m) - 22
2T(m)CT(m)R~(m)C(m)z(m) (3.9.10)

Stability follows from eq.(3.9.10) under the condition of uniform observability of the
pair (A~!(m), R~%(m)C(m)) which by Corollary 3.6.2 is equivalent to uniform recon-
structibility of the system.

a

Let us now examine the full estimation error after incorporating prior statistics.

It is straightforward to see that

&(t[t) = P(m(t)|m(t))(Parr(m(t)Im(t))Eme(tlt) + PN (m(t))a(t))  (3.9.11)

Thus we can view #(t|t) as a linear combination of the states of two upward-evolving
systems, eq.(3.4.60) for #xrz(t|t) and one for P, '(m(¢))z(t). Note first that since
P(m|m) < Pyr(m|m)

1P(m(t)m(£)) Pagg (m(t)Im(t))mr ()] < 1Znar(E]t)]] (3.9.12)

(3.9.5)

227 (m)(Pigp(m|m) — 2Py (m|m — 1))z(m) — 27 (m)CT(m)R™}(m)C(m))z(m)

(3.9.6)

(3.9.7)
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and we already have the stability of the Zp(¢|t) dynamics from Theorem 3.9.1.
Turning to the second term in eq.(3.9.11), note first that thanks to Theorem 3.7.1,
P(m(t)|m(t)) is bounded. Note also that the covariance of P;'(m(t))z(t) is sim-
ply P;'(m(t)). By uniform reachability P !(m(t)) is bounded above. Thus, while
P,(m(t)) might diverge, the contribution to the error of the second term in eq.(3.9.11)
is bounded.

Also, our previous analysis allows us to conclude that the full, driven Zur1(¢[¢)
dynamics are bounded-input, bounded-output stable from inputs w and v to output
Zpr(t]t). If we use eq.(3.4.50), together with eq.(3.2.10) and eq.’s(3.2.6-3.2.8) we can
write down the following upward dynamics for {(t) = P, *(m(t))z(¢):

€6) = AT(m(2) + 1)(€(at) + £(51))
+ S N(m(2) + 1)((at) + B(61)) (3.9.13)
where
N(m(t) +1) = By (m(£) A~ (m(t) + 1) B(m(t) + 1) (3.9.14)

Note that in general there is no reason to constrain the autonomous dynamics of
€q.(3.9.13) to be stable. However, if they are not, then reachability implies that
P,(m) — oo so that N(m) — 0 and the covariance of @ — I. The bounded-input,

bounded-output stability of this system can be easily checked.

3.10 Steady-state Filter

In this section we study properties of our filter under steady-state conditions; i.e. we
analyze the asymptotic properties of the filter. We state and prove several results.
First we show that the error covariance of the ML estimator converges to a steady-

state limit and that furthermore, the steady-state filter is l,-exponentially stable.

Theorem 3.10.1 Consider the following system defined on a tree.

z(t) = Az(y7')+ Buw(t) (3.10.1)
y(t) Cz(t) + v(t) (3.10.2)

]
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Elw(t)wT(t)] = I (3.10.3)

E[v(t)o"(t)] = R (3.10.4)

where v(t) and w(t) are white noise processes on the tree and A is invertible. Suppose

that (A=1,G) is a reachable pair and (A=, R-3C') is an observable pair, where G =

A~'B. The error covariance for the ML estimator, Pyr(m|m), converges as m — oo
to Po, which is the unique positive definite solution to

P. = APAT 4 GG
— Kw(—;-CA‘I?mA“TCT + %CGGTCT + R)KT (3.10.5)

where
K. =P,CTR™? (3.10.6)

Moreover, the autonomous dynamics of the steady-state ML filter, i.e.
e(t) = %(I — K. C)A Y (e(at) + e(B8)) (3.10.7)

are [-exponentially stable.
Proof

Recall the Riccati equations for the ML estimator where the scale variable m

increases in the direction upward along the tree.

Pyr(mlm+1) = A7'Pyr(m+1jm+1)A" + GGT
(3.10.8)
Piy(m|m) = 2Pyi(mlm+1)+CTR™'C (3.10.9)

Convergence of Py(m|m)

In order to show the existence of a limit of Pyr(m|m) as m — oo we show that
both a) Puyr(m|m) is monotone-nonincreasing in m and b) Ppp(m|m) is bounded
below.

a) We adopt the following notation.

P(m)
P(m;m')

Pim—m')ym>m' (3.10.11)

n> e



CHAPTER 3. MULTISCALE PROCESSES ON TREES 146

By the scale-invariance of our system showing
my < my — P(m;m,) < P(m;ms,) (3.10.12)

is equivalent to demonstrating that P(m) is monotone-nonincreasing.
We note that eq.’s(3.10.8,3.10.9) preserve positive definite orderings; i.e. if P;(m;) <
Py(my) then Pi(m;m3) < Py(m;m,) for m > m,. We now take

Pi(mz) = P(mg;my) (3.10.13)
Py(my) = oo (initial condition for the ML estimator) (3.10.14)

Then,

Pi(m;m;) = P(m;m,) (3.10.15)
Py(m;my) = P(m;m,) (3.10.16)

for m > mj. So by the property of positive definite ordering of the Riccati equations
we know that
Py(m;mg) < Py(m;ms) (3.10.17)

and thus,
P(m;my) < P(m;my) (3.10.18)

b) The fact that Ppr(m|m) is bounded below follows from Theorem 3.7.4 under
our assumptions of reachability and observability.
Having established the convergence of Pprr(m|m), let us denote the limit as fol-

lows.

lim Pyr(m|m) £ Py (3.10.19)

Note that by Theorem 3.7.4 P, must be positive definite. We can also establish that
Pyrr(m|m) must converge to the solution of the steady state Riccati eq.(3.10.5). Since
Pyrr(m|m) both satisfies the Riccati eq.’s(3.10.8,3.10.9) and converges to a limit, this
limit must satisfy the fixed point equation for eq.’s(3.10.8,3.10.9). This fixed point
equation is precisely the steady state Riccati eq.(3.10.5).

Exponential Stability of 7(I — KC)A™"
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In order for $(J — Ko C)A™ to be l,-exponentially stable, it must have eigenvalues
that are strictly less than 32@ This fact follows from Theorem 3.8.1.
From Theorem 3.9.1 we know that the following system is exponentially stable

with respect to | - |5
2(t) = Pyr(m(t)|m(t)) Pag(m(t)|m(t) — 1)(2(at) + 2(Bt)) (3.10.20)
which can be rewritten as
o(t) = -;-(1 — K(m(t))C) A~ (=(at) + 2(88)) (3.10.21)
where
K(m(t)) = Parz(m(t)lm(£))CTR" (3.10.22)

But, since im,, o Pyrr(m|m) = Po, the system in eq.(3.10.21) in steady-state be-

comes

o(t) = %(1 _ K.C) A" (2(at) + #(Bt)) (3.10.23)

Uniqueness of P,
Consider P, and P,, both of which satisfy the steady state Riccati eq.(3.10.5).

Thus,

1
2
_ Kl(%c’ AP ATTCT + %CGGTC’T + R)KT (3.10.24)

P = A‘lPlA‘T+%GGT

P, = -;-A‘lPZA‘T + %GGT
~ K(3CATBATCT 4+ LOGGTCT  RIKT (31025)

Subtracting eq.(3.10.25) from eq.(3.10.24) we get

P—-P, = -‘?(I - K;C)A™Y (P, — Pg)(—\—/z—i(I ~ K;C)A™ )T
+ A (3.10.26)

where A is a symmetric matrix. Note that we have established the fact that 3éi(l -

K,C)A~! has eigenvalues within the unit circle. From standard system theory this
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tells us that we can write P; — P, as a sum of positive semidefinite terms. This implies
that P, — P, is positive semidefinite or P, > P,. By subtracting eq.(3.10.24) from
€q.(3.10.25) and using the same argument we can establish that P, > P;.

0O

Note that the preceding analysis assumed constant matrices 4, B,C,Q, and R
invertible. We also assume the process is in steady-state; i.e. P, ! is constant. As
we are interested in asymptotic behavior there is no loss of generality in assuming
this and there are two distinct cases. Specifically, if A is stable, then the covariance
P,(m(t)) at all finite nodes(starting from an infinitely remote coarse level) is the
positive definite(because of reachability) solution P, of eq.(3.2.14), and in this case,
we have that

P(m|m) — (P + P71 (3.10.27)

On the other hand, if A is unstable, P, (m(¢)) — 0 and
P(m|m) — Pu (3.10.28)

Note that the existence of two distinct limiting forms for P(m|m), depending on the
stability of the original model is another significant deviation from standard causal

theory.

3.11 Model Extensions and Iterative Algorithms

In this section we first describe an extension of the models considered in this chapter
which allows finite correlations among the process noises at each scale of the tree.
These processes are considered in [8] for which a system theory is developed, including
results on the realization of these processes. We show how this class of processes can
be treated in the same way as in our previous models. We then turn to the idea of
developing iterative algorithms for smoothing our multiscale processes. We develop
the idea in detail for the case of tree processes, then show how this may be extended
to the case of general lattice processes.

We begin by discussing an extension of our state model on trees which lets the

process noise in our model be correlated in finite subsets of the nodes of the tree. In
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Figure 3.11.2: The Set of Points M;(o) for a Particular Point ¢ on the Tree

particular we consider models where the state at each node on the tree ¢ is equal to
a function of the state at y~'¢ plus a linear combination of noises in the vicinity of ¢.
To describe these models precisely, we first define the following set of operators, o7,

comprising our operators a,3 and v. They are defined recursively as

o™yt b= By
ot = { SR o (3.11.29)
ac iy t=ay7E
where we have as initial condition
1t t=ay" 1t
st =) P 7 (3.11.30)
ay it t=py

Note that if we label the points along the level of the tree in binary notation, the action
of o™ on the point 000...0 is equivalent to flipping the nth least significant bit. Note
also that for any n o™¢™ = 0 where 0 denotes the identity operator. We also define
the set M, (o) to be the set of all distinct monomials in o* where o € {0,0%,0?,...0%}.
Figure 3.11.2 illustrates the result of applying each of the operators in M,(o) on the
point £.
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Consider the following state model.

z(t) = A@)z(y7't)+ D B(st)w(st) (3.11.31)
sEMy(o)

E[w(t)wT(t:)] = 6ty (3.11.32)

Note that the “process noise” for this model, i.e. the summation in eq.(3.11.31), is now
correlated with neighboring points of ¢, in particular the points st where s € My(o).

In order to apply our recursive smoothing method to processes described by this
class of models, we must somehow transform the model to have uncorrelated process
noise. A simple way of doing this is to perform state augmentation, where we define
our state to be the set of points of the form st where s € My(o). We illustrate this
idea for the following special case of eq.(3.11.31).

(t) = A(t)z(v~1t) + B(t)w(t) + B(ot)w(ot) (3.11.33)

where for notational convenience we let o = o.

Let us label all distinct pairs of points of the form {t,ct} by the new index r.
That is, 7 now indexes the pairs of points of the tree as illustrated in Figure 3.11.3,
and can now in fact be interpreted as the index for a new dyadic tree whose nodes
represent pairs of points on the old tree. Let us define the following quantities with

respect to 7.

Ar) = :zgt))} (3.11.34)
w(r) = :Eg)} (3.11.35)
A(r) = i;t(;z) g] (3.11.36)
B(r) = :;(g) L;(g) (3.11.37)

We now have the following state model for z.

2(1) = A(1)z(y~'7) + B(r)w(r) (3.11.38)
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Figure 3.11.3: State Augmentation for Noises Correlated in Neighborhoods {¢,ot}

where
E[@(m)@ (13)] = Q(11)6r—m, (3.11.39)

Note that our new model is precisely in the class of models we’ve considered in this
chapter where 7 is in fact the index of the nodes of a dyadic tree. Figure 3.11.3
illustrates how z(r) is defined in terms of the tree on which z(¢) is defined. Note
that the matrix A(¢) is now singular and that we must use the following form for the

dynamic matrix of our backward model.
P.(v ')A (t)P71(t) (3.11.40)

Taking this last consideration into account, we can now apply our Rauch-Tung-
Striebel algorithm on trees to smooth processes modeled by eq.(3.11.38).

Finally, we turn to the idea of developing an iterative algorithm for smoothing our
processes. We consider the case of our tree model as in eq.(3.2.1). By using the local
Markov structure of eq.(3.2.1), we develop an iterative algorithm for the computation
of the optimal estimate of the process given multiscale measurements. As in the
multigrid solution of partial differential equations, this approach may have significant

computational advantages even if only the finest level estimates are actually desired
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and if only fine level measurements are available. We develop in detail the general
approach to developing an iterative algorithm for the case of our tree models, then
suggest what may be done to extend the approach to apply to general lattice models.

Let Y denote the full set of measurements at all scales. Then, thanks to Markovian
structure of our model in eq.(3.2.1) we have the following: For m(t) = M, the finest

scale

Elz(t)[Y]

fl

E{Ela(t)le(y™"t), Y]|Y}
E{Elz(t)|z(v't),y(1)]|Y} (3.11.41)

It

For m(t) < M

Elz(t)]Y] = E{Elz(t)ls(y7't),=(at),=(8t),Y]|Y}

= E{E[z(t)le(y™t),(at),=(Bt),y()]]Y}  (3.11.42)

The key now is to compute the inner expectations in eq.(3.11.41) and eq.(3.11.42),
and to do this we need to view z(y7!t), z(at), and z(Bt) as measurements of z(t).
For the latter two, this comes directly from eq.(3.2.1). For z(y~!t), however, we need
the reverse-time version of eq.(3.2.1), i.e. eq.(3.2.5).

Let us now focus on the computation of the inner expectation of eq.(3.11.42). We

can write the following equations for z(y~'t), z(at) z(8t), y(¢).

y(t) = C(m(t))z(t)+ v(t) (3.11.43)
z(y7't) = F(m(t))z(t) — A (m(t))B(m(t))w(t) (3.11.44)
z(at) = A(m(at))z(t)+ B(m(at))w(at) (3.11.45)
z(Bt) = A(m(Bt))=(t)+ B(m(Bt))w(Bt) (3.11.46)
which can be rewritten as
Y =Hz(t)+¢ (3.11.47)
where
Om(t)) o(t)
g2 | Fm@) | o | A7 m@)Bm(e)0 s148)
Am(at)) B(m(at))u(at)

A(m(Bt)) B(m(Bt))w(Bt)
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and?®
z(t) L ¢
Note the covariance of ¢ has the following structure.
R(m(t)) 0 0 0
|0 Ri(m(t)) O 0
B = 0 0 Ray(m(at)) 0
& R
where
Ri(m(t)) £ A7 (m())B(m(t))Q(t)BT (m(t) A" (m(t))
Ry(m(at)) 2 B(m(at))B"(m(at))
= B(m(Bt))B"(m(Bt))

The inner expectation in eq.(3.11.42) can now be computed as follows.

Ez(t)Y] = (P7(t)+H'RTH)H'RT'Y
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(3.11.49)

(3.11.50)

(3.11.51)
(3.11.52)
(3.11.53)

= P H{Ky(t) + Kox(y7't) + Ksz(at) + Ksz(t)} (3.11.54)

where

K; = CT(m(t))R™(m(t))
K: = FT(m(t))R{’(m(t))
K; = A%(m(at))R;'(m(at))
Ky = AT(m(Bt))R;'(m(at))

(3.11.55)
(3.11.56)
(3.11.57)
(3.11.58)

P = P7l(t)+ KiC(m(t)) + K2 F(m(t)) + KsA(m(at)) + K, A(m(Bt))

(3.11.59)

We can use a similar procedure for computing E[z(¢t)|z(y~t),y(t)] so that we can

now carry out the outer expectations in eq.(3.11.41) and eq.(3.11.42) to yield the

3We denote L to denote orthogonal in the sense that a L b if E[abT] = 0.
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following formulas for #(t) £ E[xz(t)|Y).
For m(t) = M

#(t) = (P~ {CT(m()) R~} (m(t))y(t) + FT(m(£)) Ry (m(1))#(y" ')} (3.11.60)
For m(t) < M
i(t) = P~ {K1y(t) + Ko (v7't) + Kad(at) + Kab(Bt)} (3.11.61)
where
P' = P7H(t) + O (m(t)) R (m(t))C(m(t)) + FT (m(t)) Ry (m(t)) F(m(t)) (3.11.62)

Thus, eq.(3.11.60) and eq.(3.11.61) are an implicit set of equations for {&(¢)|t € T'}.
Note that the computation involved at each point on the tree involves only its three
nearest neighbors and the measurement at that point. This suggests the use of a
Gauss-Seidel relaxation algorithm for solving this set of equations. Note that the
computations of all the points along a particular scale are independent of each other,
allowing these computations to be performed in parallel. We could then arrange
the computations of the relaxation algorithm so that we do all the computations
at a particular scale in parallel, i.e. a Jacobi sweep at this scale, and the sweeps
can be performed consecutively moving up and down the tree. The possibilities for
parallelization are plentiful.

The following is one possible algorithm for computing smoothed estimates itera-
tively using our tree models. Let X; denote the vector of points along the kth level

of the tree; X denotes the smoothed estimate of Xj.
Algorithm 3.11.1 Iterative Algorithm:

1. Initialize Xy, ..., X to 0.

2. Do Until Desired Convergence is Attained:

(a) Compute in parallel eq.(3.11.60) for each entry of Xur
(b) Fork =M —1t00
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Compute in parallel eq.(3.11.61) for each entry of X
(¢c) Fork =1to M —1

Compute in parallel eq.(3.11.61) for each entry of X,

Essentially, Algorithm 3.11.1 starts at the finest scale, moves sequentially up the tree
to the coarsest scale, moves sequentially back down to the finest scale, then cycles
through this procedure until convergence is attained. This bears resemblance to what
is referred to in multigrid terminology[11] as a V-cycle. The issue of convergence is
normally studied via the analysis of the global matrix formed from the set of implicit
equations, e€q.(3.11.60)-(3.11.61). However, our problem has a particular structure
that allows us to give the following relatively simple argument for the convergence
of a Gauss-seidel relaxation algorithm under any ordering of the local computations.
We can think of the computation of E[z(¢)|Y] for all ¢ € T' as performing the mini-
mization of a convex quadratic cost function with respect to {z(¢) : £ € T'} and each
Gauss-Seidel step is the local minimization with respect to a particular z(t) with the
remaining #’s held constant. Since each local minimization results in a reduction of
the overall cost function and this function is convex, then the limit of the sequence
of local minimizations results in the global minimization of the cost function.

Note that the development of our iterative algorithm relies essentially on the
Markovianity of the model. In particular, it relies on the fact that the probability
density of a point at a particular node conditioned on the remaining nodes is equal
to the density of that point conditioned on a local neighborhood surrounding that
point. In principle this idea can be applied to the case of our general lattice models
in Chapter 2. For example the neighborhood on which we would be conditioning
for the case of a 4-tap QMF filter is illustrated in Figure 3.11.4. Note that, unlike
our transform approach which relies on the process’ having a wavelet eigenstructure,
our iterative approach can be applied to more general classes of lattice processes in
which the model parameters need not be a function only of scale. For example, in the
observation equation the matrix C' can vary arbitrarily on the lattice, allowing for the
case of sparse data. Also, the class of models in which there is finite correlation in

the process noise, a special case of which was described in the previous section, can
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Figure 3.11.4: Neighborhood Involved in Local Computation of an Iterative Algorithm
for the Case of a 4-tap QMF Lattice

be handled using an iterative approach.
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3.12 Appendix 3A: ML Result

Lemma 3.12.1 Given the following recursions for allm > M

Pyt (m) 2(A7 Pyr(m+ 1)A™T + A*BBTAT) ' 4+ CTR™'C (3.12.63)
PY(m) (A7'P,(m+1)A"T — A7'BBTA™T)? (3.12.64)
PYm) = 2(A7'(I - BBTP;'(m +1))P(m +1)(I — P7*(m + 1)BBT)A~T

+ AT'B(I-B'P;'(m+1)B)BTAT)™ + CTRT'C — P (m)

(3.12.65)
where
Py(M) = 0 (3.12.66)
P~y (M) = P;Y(M) (3.12.67)
then the following is true for all m > M
P~Y(m) = Pyy(m) + P (m) (3.12.68)
Proof
For ease of notation we make the following definitions.
P £ Pm+1) (3.12.69)
Pur 2 Pur(m+1) (3.12.70)
P, & P(m+1) (3.12.71)
We prove the lemma by induction, where we assume that
Pt =P+ P! (3.12.72)

We now proceed to show the following.

P~Y(m) = Py (m) + P (m) (3.12.73)
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By substituting the right hand sides of eq.’s(3.12.63-3.12.65) into eq.(3.12.73) and

performing cancellations we arrive at the following equivalent form for eq.(3.12.73).

(A'Py AT+ A'BBTAT) + (AP, AT - A'BBTA T
= (A'(I-BBTP7Y)P(I - P,'BBT)AT
+ A7'B(I - BTP7'B)BTA™T)'  (3.12.74)

By left multiplying by AT and right multiplying by A~! we arrive at

(Pyr + BBT)™* + (P, - BBT)™!
= ((I - BBTPY)P(I — P;*BBY)
+ B(I - BTP;'B)BT)! (3.12.75)

But by using the matrix inversion lemma,
(E+F)'=E*'-EYE '+ FY)'E?! (3.12.76)
we get that

((Pur + BB")™ + (P, - BB")™")™ = P.-BBT
~ (P, — BBT)(Pyy + P.)"*(P. — BBT)
(3.12.77)

By substituting eq.(3.12.77) into eq.(3.12.75) then left and right multiplying by (Parr+
BBT)~! we get the following equivalent form for eq.(3.12.75).

(Pz - BBT)—1 - (PML '{‘Pcc)—1 = P:;IPPm—l
+ (P.— BBT)'B(I - BTP;*B)B"(P, — BBT)™!
(3.12.78)

By using the matrix inversion lemma, eq.(3.12.76), we get that

(P + Po)™ = P = P (Pyp + PP
= P'-P'PR? (3.12.79)
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where the last equality follows from our induction assumption, eq.(3.12.72). By sub-
stituting eq.(3.12.79) into eq.(3.12.78) and performing cancellations we arrive at the
following equivalent form for eq.(3.12.78).

(P, — BBT)™! - p7' = (P, — BBT)"'B(I — BTP;*B)BT(P, — BBY)™ (3.12.80)
By left multiplying eq.(3.12.80) by (P, — BBT) we get
BBTP;' = B(I - BTP;*B)BT(P, — BBT)™! (3.12.81)
By right multiplying eq.(3.12.81) by (P, — BBT) we get

B(I - BTP;'B)BT = BBTP;'(P, - BBT)
= BB'(I- P;'BBT)
= B(BT - BTP;'BBT)
B(I — BTP7*B)BT (3.12.82)

"
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3.13 Appendix 3B: Proof of Theorem 3.5.1

We define the following quantities.

Y, = HmXag, (3.13.83)
T, = Q(tO)XM,to (3.1384)
®(to) = Glpm (3.13.85)

where G is invertible(and thus ®(¢,) is onto). We use N(-) and R(-) to denote
nullspace and rangespace, respectively. A system is upward-reconstructible if given
Yar,t,, T, is uniquely determined, i.e. N(Har) C N(®(to)). We first prove the

following lemma.

Lemma 3.18.1 Forall M

HEHu®% (to) = A®T (t0) (3.13.86)
where
A = diag( A..A ) (3.13.87)
2M times

and N is some matriz.

Proof
The structure of %, Har, which we denoted as My, is described in a recursive
fashion in eq.’s(3.6.20-3.6.24). We compute

Mu®T(te) = U(M,0)37(t,)
U(M,)GTIL,_, +2M-1T(M,0)G* Im

2M-1T(M,0)GT Lyn—s + U(M,1)GT I, _, (3.13.88)
By repeating this procedure M — 1 more times we get
U(M,0)d7 (to) = A®T(t0) (3.13.89)
where
A = diag( U ) (3.13.90)

2M times
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and Mot
K=Y 2M1=*T(M,i) + U(M, M) (3.13.91)
i=0
O

We prove the following theorem.
Theorem 3.13.1 N (Ha) C N(®(to)) iff ®(to)HE, Har®T (to) is invertible.

Proof
a)

N(Hu) C N (®(to)) — B(to)HEHu®T (to) is invertible

Assume ®(to) M Har®% (to) is not invertible. Then for some y # 0, yT ®(to)HE,Hu T (to)y =
0. This implies Hp®T(¢0)y = 0. But the fact that ®(fo) is onto implies ®%(to)y #

0. Furthermore, ®T(to)y # 0 implies ®(¢5)®T(to)y # 0 since if it were true that
®(to)®T(t0)y = 0, then yT®(20)®T (to)y = 0, which implies ®T(¢o)y = 0. Thus, there

exists a z # 0, namely % (to)y, such that Hprz = 0 and ®(to) # 0; i.e. it is not true

that N (Har) C N(®(o)).

b)

®(to)HE Hur®% (to) is invertible — N(Har) C N(8(t0))

Assume that M (Hpr) C N (®(to)) is false; i.e. there exists an z such that Hyz = 0
and ®(to)z # 0. Since z € R(®T(to)) ® N(®(to)), we can write = Tr(ar(s)) +
TN (3(2,)) Where Tg(gr(s,)) is non-zero and zu/(s(,)) may or may not be non-zero.
Since Hyz = 0, HuTr(s7 (1)) + HMTN(3(t)) = 0, which means that Hr®T(to)y +
Harza(a(t,)) = 0 for some y # 0. Left multiplying by ®(to)H3s, we get

B (to)HE Har®T (to)y + B(to) Har HuTn (3(t0)) = 0 (3.13.92)
But from Lemma 3.13.1 and our definition for ®(%o), we get

B(to)HL, Hayr = ®(to)AT = GA'[ I..I ] (3.13.93)

2M times
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By substituting (3.13.93) into (3.13.92), we get

®(to)HI HM® (to)y + GR' [ L.l lon(a) =0 (3.13.94)

2M times
for y # 0. But ay(sw,)) € N(®(to)) implies that ®(te)zare(,)) = 0 or, using
the definition of ®(%0), G| I...I Jza(s,)) = 0. But since G is invertible, then
2M times

[ L.I leaxse) = 0. Thus, eq.(3.13.94) collapses to ®(to)Hi Har®T(to)y = 0

2M times
for some y # 0, implying that yT®(to)HEL, Hy®T (t)y = 0 for some y # 0; i.e.

®(to)HE Har®% (£0) is not invertible.
O



Chapter 4

Applications and Numerical Examples

4.1 Introduction

In this chapter we explore the applicability of our multiscale estimation framework
by performing a variety of numerical experiments. Having developed both theoretical
results on and fast algorithms for the estimation of multiscale processes, we now pro-
vide numerical examples which demonstrate the utility of our framework for solving
estimation problems involving both single scale as well as multiscale data.

First, we demonstrate the richness of our models in approximating well-known pro-
cesses by comparing the performance of our smoother, using model parameters chosen
so as to well-approximate the process, with the performance of standard smoothers.
We give numerical examples in which we use our models to approximate both 1st
order Gauss-Markov processes as well as 1/f-type processes and in each case compare
the performance of the smoothers. In addition we use the Bhattacharyya distance
measure as a way of evaluating how well our models approximate these processes.
We also use this to show the effect of wavelet filter order on approximating processes.
Our examples indicate that our multiscale models do rather well in smoothing differ-
ent classes of processes. Besides being important from a modeling perspective, this
is also an important consideration from a computational perspective given the fact
that our multiscale algorithms based on these models are both efficient and highly
parallelizable.

We also study examples of using multiscale measurements in doing estimation.

163
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We see that the use of coarse-scale data can aid in estimating features which are not
discernible using fine-scale data of poor quality. We then use our tree models to handle
the case in which our data is sparsely distributed. In this case we show how coarse
scale data of full-coverage can be used to interpolate features which are not directly
measured with the sparse data. Note that our approach is trivially extendible to 2D,
and thus, has considerable potential for solving multiscale problems in 2D, including
the case for example of fusing spatially distributed data of various resolution and

coverage.

4.2 Processes and Multiscale Models

In this section we describe the two types of processes we consider throughout the
examples in this chapter (excluding the section on optical flow). They are the class of
stationary Gauss-Markov processes and the class of 1/f processes. We also describe
the specific multiscale models we use to approximate these processes and give exam-
ples of sample paths generated using these models to give a qualitative idea of the
type of signals they represent.

We begin by describing the type of Gauss-Markov process which we use in our

examples. Consider the following stationary lst-order Gauss-Markov process.

#(t) = —Bu(t)+w(t) (4.2.1)
E[z*(t)] = 1 (4.2.2)

This process has the following correlation function and associated power spectral

density function.

Poo(r) = P! (4.2.3)
2

In the numerical examples that follow we use a discretized version of eq.(4.2.1).
In particular we use a sampled version of eq.(4.2.1) in which the sampling interval

is small enough to minimize any aliasing effects. We choose § = 1 and take the
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sampling rate to be twice wo where Sy-(wo) = .002, S,.(w) being the power spectral
density function of z(t). This yields a sampling interval of A = 7 /wo where wy = 30.

Our discretized model is as follows.

z(t+1) = a=z(t)+ w(t) (4.2.5)
E[z’(t)] = 1 (4.2.6)
a = e P2~ .9006 (4.2.7)

We consider the following measurements of z(t).

y(t) = z(t)+v(t) (4.2.8)
E[+*(t)] = R (4.2.9)
Y = {y@®t=0,..N -1} (4.2.10)

In the examples that follow we take the interval length N = 128.

While we would expect our models to yield good approximations for 1/f processes
given recent results on this[55, 25], it comes somewhat as a surprise that we are
able to estimate so well noisy Gauss-Markov processes using our models. Our ability
to use the wavelet transform as a basis to model Gauss-Markov processes, however,
is supported by recent results by Beylkin et al[9] in using the wavelet transform to
analyze classes of kernels that share properties with the covariance functions of Gauss-
Markov processes. Their main result is the transformation of kernels of the Calderon-
Zygmund class into matrices with extremely sparse sets of non-negligible elements,
providing a way of doing large-scale matrix-vector multiplications extremely fast. A
feature of this work is the property that the number of vanishing moments determines
the decay of the off-diagonal elements of the transformed kernels from their diagonals.
The higher the number of vanishing moments the faster the decay, where an increase
in the number of vanishing moments necessitates an increase in the order of the QMF
filter, h(n).

In the work of Golden[27] the covariance of Gauss-Markov processes is represented
in terms of various wavelet bases. The examples in Figures 4.2.1,4.2.2,4.2.3 illustrate
the effects of transforming an example of one of these kernels using the wavelet trans-

form. Figure 4.2.1 is a gray-scale image of the covariance matrix of a stationary first
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Figure 4.2.1: Covariance Matrix of a Stationary Gauss-Markov Process

order Gauss-Markov process defined on a finite interval, corresponding to the model
in eq.(4.2.5). Note that these examples plot the correlation coefficients of the process,
i.e. the covariance between two points normalized by the product of the standard de-
viation at each point. The diagonal of the matrix is thus is unity, and the off-diagonal
terms decay exponentially away from the diagonal. In [27] this covariance matrix is
transformed using various wavelet bases, i.e. the matrix undergoes a similarity trans-
formation with respect to the basis representing the wavelet transform based on a
variety of QMF filters, h(n). This transformation corresponds essentially to the sep-
arable form of the 2D wavelet transform[36]. Figures 4.2.2,4.2.3 are the images of
the covariance matrix in Figure 4.2.1 transformed using QMF filters of length 2 and
8, respectively. Note that aside from the finger-like patterns in these images, the
off-diagonal elements are essentially zeroed. The finger patterns correspond to corre-
lations between wavelet coefficients at different scales which share the same location
in the interval. Note that even these correlations are weak.

The low level of inter-scale correlation in the wavelet representation of the Gauss-

Markov process as illustrated in Figures 4.2.2 and 4.2.3 motivates the approximation



CHAPTER 4. APPLICATIONS AND NUMERICAL EXAMPLES 167

Figure 4.2.2: Representation of the Stationary Gauss-Markov Process in a Wavelet
Basis using a 2-Tap QMF filter

Figure 4.2.3: Representation of the Stationary Gauss-Markov Process in a Wavelet
Basis using an 8-Tap QMF filter
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of the wavelet coeflicients of this process as uncorrelated. This results in a lattice
model precisely as defined in eq.’s(2.2.1-2.2.3). We use this model as well as several
other state models defined on trees as an approximation to the Gauss-Markov process
in order to do fixed interval smoothing.

In particular, one class of models which we consider as approximations for both
Gauss-Markov and 1/f processes is obtained precisely in the manner just described.
That is, we construct models as in eq.’s(2.2.1-2.2.3) where the wavelet coeflicients are
assumed to be mutually uncorrelated. The results of Beylkin and Golden indicate
that this model does very well in approximating Gauss-Markov processes. In this case
the variances of the wavelet coefficients, w(m) in eq.’s(2.2.1-2.2.3), are determined by
doing a similarity transform on the covariance matrix of the process under investiga-
tion using a wavelet transform based on the Daubechies FIR filters[21]. In particular
if P, denotes the true covariance matrix of the process, V the diagonal matrix of

wavelet coefficient variances, and W is the wavelet transform matrix, then

A = WPWT (4.2.11)
V = WPpproxW7T (4.2.12)

Thus, this approximate model corresponds to assuming that A is diagonal (i.e. to
neglecting its off-diagonal elements). For reference we give the following numerical
values for the various QMF filters h(n) we will use throughout this chapter, including
the 2-tap Haar filter as well as the 4-tap, 6-tap, and 8-tap Daubechies filters.

2 tap = [ 0.70710678118655 0.70710678118655 | (4.2.13)
4 tap = [0.48296291314500 0.83651630373800 0.22414386804200

~0.12040952255100 | (4.2.14)
6 tap = [ 0.33267055295000 0.80689150931100 0.45987750211800

~0.13501102001000 —0.08544127388200 0.03522629188200 |
(4.2.15)
[ 0.23037781330900 0.71484657055300 0.63088076793000
—0.02798376941700 —0.18703481171900 0.03084138183600
0.03288301166700 —0.01059740178500 | (4.2.16)

8 tap

I
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Note that in adapting the wavelet transform to the finite interval we have chosen the
method of using cyclic convolutions at each scale as described in Chapter 2. In this
case the number of points at each scale is half the number of points at the next finest
scale.

For the case of 1/f-type processes the result of Wornell on approximating these
processes using wavelets suggests that our lattice models can be easily used to model a
1/ f process with parameter v. In particular by simply taking the model of eq.’s(2.2.1-
2.2.3) and setting the variances of w(m) so that they obey the power law 2=, we
get precisely the model of Wornell. We will give examples in the following sections of
smoothing noisy 1/f processes using this modeling scheme both for single scale data
as well as multiple scale data.

Finally, we describe the particular tree models we use in some of our examples
as approximate models for Gauss-Markov and 1/f processes. The simplest model we

consider is the following scalar tree model which is assumed to be in steady state.

Ty = QTy-1p+ Wy (4.2.17)
Ew? = 1 (4.2.18)
Bzl = p (4.2.19)

We refer to this model as the 2-parameter model since it is parametrized by the
parameters a and p. In order to broaden the class of processes we might want to
consider, we also consider a tree model which includes a parameter that controls
the behavior of the process noise w;. In particular we consider a model which has
the property that its fine-scale variations have smaller variance than its coarse-scale
variations. We know for example that 1/f processes can be synthesized using the
wavelet transform as in [55], where the variances of the wavelet coefficients decay

geometrically with finer scales. Thus, we consider the following scalar tree model.

Ty = QTy-14+ 2’2'“'2mwt (4.2.20)
Ew} =1 (4.2.21)
Elz]] = po (4.2.22)

We refer to this model as the 3-parameter model since it parametrized by the param-
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eters a, po, and § where § controls the amount of scaling in the variance of the process
noise from scale to scale.

We use both the 2-parameter as well as the 3-parameter tree model to approximate
both Gauss-Markov as well as 1/ f processes. Our method for choosing the parameters
of these models will be described in the next section.

Before we go on to present examples of smoothing processes using our multiscale
models, we give examples of sample paths of our processes in order to give a qualitative
idea of the type of processes our models represent. We first consider examples of our
lattice processes and in particular we take our model to be the one in eq.’s(2.2.1-
2.2.3), where the variances of w(m) are set so that they obey the power law 27"™; as
noted before in this case we get precisely the model of Wornell for processes whose
measured spectrum is 1/|w|”. Figure 4.2.4 shows the plots of two different sample
paths, one corresponding to a process with spectrum 1/|w|%1, the other with spectrum
1/|w|?. Both are generated using a 4-tap Daubechies filter. Note the presence of more
high frequency energy in the process with 4y = .1 as compared with the process with
v = 2. This illustrates in the time-domain the contrast between two processes of
different rates of spectral decay. In Figure 4.2.5 we compare processes with spectrum
1/|w| generated using the 4-tap Daubechies filter and the 8-tap Daubechies filter.
Note that from the sample paths it is difficult to discern any significant contrasting
features between the two processes. Furthermore, it is even more difficult to assess
the impact that the QMF filter order has on the approximation of processes. This
issue will become clearer in following sections in the context of smoothing processes
using lattice model approximations.

Finally, we show some sample paths of the tree processes which we consider.
Figure 4.2.6 illustrates sample paths of our 2-parameter model for the case of a = .9
and the case of @ = .5, where in each case p = 5.26. As we would expect, the points
in the process corresponding to ¢ = .5 appear much more uncorrelated compared
with points in the process with a = .9. Recall from Chapter 3 that our 2-parameter
model actually describes a process in which the correlation between any two points
t,s is proportional to a®®*) where d(t,s) denotes the number of branches along the

shortest path between ¢ and s (i.e. an isotropic process). Figure 4.2.7 illustrates the
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1/|w| Generated Using an 8-tap Daubechies Filter
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Figure 4.2.7: (a) Sample Path of a 3-parameter Scalar Tree Process with a = .9, pe=1,
o = 1 (b) Sample Path of a 2-parameter Scalar Tree Process with a = .9, po=1, 0 = 2

sample paths of our 3-parameter model for the case of § = .9 and the case of § = .5,
where in each case a = .9 and py = 1. Note that the sample path corresponding to
o = 1 appears to have more high frequency energy than the sample path with o = 2.
This suggests that our 3-parameter tree model can be used to describe processes with
1/ f-like features; in fact we will show in the following sections that this model can

be used to describe both Gauss-Markov processes as well as 1/f processes.

4.3 Smoothing Processes Using Multiscale Mod-

els

In this section we present examples in which we use our models to smooth processes
embedded in noise. These examples not only demonstrate the utility of our frame-

work, but by smoothing processes outside of our class of processes we provide an
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indication of how rich our models are in approximating other processes. The two
types of processes we consider are lst-order Gauss-Markov processes and 1/f pro-
cesses. We give examples showing how our models can be used to estimate rather
well versions of both of these types of processes given noisy measurements. We provide
several examples of sample-paths of noisy Gauss-Markov and 1/f processes and their
smoothed versions using both lattice and tree models. Since our data is generated
from processes other than those described by our model, the use of smoothers based
on our multiscale models results in suboptimal estimates. What will become appar-
ent in the examples is the strikingly good performance of our suboptimal smoothers,
giving support to the idea that our models can well-approximate other processes.
We study the effects of performing fixed-interval smoothing of processes, both 1st-
order Gauss-Markov and 1/ f-type processes, using a variety of suboptimal smoothers
based on several of our multiscale models as described in the previous section. We
take the optimal smoothed estimate of a process z(t) to be the conditional mean of

the process conditioned on data over a finite interval.

2,(t) £ Elz(t)|Y] (4.3.23)
where
y(t) = z(t)+v(¢) (4.3.24)
E[v*(t)] = R (4.3.25)
Y = {y(t)lt=0,..N-1} (4.3.26)

and the optimal smoothing error is given by

St 2 El(x — &.)(z — £,)7] (4.3.27)
z = {z(t)]t=0,..N -1} (4.3.28)
&, = {&,(t)}t=0,..N—1} (4.3.29)

Conceptually, the idea of using a suboptimal smoother based on a model that
does not exactly describe the data is as follows. Suppose we postulate a model for

a zero-mean process, z(t), where z(t) is an approximation of z(¢), with the following
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second-order statistics (in our case z(t) represents either a lattice or a tree process).

z
E[Z27)

{z(t)|t =0,..N — 1} (4.3.30)
Pz (4.3.31)

> >

Consider the following measurements of z(¢).

g(t) = z(t)+(t) (4.3.32)
E[*(t) = R (4.3.33)
Y = {3®)t=0,..N -1} (4.3.34)

The best estimate of z(t) based on Y is the conditional mean of z(¢) conditioned on

Y. This mean is a linear function of Y of the following form.

5(t) 2 E[2(t)|]7) (4.3.35)
5, 2 {5@®)t=0,..N-1} (4.3.36)
= LY (4.3.37)

= Pz(Pz +RI)'Y (4.3.38)

Suppose now that we apply the estimation operator L, to data corresponding to
our process z(t). This would result in the following suboptimal estimator with its

corresponding suboptimal error covariance.

bes = LY (4.3.39)
z £ {z(t)|t=0,..N -1} (4.3.40)
Ses = El(e — Eos)(@ — Eou)”] (4.3.41)
= (I-L,)P.(I-L,)" +L.RLT (4.3.42)

The structure of ¥,,;, motivates one criterion for selecting the parameters of our
multiscale models. In the case of our tree models our procedure for fitting model
parameters to data is to optimize the parameters of our model so as to minimize
the average suboptimal error variance, i.e. the trace of ¥,,;. The suboptimal error

variance is a natural choice of optimization criterion since we are concerned ultimately
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with the smoothing of noisy data. In particular we choose the optimal parameters of

our model as follows.

8 2 tree model parameters (4.3.43)
. argmin
§ = 9 trace X, (4.3.44)

Note that X, is a function of the true process (the process to be approximated)
covariance, P,, and the noise power, R, both of which we assume to be known. In all
of the following examples, including the ones in the section on sensor fusion, we use the
average suboptimal error criterion to optimize both our 2-parameter and 3-parameter
tree model parameters to approximate processes, both of the Gauss-Markov as well
as the 1/f type.

As further evidence that our models can be used effectively to approximate both
Gauss-Markov processes and 1/f processes, especially in the context of estimation in
noise, we provide examples using the Bhattacharyya distance measure as a way of
showing the relative accuracy of our approximations. Finally, we give several examples
comparing estimation performance for various order wavelets (i.e. various order QMF
filters). These examples provide a partial answer to the question of whether increasing
the wavelet order buys one anything in terms of modeling power and/or estimation

performance.

4.3.1 Smoothing Gauss-Markov Processes

In this section we give a variety of numerical examples demonstrating the performance
of our multiscale models in smoothing Gauss-Markov processes. We focus on the case
of a single scale of data at the finest scale and consider both lattice models as well as
tree models.

We begin by using our lattice models. In Fig.’s 4.3.8-4.3.14 we compare the
performance of the optimal estimator, the one that minimizes the mean-square error,
with the performance of our suboptimal estimator based on lattice models for both
2-tap and 8-tap Daubechies filters. In these examples the measurement noise variance

R = .5;i.e. the datais of SNR = 1.4142.  Note the strikingly similar performances
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Figure 4.3.13: Standard Minimum Mean-Square Error Smoother (solid) versus Mul-
tiscale Smoother Using 8-Tap (dashed) (Data of SNR=1.4142)
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of the optimal and suboptimal smoothers, as illustrated in Figure 4.3.11 for the case of
the 2-tap lattice smoother. From visual inspection of the results of the two smoothers
it is difficult to say which does a better job of smoothing the data; it seems one could
make a case equally in favor of the standard smoother and the lattice-model smoother.
The similarity in performance of the optimal smoother and our lattice smoothers is
even more dramatic for the case of the 8-tap smoother as illustrated in Figure 4.3.13.
Figure 4.3.14 compares the performance of our 8-tap and 2-tap smoothers. The
difference in performance between these two suboptimal smoothers will be precisely
quantified shortly.

Note that although the standard smoother results in a smaller average smoothing
error (the trace of X, divided by the number of points in the interval), it seems the
average error of our lattice-model smoothers is not that much larger. To quantify

these observations let us define the variance reduction of a smoother as follows.

p 2 variance reduction (4.3.45)
_ Po — Ps
Po
Po = average process variance (4.3.46)
ps = average smoothing error variance (4.3.47)

We also define the performance degradation resulting from using a lattice smoother

as compared with using the standard smoother as follows.

Aperf & performance degradation (4.3.48)
Pstandard — Plattice
Pstandard
Pstandard = Vvariance reduction of standard smoother (4.3.49)
Plattice = variance reduction of lattice-model smoother  (4.3.50)

If we compare the variance reduction of the two smoothers, we get that the vari-
ance reduction for the standard smoother is 85.0 percent whereas the variance reduc-
tion for the 2-tap lattice model smoother is 81.9 percent. For the case of the 8-tap
lattice model smoother the reduction is 83.8 percent. Figure 4.3.15 shows a plot of

the smoothing errors for the various smoothers over the entire interval.
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2-tap | 4-tap | 6-tap | 8-tap

SNR =2.8284 | 1.07 % | .550 % | .402 % | .334 %
SNR=1412 (327T% | 17T % [1.24 % | 1.04 %
SNR =.7071 |6.71 % | 4.13 % | 2.70 % | 2.33 %
SNR =.5 9.58 % | 6.14 % | 3.87T % | 3.27T %

Table 4.3.1: Performance Degradation Comparison of Lattice-Model Smoothers - 2-
tap, 4-tap, 6-tap and 8-tap

Note that while the 2-tap smoothing error looks highly irregular, no doubt due
to the structure of the Haar transform, even at its points of highest amplitude the
relative decrease in performance is still rather small. In particular, if we examine
the point of highest amplitude for the 2-tap smoothing error in Figure 4.3.15, this
corresponds to a performance degradation of only 8 percent. The strong similarity
between the result of this smoother and the result of the standard smoother as shown
in Figure 4.3.11 serves further to emphasize the fact that the degradation is negligible.

We now examine the performance degradation of the lattice-model when we vary
the order of the QMF filter corresponding to the model. Table 4.3.1 shows the perfor-
mance degradation of the lattice-model smoother relative to the standard smoother
for filter tap orders 2, 4, 6, and 8 and for four different noise scenarios: 1) SNR =
2.8284 2) SNR = 1.412 3) SNR = .7071 4) SNR = .5. The variance reductions are
computed using smoothing errors averaged over the entire interval.

While the degradation in performance lessens as the order of the filter increases,
a great deal of the variance reduction occurs just using a 2-tap filter. For example
for the case of SNR = 1.412 the standard smoother yields a variance reduction of
85 percent. It is arguable whether there is much to be gained in using an 8-tap filter
when its relative decrease in performance degradation is only 2.23 percent over the
2-tap smoother; i.e. the variance reduction of the 8-tap smoother is 83.8 percent
while the variance reduction of the 2-tap smoother is already 81.9 percent.

The performance degradation numbers for the lower SNR case (SNR = .7071)
seem to suggest that the effect of raising the noise is to decrease the performance of

the lattice-model smoothers. But one should keep in mind that this decrease is at
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most only marginal. Consider the case where the SNR = .5. In this case the data
is extremely noisy, the noise power is double that of the case where SNR = .7071,
and yet the performance degradation in using the 2-tap smoother compared with the
standard smoother is 9.58 percent, up only 2.87 percent from the case of SNR =
.7071. Furthermore, if one examines a plot of the smoothers, the performance of the
two smoothers is as before quite comparable. Figure 4.3.16 is a plot of the sample
path of the Gauss Markov process and the noisy data and Figure 4.3.17 compares the
result of the standard smoother with that of the 2-tap smoother. We would expect
that raising the level of the noise should somehow mask the effect of the model in
smoothing the data, making our choice of model class somewhat irrelevant. The
effect of noise in the data on the relative performance of the smoothers is one way of
seeing how well our models do in approximating Gauss Markov processes. In the next
section we use the Bhattacharyya distance as a way of gauging how well our models
approximate these processes and in fact these results will confirm our intuition that
noise masks the importance of the model structure one uses.

We emphasize that the average performance degradation is a scalar quantity, and
at best gives only a rough measure of estimation performance. From this quantity it
is difficult to get any idea of the qualitative features of the estimate. The plots of
the sample path and its various smoothed estimates over the entire interval offer the
reader much richer evidence to judge for himself what the relative differences are in
the outputs of the various smoothers.

Also, as a final note recall that our fast algorithm in Chapter 2 involving the
parallelization of the smoothing problem using the wavelet transform requires the
same measurements to be made at all points at any particular scale. The case of
missing data at a given scale for example is a situation in which this structure is
violated. This is relevant to situations in which one might want to use coarse data
to interpolate sparsely distributed fine data. This problem is treated in Section 4.4
using multiscale models based on homogeneous trees.

As we did for our lattice models we now demonstrate the potential utility of
our tree models as the basis for designing smoothing algorithms and in particular

we present numerical results that demonstrate the effectiveness of these models in
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Figure 4.3.16: Sample Path of a Stationary Gauss-Markov Process (solid) and Its
Noisy Version with SNR=.5 (dashed)
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smoothing noisy Gauss-Markov processes. As in our examples using lattice models
we use our tree model to smooth the noisy Gauss-Markov process in Figure 4.3.8 (SNR
= 1.412). As described in the beginning of the section, we fit our tree parameters by
choosing them to minimize the average suboptimal smoothing error variance. For the
case where our measurements are of SNR = 1.412 the optimal tree parameters are as
follows.

2-Parameter Tree Model:

a = .9905 (4.3.51)
p = 6.2698 (4.3.52)
3-Parameter Tree Model:
a = .9464 (4.3.53)
po = T7.7462 (4.3.54)
§ = .5059 (4.3.55)

Figure 4.3.18 shows the result of our smoothed estimate using a 3-parameter
model while Figure 4.3.19 compares this estimate with the result of using a standard
smoother. Note again the similarity in performance between our smoother and the
standard smoother. The performance degradation of the 3-parameter model smoother
with respect to the standard smoother is 3.31 percent, which is comparable to the
performance of the 2-tap lattice smoother. This is to be expected given the fact that
both the 2-tap smoother and the tree smoother have the Haar representation as its
natural basis. It is also interesting to note that by fitting the 2-parameter model
in eq.(4.2.17) we get a performance degradation of 3.55 percent, only .24 percent
worse than the 3-parameter model smoother. This seems to suggest that the 2-
parameter model is already quite adequate in describing the 1st-order Gauss-Markov
process, which is also described by two parameters. Table 4.3.1 is a comparison of

the performances between the 2 and 3-parameter tree models for a variety of SNR’s.
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Figure 4.3.18: Stationary Gauss-Markov Process (solid) versus 3-parameter Tree-
model Smoother (dashed) (Data of SNR=1.4142)

2-parameter | 3-parameter
SNR =2.8284 | 1.11 % 1.08 %
SNR =1412 |3.55 % 3.31 %
SNR =.7071 | 7.59 % 6.88 %
SNR=. 10.52 % 9.15 %

Table 4.3.2: Performance Degradation Comparison of 2-parameter and 3-parameter
Tree Smoothers
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Figure 4.3.19: Standard Minimum Mean-Square Error Smoother (solid) versus 3-
parameter Tree-model Smoother (dashed) (Data of SNR=1.4142)
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3-par. Tree 2-par. Tree 2-tap Lattice
SNR =1.4142 [ -21.94 % or 7.82 % | -23.83 % or 8.04 % | -21.83 % or 7.71 %

Table 4.3.3: Mismatched o Comparison (both percentage decrease and increase in
given)

As a final point of comparison, we compare the performance of our non-standard
smoothers with the performance of the standard smoother by seeing how much the
parameter a of the Gauss-Markov process defined in eq.(4.2.5) must vary before the
performance of the standard smoother is equal to the performance of our smoothers.
Table 4.3.1 plots the value of the percentage decrease or increase over the true value
of a such that the result of using the standard smoother with this mismatched value
of a gives the same variance reduction as that resulting from a smoother using a
2-parameter tree model, a 3-parameter model, and a 2-tap lattice model. Note that
the suboptimal error in using an incorrect value for a is not symmetric about the

true value.

4.3.2 Bhattacharyya Distance

In this section we provide further evidence supporting the fact that multiscale pro-
cesses are able to well-approximate stationary first order Gauss-Markov processes.
In particular we use the Bhattacharyya distance as a measure of the distance be-
tween two stochastic processes. The Bhattacharyya distance is useful in providing
bounds for the error probability in the binary hypothesis testing problem. As a way
of comparing our multiscale processes with the Gauss-Markov process we consider
the following problem. Suppose we are given a finite length observation, y, which we

know to be equal to one of the following two stochastic processes in white noise.

Yo = z+n (4.3.56)
E[zzT] = %, (4.3.57)
Y. = z+n (4.3.58)

E[zZ"] = %, (4.3.59)
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The binary hypothesis testing problem consists of choosing one of the following hy-

potheses given our observation y: 1) H, : y = y, 2) H, : y = y,. A decision is made

based on the following threshold test.
Pr(y|H,) P,

m > 7 : choose H, (4.3.60)
Pr(y|He) —Z2 : choose H, (4.3.61)

Pry[H) © P
where P, and P, are the a priori probabilities for the two hypotheses. If we consider
the two hypotheses to be equally likely, the total probability of error in making a
decision is as follows.

1 1

Pe = §P1 + 'é'Pz (4362)
P, = Pr(ChooseH,ly =y,) (4.3.63)
P, = Pr(ChooseH,|ly =y,) (4.3.64)

In the context of comparing stochastic processes if we let # be the Gauss-Markov
process and z be one of our multiscale approximations the probability of error, P,
gives an indication of how distinguishable two processes are in noise; i.e. a large value
of P, indicates the two processes x and z are relatively indistinguishable from each
other given some amount of noise in the observation. Note that the probability of
error, P., is upper bounded by % since in the worst case, i.e. if we randomly choose
H.(or H,), P. = %

The Bhattacharyya distance between two probability densities is defined as fol-

lows.
BZ -In / (p1(v)p2(y)) dy (4.3.65)

As shown in [32] B can be used to both upper and lower bound the probability of
error P,, where we take p;(y) = Pr(y|H,) and p,(y) = Pr(y|H.).

We now use the Bhattacharyya Distance to upper bound the error probability, P.,
where y, is a noisy-version of the Gauss-Markov process defined in eq.(4.2.5) and y, is
a noisy-version of its lattice process approximation; i.e. y, is a Gauss-Markov process
in white noise of some intensity and y, is our multiscale process, chosen to approximate

the Gauss-Markov process, in white noise of the same intensity. Figure 4.3.20 plots
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the upper bounds for P, for several noise levels and for lattice models of various QMF
filter orders. Note that adding noise to the process makes the error probabilities
significantly larger, indicating that, as one would expect, noise tends to make the
hypothesis testing problem more difficult. For sufficiently high noise levels the error
probabilities approach .5, which is the error probability resulting from a decision
based on the flip of a fair coin. This confirms our earlier intuition that the increase
in noise in the data tends to mask the effects of the model, making the choice of
model class less significant. The plot also indicates that for higher filter order our
approximations get better as manifested by higher error probabilities. Note, however,
that increasing the filter order only marginally increases performance. We also saw
this in our earlier computations on performance degradation (Table 4.3.1).

Finally, as a point of comparison we note that the error probability for the 2-
parameter tree model with SNR = 1.4142 is .2549 while for the case of the 3-parameter
model with SNR = 1.4142, it is .2726. Under the same SNR the 2-tap lattice model
yields an error probability of .2753.

4.3.3 Smoothing 1/f Processes

In this section we provide examples in which we use our models to smooth 1/f
processes. We generate our sample path using the model of Wornell, i.e. we let the
variances of our driving noise in eq.(2.2.2) vary as follows where we take our A(n) to
be the 4-tap Daubechies filter.

E[w(m)w(m)T] = 2™ (4.3.66)

We take v to be equal to one, corresponding to an averaged spectrum of 1/|w|, and
we take our interval again to be 128 points. Figure 4.3.21 plots a sample path of
the process and its noisy version of SNR = 1.4142. We would expect that our lattice
smoother using a 4-tap model would do well in estimating this process since our model
for the process exactly describes the model used to generate it. Figure 4.3.22 in fact
confirms this. We also use a 3-parameter tree model to smooth the data, where the

following are the optimal parameters for this case, i.e. the signal is a 1/f process
with 4 = 1 and the data is of SNR = 1.4142.
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Figure 4.3.21: 1/ f Process with v = 1 (solid), Noisy Version of SNR = 1.4142 (dotted)
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Figure 4.3.23: 1/f Process with v = 1 (solid), Smoothed Using 3-parameter Tree
Model (dashed)

3-Parameter Tree Model:

a = .6694 (4.3.67)
po = 1.0131 (4.3.68)
§ = .4843 (4.3.69)

Figure 4.3.23 shows the result of using our 3-parameter tree model to smooth
the data in Figure 4.3.21 while Figure 4.3.24 compares this result with the result
obtained before using the 4-tap lattice model. Note the similarity in performance
between the tree smoother and the 4-tap lattice smoother. The average performance
degradation of the tree smoother compared with the 4-tap smoother is only 2.76%.
Note, however, that for certain portions of the signal the tree smoother actually seems
to do better in estimating the signal. This indicates that our tree models actually

capture quite well 1/ f-like behavior. This brings about the question of how strong a
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Figure 4.3.24: Smoothed Using 4-tap Lattice smoother (solid), Smoothed Using 3-

parameter Tree Model (dashed)
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factor the wavelet filter order in our lattice models is in capturing 1/ f-like features.
This question can be partially answered by using the Bhattacharyya distance in the
following way. We take y, to be our observed signal under the hypothesis that it is
equal to a 1/f process with ¥ = 1 generated using an 8-tap filter in additive white
noise. We let y, be our observed signal under the hypothesis that it is equal to our
approximation to this process using either a 2-tap, 4-tap, or a 6-tap filter in additive
noise of the same intensity. Figure 4.3.25 plots the upper bounds for P, for several
noise levels. Note that again increasing the noise level added to the process makes
the error probabilities significantly larger, making the model choice less significant.
But in addition for reasonable noise scenarios the plot indicates that the 2-tap, 4-tap,
and 6-tap filters perform comparably, all of them doing rather well in approximating
the 8-tap model.

To further illustrate this last point we actually show the result of taking a noisy
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Figure 4.3.26: 1/f Process with ¥ = 1 Generated Using 8-tap h(n) (solid), Noisy
Version of SNR = 1.4142 (dashed)

1/f process generated using an 8-tap filter and smoothing it using 6-tap, 4-tap and
2-tap lattice models. Figure 4.3.26 is a plot of a sample path of a 1/f process with
~ = 1 which is generated using an 8-tap lattice model along with a noisy version of
SNR = 1.4142. Figure 4.3.27 is a plot of the noiseless signal and its smoothed estimate
using an 8-tap model, i.e. the optimal smoothed estimate using the correct model.
In Figure’s 4.3.28-4.3.30 we compare this optimal estimate with smoothed estimates
using 6-tap, 4-tap and 2-tap lattice models, all of which correspond to models of the
same 1/f process with v = 1. Note in particular in Figure 4.3.30 the remarkable
similarity between the estimate using an 8-tap model and the estimate using a 2-
tap model. The performance degradation averaged over the interval, measured with
respect to the performance of the 8-tap model, for the 2-tap, 4-tap, and 6-tap models
are 3.59%, 2.15%, and 1.12%, respectively.
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CHAPTER 4. APPLICATIONS AND NUMERICAL EXAMPLES 207

0-4 T T T T T

0.2

amplitude
&
N
A

0.6

"0. 8 4 ]
0 20 40 60 80 100 120 140

time
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4.4 Sensor Fusion

In this section we provide examples that show how easily our framework handles the
problem of fusing multiscale data to form optimal smoothed estimates. In our frame-
work not only is there no added algorithmic complexity to the addition of multiscale
measurements but it is also easy for us to evaluate the performance of our smoothers
in using multiscale data. In the next section we present examples in which we use
multiscale measurements where the coverage is full at each scale and the SNR’s vary
from scale to scale. In Section 4.4.2 we give examples in which the measurements at
the finest scale are sparse, i.e. there are measurements which are absent at various
points along the interval, but in which there are also measurements at a coarser scale
which are in fact full in coverage. An example of this is the case in which sensors
using both high frequency and low frequency energy are used to probe a medium.
The high frequency sensor gives fine scale data in the vicinity of the boundaries of
the medium but due to its short wavelength is unable to penetrate deeply into the
medium. The low frequency sensor, however, is able to penetrate the medium due to
its longer wavelength, giving data throughout, but at a coarser scale. Our example
shows how our framework can be used to fuse the coarse scale data with the fine scale
data, allowing the full-coverage coarse data to interpolate features unattainable from
the sparse-coverage fine data. Note that in this case our methods using the wavelet
transform to diagonalize the problem do not apply. We must use either an iterative
algorithm for the case of general lattice models or our Rauch-Tung-Striebel algorithm

on trees for the case of tree models.

4.4.1 Multiscale Measurement Performance

In this section we focus on the problem of using multiscale data to estimate a process
in which the data at each of two scales is full in coverage but may vary in SNR from
scale to scale. Consider the Gauss-Markov process used in our previous examples as
defined in eq.(4.2.5). Again, the length of our interval is taken to be 128 points. For
our coarse scale measurements we assume the following model where M is the index

of the finest scale containing 2™ points and L is the index of the scale of 27 points
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at which our coarse data resides. Referring to eq.(4.2.5) for the model of our process

at the finest scale,

Xy 2 {z(t)|t=0,1..2 1} (4.4.70)
L
X & (][] H)Xwm (4.4.71)
i=M-1
M-1
Y::oarae = (H H,T)XL"'V (4.4.72)
i=L
E[VVT] = I (4.4.73)

That is, we take our coarse measurements to be the coarsened version of our fine
scale signal, coarsened by using the wavelet coarsening operator to project the fine
scale noiseless signal down to the desired scale, added with white noise. The choice of
wavelet filter in the definition of the operator H; is governed by the way one chooses
to model the relationship between the coarse and fine sensors. Note that in the case
of the lattice models we are using, which correspond precisely to driving the wavelet
synthesis equation with white noise, the projection Xy is ezactly equal to the lattice
process at the Lth scale. This is simply due to the structure of the wavelet transform

and in particular the following analysis equation,
Xm = Hp X1 (4.4.74)

where X, is the state vector of our lattice process at the mth scale. As we discuss
in the next section this is not true for the case of our lattice models as defined in
eq.’s(2.2.62-2.2.64) of Chapter 2.

Consider the case where our fine scale measurements are of extremely poor quality.
In particular we take the case where our data is of SNR = .3536 (the noise power is
eight times the signal power) as illustrated in Figure 4.4.31. Figure 4.4.32 compares
the result of using the standard smoother on this data with the result of using a 4-tap
lattice model smoother on the same data. The performance of the two smoothers is
comparable as we would expect from our results in the previous section.

Now we use the same data and consider fusing a higher quality coarse scale data

set to form a smoothed estimate. In particular we take our coarse data to reside at
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Figure 4.4.31: Sample Path of Stationary Gauss-Markov Process (solid), Poor Quality
Data with SNR=.3536 (dotted)
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Figure 4.4.32: Sample Path of Stationary Gauss-Markov Process (solid), Result of
Standard Smoother on Poor Data of SNR=.3536 (dotted), Result of 4-tap Lattice
Smoother on Same Data (dashed)
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Figure 4.4.33: Sample Path of Stationary Gauss-Markov Process (solid), Coarse Data
of SNR = 2 Using 4-tap Model (dashed)

the scale one level coarser than the original data (scale at which there are 64 points)
and the coarsening operator, H;, corresponds to a 4-tap filter. The SNR of this coarse
data is equal to 2. Figure 4.4.33 is a plot of this coarse data. Figure 4.4.34 compares
the result of using the standard smoother on the low quality fine scale data with
the result of using our 4-tap lattice smoother to fuse this low quality data with high
quality coarse data. Note that the coarse measurement aids dramatically in improving
the quality of the estimate over the use of just fine-scale data alone. To quantify this
recall that our smoother computes the smoothing error at each scale. We use these
errors as approzimations to the actual suboptimal errors (note that the computation
of the actual error covariance from multiscale data is appreciably more complex than
for the case of single scale measurements; the same is not true for our tree models,
where the complexity of the two cases is essentially the same). The variance reduction

in the case of fusing the two measurement sets is 97 percent versus only 36 percent

for the case of using only the poor quality fine-scale data.
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Figure 4.4.35: Sample Path of Stationary Gauss-Markov Process (solid), Results of
4-tap Lattice Smoother Using Fine Data of SNR = .3536 Supplemented with Coarse
Data of SNR = 31.6: Coarse Data at 64 pt. Scale (dashed)

To explore even further the idea of fusing coarse measurements with poor quality
fine measurements we compare the results of using coarse measurements of various
degrees of coarseness in order to determine how the scale of the coarse data affects
the resolution of the smoothed estimate. In particular, we take our fine scale data to
be the same as that in Figure 4.4.34. However, we supplement this data with coarse
measurements of extremely high quality (SNR = 31.6) and consider several cases: 1)
the coarse data is at a scale at which there are 64 points 2) the coarse data is at
a scale at which there are 32 points 3) the coarse data is at a scale at which there
are 16 points. Figures 4.4.35-4.4.37 compare the original signal with its smoothed
estimates using coarse data at the three different scales. Note how the coarseness of
the estimates in this figure corresponds to the coarseness of the data used to produce
them. All of these estimates are considerably better than the estimate using the fine

data alone as illustrated in Figure 4.4.32.
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Figure 4.4.36: Sample Path of Stationary Gauss-Markov Process (solid), Results of
4-tap Lattice Smoother Using Fine Data of SNR = .3536 Supplemented with Coarse
Data of SNR = 31.6: Coarse Data at 32 pt. Scale (dashed)
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Figure 4.4.37: Sample Path of Stationary Gauss-Markov Process (solid), Results of
4-tap Lattice Smoother Using Fine Data of SNR = .3536 Supplemented with Coarse
Data of SNR = 31.6: Coarse Data at 16 pt. Scale (dashed)
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4.4.2 Limited Coverage Fine Scale, Full Coverage Coarse

Scale

In this section we provide an example which corresponds to the problem of having
measurements of limited coverage at the fine scale and measurements of full coverage
at the coarse scale. In this case we would like to optimally fuse the two sets of
measurements, where we would expect that the coarse measurements would provide
information to interpolate the part of the signal not directly measured by the fine scale
data. Note that since our data is not uniformly distributed, we cannot use transform
based lattice smoothers to do the fusion. We instead use our Rauch-Tung-Striebel
tree smoother, where the case of missing data simply amounts to setting the variable
C(t) equal to zero for all £ on the tree for which there is no measurement. In all of the
examples which follow we use the 3-parameter tree smoother where the parameters
are chosen to minimize the average suboptimal error resulting from using a full set of
fine scale measurements of SNR = 1.4142. For the case of the Gauss-Markov process
the parameters are as in eq.’s(4.3.53-4.3.55). For the case of the 1/f process which
we consider later the parameters are as in eq.’s(4.3.67-4.3.69).

Consider the same Gauss-Markov process as before. We take the set of measure-
ments of SNR = 1.4142 as illustrated Figure 4.3.8, and consider zeroing out the half
of the measurements contained in the middle of the interval, i.e. the measurements at
points 33 to 96. Figure 4.4.38 illustrates this measurement scenario. We now apply
our 3-parameter tree smoother to this sparse data set the result of which is illustrated
in Figure 4.4.39. As we would expect, the estimate in the middle of the interval where
there is no data is very poor.

Now we consider using coarse scale data to try to improve the quality of our
estimate based on sparse fine scale data. The coarse data in Figure 4.4.40 is of SNR
= 1.4142 (the same as the fine scale data) and it is taken to be one level coarser than
the fine data using the model in eq.(4.4.72) where the matrix H; is formed using the
Haar 2-tap filter (i.e. this data represents pairwise averages of the original signal in
additive white noise). Note, however, that unlike in the case of the lattice models

we’ve used in this chapter which are precisely the synthesis equations driven by white
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Figure 4.4.38: Sample Path of Stationary Gauss-Markov Process (solid), Noisy Sparse

Data with SNR=1.4142 (dashed)
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Figure 4.4.39: Sample Path of Stationary Gauss-Markov Process (solid), Result of
Using Tree Smoother on Sparse Data of SNR=1.4142 (dashed)
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noise as in eq.’s(2.2.1-2.2.3), for the case of our tree models we are essentially using a
scalar version of the model in eq.’s(2.2.62-2.2.64) where the noises are not constrained
by the differencing operator G,,. In this case our measurement equation, eq.(4.4.72),
does not yield a noisy version of the tree process at a particular scale but a scaled
version added with independent process noises. We show this more explicitly and for
the case of a coarse scale measurement at an arbitrary scale, L. Note that for our

3-parameter tree model we have that

X(m) = (ﬁa)m-ﬂ(’if[L HT)X(L) + mz (x/ia)m-kz-%"('ﬁ HTYW (k) + W(m)
(4.4.75)

where X(7) is the vector of points of our tree process z(t) for m(t) = ¢, W(7) is the
vector of points of tree process noises w(t) for m(t) = ¢, and L is the level at which we
consider our coarse data. Note that the W(i)’s are mutually uncorrelated and have

diagonal covariance matrices, i.e.
EW@OW()] = ¢;16:; (4.4.76)

Recall that our measurement at the Lth scale is taken to be

X, = ('ﬁ H)X (M) (4.4.77)
Y = (”ﬁlH,.T)XHV (4.4.78)
=L
ElVVT] = I (4.4.79)

where M is the finest scale. From eq.’s(4.4.75,4.4.76), the orthonormal properties of
H;, and our coarse scale measurement eq.(4.4.78), we have the following expression

for our measurement, Y, at scale L.

Y = (ﬁa)m‘L(ﬁIHf)X(L)+W(L)+V (4.4.80)

m—1
(Y (V2a)Xm-Rlg=tkg, 4 g I (4.4.81)
k=L+1

EVVT] = rI (4.4.82)

EW(L)W™(L)]
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Figure 4.4.40: Sample Path of Stationary Gauss-Markov Process (solid), Coarse Data
of SNR=1.4142 Modeled as Pairwise Averages of the Original Signal in Additive
White Noise (dashed)

Thus, our measurement at the Lth scale does indeed correspond to a scaled version of
our tree process at the Lth scale plus additive white noise, where the noise variance

is equal to

m—1
3 (V2a)*™ g + g + 7 (4.4.83)
k=L+1

Note, however, that part of this noise, namely W(L), is correlated with measurements
at scales finer than L. Though we could use state augmentation to handle this
correlation, for the sake of simplicity we have chosen in our examples to ignore this
correlation.

We now show examples using our 3-parameter tree model to fuse the sparse fine
scale data with the full coverage coarse data at a 64 point scale. Figure 4.4.41 illus-
trates the result of using our tree smoother to fuse the coarse and fine data. Note the

high degree of interpolation performed by using the coarse scale data set. It is worth
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Figure 4.4.41: Sample Path of Stationary Gauss-Markov Process (solid), Result of
Using Tree Smoother to Fuse Coarse (64 point) and Fine Data, Both of SNR =

1.4142 (dashed)
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Figure 4.4.42: Sample Path of Stationary Gauss-Markov Process (solid), Result of

Using Tree Smoother to Fuse High Quality Coarse Data (64 point) of SNR = 100
with Fine Data of SNR = 1.4142 (dashed)

emphasizing at this point that our smoother accommodates arbitrarily distributed
data with no added computational complexity. To further illustrate the effects of
coarse scale data on interpolation we provide an example in which the coarse data is
of extremely high SNR; the result of this is illustrated in Figure 4.4.42. Note that in
this case the interpolation is extremely good due to the near noiseless coarse data.
We compare this with the example in Figure 4.4.43 in which the coarse data resides
at the level of the lattice corresponding to 32 points, i.e. data which is 2 levels coarser
than the fine data. Note that the estimates in the interior of the interval are resolved
up to the scale given by the coarse data while the estimates near the ends are resolved
much more finely due to the additional fine measurements there. This effect is even
more noticeable in Figure 4.4.44 where the coarse data being fused is at a 16 point
scale. To better illustrate this effect of the scale of the coarse data on the interpo-

lation, Figure 4.4.45 compares the result of using coarse data at the three different
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Figure 4.4.43: Sample Path of Stationary Gauss-Markov Process (solid), Result of

Using Tree Smoother to Fuse High Quality Coarse Data (32 point) of SNR = 100
with Fine Data of SNR = 1.4142 (dashed)
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Figure 4.4.44: Sample Path of Stationary Gauss-Markov Process (solid), Result of

Using Tree Smoother to Fuse High Quality Coarse Data (16 point) of SNR = 100
with Fine Data of SNR = 1.4142 (dashed)




CHAPTER 4. APPLICATIONS AND NUMERICAL EXAMPLES 226

amplitude
=)

-2+ d E

0 20 40 60 80 100 150 140
time

Figure 4.4.45: Result of Using Tree Smoother to Fuse High Quality Coarse Data

(64 point) of SNR = 100 with Fine Data of SNR = 1.4142 (solid), Result of Using

Tree Smoother to Fuse High Quality Coarse Data (32 point) of SNR = 100 with Fine

Data of SNR = 1.4142 (dashed), Result of Using Tree Smoother to Fuse High Quality
Coarse Data (16 point) of SNR = 100 with Fine Data of SNR = 1.4142 (dotted)

scales (64 pt., 32 pt., and 16 pt.).

In fact we can characterize the effect of coarse scale data on fine scale performance
by plotting the smoothing errors for a variety of scenarios. Figure 4.4.46 is a plot of
the smoothing error at the fine scale when full-coverage coarse data is fused with fine
data which is sparse (zero data at at points 33 to 96). The plot shows cases where
the coarse scale data ranges from one level coarser than the fine data to five levels
coarser (4 points) and in each case the SNR’s of the coarse data and the non-zero
fine data are taken to be 1.4142. Note that although these performance plots are
only approximate to the extent that our tree models approximate the Gauss-Markov
process, the smoothing error computations come naturally from our Rauch-Tung-

Striebel algorithm and the fact the data is distributed arbitrarily is handled at no



CHAPTER 4. APPLICATIONS AND NUMERICAL EXAMPLES 227

0.9 T T T T T T

0.8} .

0.7+ _.

0.6 - -

0.5 -

error

04t -

0’ 1 I} A, L 1 1 I
0 20 40 60 80 100 120 140

time

Figure 4.4.46: Plots of Performance for the Case of Full Coverage Coarse Data Fused
with Sparse Fine Data Both of SNR = 1.4142. Five Plots Correspond to Coarse
Data 1) One Level Coarser Than Fine Data 2) Two Levels Coarser ... 5) Five Levels

Coarser
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Figure 4.4.47: Sample Path of 1/f Process with v = 1 (solid), Result of Smoother
Using Sparse Fine Data of SNR = 1.4142 (dashed)

extra cost.

Finally, we present plots showing the results of using coarse data to interpolate
sparse measurements of a 1/f process. We take a 1/f process with ¥ = 1 and assume
again that our measurements at the finest scale are sparse; i.e. they are zero at
points 33 to 96 of a 128 point sequence and of SNR = 1.4142 at the remaining points.
Figure 4.4.47 shows the result of smoothing the data using just the sparse fine scale
measurements. Figure 4.4.48 shows the result of fusing these sparse measurements
with full-coverage coarse data, where the data is at the 64 point scale and of extremely
high quality (SNR = 100). Again, we can see that the resolution of the estimate at the
ends of the interval is better than that of the resolution in the middle, corresponding
to the difference in resolution of the data in these two regions. This effect is further
illustrated in Figures 4.4.49-4.4.51, where we compare the result of the fusion using
data at 64, 32 and 16 point scales.
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Figure 4.4.48: Sample Path of 1/f Process with 4 = 1 (solid), Result of Fusing Sparse
Data with Coarse Data of SNR = 100 at 64 point Scale (dashed)
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Figure 4.4.49: Sample Path of 1/f Process with v = 1 (solid), Result of Fusing Sparse
Data with Coarse Data of SNR = 100 at 32 point Scale (dashed)
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Figure 4.4.50: Sample Path of 1/f Process with v = 1 (solid), Result of Fusing Sparse
Data with Coarse Data of SNR = 100 at 16 point Scale (dashed)
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Figure 4.4.51: Result of Fusing Sparse Data with Coarse Data of SNR = 100 at 64
point Scale (solid), Result of Fusing Sparse Data with Coarse Data of SNR = 100 at
32 point Scale (dashed), Result of Fusing Sparse Data with Coarse Data of SNR =
100 at 16 point Scale (dotted)
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4.5 Optical Flow

In this section we use our framework to formulate the problem in computer vision of
determining the optical flow[30] from a sequence of images. Our purpose is to show
the potential of our framework for solving this complex, computationally intensive
problem. The results in this section focus on a 1D version of the problem as formu-
lated in Horn and Schunck(30] and serve to show how our multiscale models can be
used as the basis for a highly efficient, multiscale algorithm for computing optical
flow. Note that everything we present in this section is extendible to 2D by using
quadtrees. Typical methods for determining optical flow from 2D images are iterative,
based on the idea of using relaxation algorithms as a way of handling the enormous
computational complexity. Our algorithm on the other hand is a direct method based

on recursions in scale which is both highly efficient and highly parallelizable.

4.5.1 1D Optical Flow Formulation

Let us denote the image intensity function, a function of both time and space, as
f(z,t). For our purposes we focus on the case where z is a scalar quantity;i.e. f(z,t)
is a 1D image as a function of time. The constraint typically used in gradient-based
approaches to motion estimation is referred to in the literature as the “brightness
constraint”[30] and it amounts to assuming that the brightness of each point in the
image, as we follow its movement, is constant. In other words the total derivative of

the image intensity is zero, i.e.

Df _

= =0 (4.5.84)
This equation can be rewritten as follows.
of 0fdz
5 + 32t = 0 (4.5.85)

The quantity %f is referred to as the optical flow, which we denote as the spatial

function, v(z), and it is this quantity which we would like to determine from observing
f(z,t) sequentially in time.
We rewrite eq.(4.5.85) as follows.

y(z) = c(z)v(z) (4.5.86)
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y(z) = —%% (4.5.87)
cz) = —g—i (4.5.88)

The following is the optimization problem formulation of Horn and Schunk[30] for
determining v(z).

argmin

o(z) =" v {ully(w)—C(w)v(w)llz+H%Ilz} (4.5.89)

The second term in the cost function, ||%||2, is referred to as the “smoothness”

constraint as it is meant to penalize large derivatives of the optical flow, constraining
the solution to have a certain degree of smoothness. The variational solution to

eq.(4.5.89) can be written implicitly as follows.

£iz) = u(f z)y(z) - / ¢*(z)de) (4.5.90)
d2

dz?

Note that computing 9(z) in eq.(4.5.90) is potentially daunting as the dimension of

L = (4.5.91)

9(z) is equal to the number of pixels in the image.
As in Rougee et al[46] the optimization problem in eq.(4.5.89) can be interpreted
as a stochastic estimation problem. In particular the smoothness constraint can be

interpreted as the following prior model on v(z).

—3;— = w(z) (4.5.92)
Elw(zi)w(zy)] = 6(z1 — z2) (4.5.93)

The estimation problem consists of estimating v(z) based on the following observation

equation.
y(z) = c(z)v(z)+ r(z) (4.5.94)
Elr(z1)r(z2)] = p'8(z1 — z2) (4.5.95)
Note that since we are interested in estimating v(z) based on y(z) for all z, we are in

fact concerned with a smoothing problem. Henceforth, we will refer to eq.’s(4.5.92,4.5.93)

as the standard model.
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The incorporation of the smoothness constraint becomes useful for several reasons.
First, if the measurement in eq.(4.5.94) is extremely noisy, it is necessary to incor-
porate a prior term in order to provide a certain degree of regularity in the estimate
of v(z). Secondly, for portions of f(z,t) which have zero derivative the data at these
locations are missing, i.e. ¢(z) = 0, and the prior term provides a way of interpolating
the sparse data. Finally, in the 2D case, where the optical flow is a 2D vector field
in both the z and y directions, we actually have an underspecified system. That is,
at each point in the image there is one measurement equation for two unknowns. In
this case the smoothness constraint provides additional constraints for determining
the solution.

Let us now examine the particular prior model associated with the smoothness
constraint. From eq.’s(4.5.92,4.5.93) we see that v(z) is in fact a Brownian motion
process. Note that the Brownian motion process is a special case of the class of
fractional Brownian motion processes, a class of processes that exhibit 1/f spectral
characteristics. Since, as we showed in previous sections, our multiscale models do
in fact provide good approximations to 1/f processes, we would expect to be able to
use our multiscale models in place of eq.’s(4.5.92,4.5.93) as a prior model for v(z).
This would of course allow us to solve the estimation problem in our framework using
the extremely efficient and highly parallelizable algorithms described in the previous
chapters.

Let us consider v(z) to be modeled as one of our multiscale models. Note that our
observation equation, eq.(4.5.94), has a spatially varying ¢(z), which would disallow
the use of our transform method for smoothing lattice processes. Thus, if we were
to consider using a lattice model for v(z), we would need to solve for the smoothed
estimate iteratively. If we consider v(z) to be modeled by a tree model, however, our
Rauch-Tung-Striebel tree smoother can be applied. Note also that the use of our tree
smoother can be easily extended to the case of 2D by simply considering quadtree
models as opposed to our 1D dyadic tree models. Thus, for the examples in this

section we use a tree model as a model for the optical flow, v(z).
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4.5.2 Inherent Problems, Discretization

The formulation in the previous section is convenient and simple in that it consists of
a linear measurement equation, eq.(4.5.86), which can be easily supplemented with
prior models. In this section we point out some of the problems known to exist in
using this approach on noisy images. Note that these problems are inherent to the
problem itself, and that their treatment remains a critical question in computational
vision. Our examples serve simply to show the viability of our multiscale modeling
approach as an efficient method for computing optical flow and to provide a basis
for further investigation of applying our approach to estimating optical flow. Thus,
although we acknowledge the existence of these problems, we do not delve deeply
into them in this thesis. Also, in this section we discretize the smoothing problem
formulated in the previous section, providing the basis for our numerical results in
the next section.

We begin by describing how noise in our measurements of f(z,t) enters into our
formulation. Note that what we have available as data are the measurements of

f(z,t) sequentially in time. It is from these measurements that we compute the

partial derivatives %{ and %f;. Consider the following model for our measured f(z,t).
fmeasurcd(zat) = f(ac,t) + u(w,t) (45.96)
Elu(z,s)u(y,t)] = eb(z—y,s—t) (4.5.97)

Thus, if we use freasured(Z,t) to compute y(z) and ¢(z), we get

'ymeasured("n) = y(m)—uz(w) (4.5.98)
cmeasured(w) = C(w)'—ul(m) (4.599)
u(e) = *?—“—(g—":ﬁ (4.5.100)
us(z) = a"’f,;’t) (4.5.101)

Note that c(z) is itself noisy. Furthermore, if we substitute eq.’s(4.5.98,4.5.99) into

our observation equation, eq.(4.5.94), we get

Ymeasured(T) = (Cmeasured(Z) + w1(z))v(z) + ua(z) + r(z) (4.5.102)
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Thus, in terms of our measured quantities, Ymeasured(Z) and Creasured(), we have a
nonlinear estimation problem. Note that even if we assume u;(z) and v(z) to be
Gaussian, Ymeqsured() is not due to their product in eq.(4.5.102). There is clearly a
need for taking into account higher order moments in this case and a tractable solution
requires further investigation. The typical method used to partially cirvumvent this
problem is to prefilter the image f(z,t) before computing cmeqsured; thus minimizing
the variance of ui(z). For our purposes we simply wish to compare the use of our
multiscale models with the use of the standard model, i.e. the model implied by the
standard regularization approach. Thus, in our numerical examples we avoid this
issue entirely by assuming c¢(z) to be known exactly.

We now turn to the discretization of the standard model, eq.’s(4.5.92,4.5.93), and
the observation equation, eq.(4.5.94). We need to estimate v(z) based on approzima-
tions of both %{ and gg. We consider the following finite difference approximations

of these partial derivatives.

%élw,t ~ fz,t+1) - f(=,¢) (4.5.103)
g—glm ~ (f(z+1,t) ~ f(z - 1,t))/2 (4.5.104)

Let us assume that our image is available at two time instants, ¢ and ¢ + 1, where
each image is uniformly sampled over a finite interval in space; i.e. we have f(s,t)
and f(i,t +1) where ¢ € {0,1,2,...N — 1}. The discretized smoothing problem for

our standard model is as follows.

w(i+1)—v(E) = w(i) (4.5.105)
Ew(i)w(i)] = &G —3) (4.5.106)
y(@) = c(i)(s) +r(5) (4.5.107)

i) = FG+1,8)— F(G,¢) (4.5.108)
BirGyr()] = w86 - 3) (4.5.109)

i € {0,1,..N -2} (4.5.110)

The following is the linear least-squares solution to the discrete smoothing problem
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for our standard model.

b = (L+ptCTC) (p 0Ty (4.5.111)
7 = [f(0,6+1)— £(0,8), f(1,t + 1) — f(L,8),. (N — 2,8 + 1) — f(N — 2,¢)]7
v = [v(0,¢),v(1,t),..0(N —2,¢)]T (4.5.112)
where
[ c(0) 0 ]
0 () 0 ... 0
cC = |: : (4.5.113)
¢(N-3) 0
0 (N —2) |
and )
1 -1 0
0 -1 2 -1
L=| _ (4.5.114)
0 ««. --- 0 =1 2 -1
[0 - e 0 -1 1|

Note that the matrix £, which is a discrete approximation of the operator 3‘%,
does not assume the boundary points to be known. In terms of our prior model,
eq.’s(4.5.105,4.5.106), this corresponds to assuming infinite variance of the process
at each endpoint. Thus, the smoother resulting from the use of this model is a

Maximum-Likelihood smoother.

4.5.3 Numerical Examples

In this section we give numerical examples of applying our framework to the optical
flow problem using the discrete formulation from the previous section, where we con-
sider two cases. We compare the solution produced using the discretized standard

model, i.e. eq.’s(4.5.105,4.5.106), with the solution produced by using one of our
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tree models. These examples show that our tree smoother performs comparably to
the smoother resulting from the standard model. Note, however, that our smooth-
ing algorithm, which is based on recursions in scale, is extremely efficient, highly
parallelizable, and extendible to 2D. Although for the case of 1D a Kalman filtering
approach can be used to compute the smoother[46], in 2D no such recursive procedure
exists.

In our examples we consider our image to be a 128 point sequence;i.e. N = 128.
The multiscale model we use as our prior model for v(z), as an alternative to our

discretized standard model, is the following scalar tree model.

% = azyy+ 02 F (4.5.115)
Ew?] = 1 (4.5.116)
El2l] = po (4.5.117)

where ¢ indexes the nodes of a finite tree with N points at the bottom level. Thus,
the covariance of this zero-mean process at the bottom level of the tree is specified

entirely by the parameter vector § = [a, po,7, o). That is,

E[z2F) = P(8) (4.5.118)
z = [z0,21,.28-1)F (4.5.119)

where we’ve indexed the points at the bottom level as 0,1,...V — 1.

As we pointed out earlier the standard model corresponds to the Brownian motion
process, a process which our tree model does well in approximating. We focus now on
the problem of using our scalar tree model to approximate the discrete standard model
in eq.’s(4.5.105,4.5.106) defined for the points 2 = 0,1,...N — 1. Note that since the
standard model has no boundary conditions specified, it does not have a well defined
covariance matrix. Thus, in order to approximate this model we consider instead
the discretized operator, £, which represents the information matrix of the process
described by the standard model. To choose the parameters of our tree model so as
to yield an approximation to the standard model, we fit the information matrix of

our tree process, P~1(8), to £ by minimizing the matrix 2-norm (the largest singular
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value of the matrix) of the difference between £ and P~1(4).

Opicea = 8 |C— P1(8)]; (4.5.120)
Note that in using our multiscale smoother, as in the case with using the standard
model, we would not wish to assume boundary information. Thus, we must actually
use the Maximum Likelihood form of the smoother. This is achieved by assuming an
infinite variance for the point of the process at the top node of the tree.

In comparing the performance of the multiscale smoother with the performance
of the standard regularization method, we need a way of normalizing the problem.
We define the following quantity, which can be thought of as the ratio between the
information due to measurements and the information due to the model.
a trace(uCTC)

e ) (4.5.121)

where 7 is either £ or P”l(é). For our examples, we vary I' by varying g, which is
the inverse of the measurement noise variance.

We begin with examples using noiseless data. Consider an image which is a
sinusoid moving with constant velocity. In particular we take v(i,¢) = 3 for all 7,¢.
Figure 4.5.52 shows snapshots of the image at times ¢ and ¢ + 1. We now compare
the performance of estimating v based on the images at these two time instants using
our tree smoother and using the standard regularization.

Figure 4.5.53 shows the result of estimating v based on standard regularization
for I' = 1,.1,.01. Figure 4.5.54 shows the result of estimating v based on our tree
smoother for I' = 1,.1,.01. Recall that the optimal solution should be a constant equal
to 3. Note that the two approaches yield similar results. In fact for all three values
of T our tree smoother actually performs better. As we would expect by decreasing
T, i.e. decreasing the weight p of the measurment term in the cost function, the prior
term would have more effect on the solution. In both cases the solution becomes more
and more regular with increased reliance on the prior model.

We now turn to an example using images consisting of a concatenation of trape-
zoids which are moving with constant velocity, v(i,t) = 3. Figure 4.5.55 shows

snapshots of the image at times ¢ and ¢ + 1.
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Figure 4.5.52: Noiseless Sinusoid at Time ¢ (solid) and at Time ¢ + 1 (dashed) ;
Constant Velocity
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Figure 4.5.53: Estimate of v(z) Using Standard Regularization for I' = 1 (solid), for
I' = .1 (dashed), and for ' = .01 (dotted)



CHAPTER 4. APPLICATIONS AND NUMERICAL EXAMPLES 243

3.4 T T T T

intensity

100 120 140

space

Figure 4.5.54: Estimate of v(z) Using Tree Smoother for I' = 1 (solid), for I' = .1
(dashed), and for ' = .01 (dotted)
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Figure 4.5.55: Noiseless Image of Shifted Trapezoids at Time ¢ (solid) and at Time

t + 1 (dashed) ; Constant Velocity
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Figure 4.5.56: Estimate of v(z) Using Standard Regularization for I' = 1 (solid), for
I' = .1 (dashed), and for I' = .01 (dotted)

Figure 4.5.56 shows the result of estimating v based on standard regularization
for I' = 1,.1,.01. Figure 4.5.57 shows the result of estimating v based on our tree
smoother for I' = 1,.1,.01. Note that again as one increases the weight of the prior
term relative to the measurement term the degree of regularity in the solution in-
creases. In this example solutions due to both the tree smoother as well as the
standard regularization are rather irregular due to the fact that the trapezoid has
discontinuous derivatives. Also, the flat portions of the image which have zero deriva-
tive represent portions of the image with missing data. This is probably the source
of the bias existing in the result of both smoothers.

We now turn to examples in which our images, f(¢,t), are noisy. In this case as
mentioned in the previous section we assume the matrix of spatial derivatives C' to be
known exactly; i.e. we compute C' from noiseless versions of f(¢,t). We do, however,
take our vector of temporal derivatives, 7, to be formed using the noisy images at

times t and ¢ + 1. We begin with the sinusoid example moving at constant velocity,
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Figure 4.5.57: Estimate of v(z) Using Tree Smoother for I' = 1 (solid), for T = .1
(dashed), and for I' = .01 (dotted)



CHAPTER 4. APPLICATIONS AND NUMERICAL EXAMPLES 247

1.5 T T T T T T

intensity

20 40 60 80 100 120 140

space

Figure 4.5.58: Noisy Sinusoid at Time ¢ (solid) and at Time t + 1 (dashed); Noise
Variance = .001, Constant Velocity

v(,t) = 3. Figure 4.5.58 shows snapshots of the image at times ¢ and ¢ + 1.

Figure 4.5.59 shows the result of estimating v based on standard regularization for
I'=1,.1,.01. Figure 4.5.60 shows the result of estimating v using our tree smoother
for I' = 1,.1,.01. In this case the noise has a definite effect on the regularity of the
estimates. Note that again decreases in I' yield more regular estimates of v(z). Note
also that as in the noiseless case our smoother performs consistently better than the
smoother based on the standard model.

In Figure 4.5.61 we have a noisy version of our trapezoidal image moving with
velocity v(,¢) = 3. Figure 4.5.62 shows the result of estimating v based on standard
regularization for I' = 1,.1,.01 and Figure 4.5.63 shows the result of estimating v
using our tree smoother for I' = 1,.1,.01. Note that in both cases the estimates are
biased. Again, this is probably due to the fact that the image has large portions
where the data is missing, i.e. the spatial derivative is zero. The presence of noise

degrades even further the information in the portions where the data are missing.




CHAPTER 4. APPLICATIONS AND NUMERICAL EXAMPLES 248

intensity
W
1

0 20 40 60 80 100 120 140
space

Figure 4.5.59: Estimate of v(z) Using Standard Regularization for I' = 1 (solid), for
I' = .1 (dashed), and for I' = .01 (dotted)



CHAPTER 4. APPLICATIONS AND NUMERICAL EXAMPLES 249

intensity
w

0 20 40 60 80 100 120 140

space

Figure 4.5.60: Estimate of v(z) Using Tree Smoother for I' = 1 (solid), for I' = .1
(dashed), and for ' = .01 (dotted)
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Figure 4.5.61: Noisy Trapezoid at Time ¢ (solid) and at Time ¢t 4+ 1 (dashed); Noise

Variance = .001, Constant Velocity
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Figure 4.5.62: Estimate of v(z) Using Standard Regularization for I' = 1 (solid), for
I' = .1 (dashed), and for I' = .01 (dotted)
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Figure 4.5.63: Estimate of v(z) Using Tree Smoother for I' = 1 (solid), for I' = .1
(dashed), and for T' = .01 (dotted)
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Figure 4.5.64: Noisy Line at Time ¢ (solid) and at Time ¢+ 1 (dashed); Noise Variance
= .01, Velocity v(z) = .2z

Also, discontinuities in the spatial gradient for this particular image strongly affect
the estimates.

Finally, we give an example in which the data is noisy and in which the velocity
v(z) is non-constant. In Figure 4.5.64 we have a noisy version of a ramp image moving
with velocity v(Z,t) = .2¢. This corresponds to the case of linear or shear velocity.
We show in Figure 4.5.65 the result of estimating v based on our tree smoother and
the result based on using the standard regularization.

In summary our examples have shown that our tree smoother yields optical flow
estimates which are comparable or better in quality to the result of using standard
regularization. Our smoother has the added advantage of being extremely efficient
and highly parallelizable. Thus, our tree models seem promising as a way of regu-
larizing the optical flow problem, although examples in 2D need to be looked into
thoroughly. Also, the inherent problems of this gradient-based formulation as touched

upon briefly in this section deserve further investigation.
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Figure 4.5.65: True v (solid) ¢ Using Standard Regularization for I' = 1 (dashed) %
Using Tree Smoother for I' = 1 (dotted)



Chapter 5

Conclusion

In this chapter we summarize the major contributions of this thesis and suggest direc-
tions for future research. This thesis has been motivated by the need for developing
a stochastic modeling and filtering theory to complement the already existing and
quickly growing deterministic theory of multiresolution signal representations, moti-
vated primarily by the wavelet transform. Motivated by the structure of the wavelet
transform, we have introduced classes of stochastic state models defined on lattices
which are Markov in scale. These models describe a rich class of phenomena, in-
cluding for example a class of 1/f processes, as well as other processes. We have
developed several algorithms for smoothing our processes based on data at multiple
scales, where we’ve used the notion of recursion in scale to develop algorithms which
are both extremely efficient and highly parallelizable. Note that our algorithms allow
for the fusion of multiscale data with no added complexity. Also, recursions in scale
can be performed equally well in 2D, resulting in extremely eflicient algorithms for
processing 2D data. The numerical examples presented in this thesis illustrate the
potential of our approach in modeling processes which may or may not possess mul-
tiscale features and in fusing multiscale data efficiently. The theory developed in this
thesis provides a formalism in which to investigate multiscale signal processing prob-
lems and, more importantly, we hope it provides a framework in which to understand

more deeply what makes a given problem appropriate for a multiscale approach.

255



CHAPTER 5. CONCLUSION 256

5.1 Thesis Contributions

e We have introduced a class of stochastic processes described by state models
on trees and lattices motivated by the wavelet transform. These processes are
defined on lattices where each level of the lattice has the interpretation of scale
and where our processes defined on these lattices are Markov in scale. A specific
case of our processes corresponds to the model of Wornell[55] for modeling
1/f processes. Our models are also successful in describing other processes as
demonstrated in the numerical results in this thesis on smoothing Gauss-Markov
processes. We have characterized the eigenvectors of one class of our processes
(in which parameters may vary in scale but not in translation) in terms of the
wavelet operators H; and G; and have developed an algorithm for smoothing our
processes based on the wavelet transform. In particular the algorithm uses the
wavelet transform to transform the problem into a set of independent smoothing
problems each of which is solved recursively in scale. The algorithm is extremely
efficient and allows for the case of smoothing multiple scale data as well as for
the case of vector processes. We have provided two versions of the algorithm,
one which consists of a coarse-to-fine sweep followed by a fine-to-coarse sweep
and another which starts starts with a fine-to-coarse sweep and is followed by

a coarse-to-fine sweep.

e We have provided a general framework for modeling multiscale processes de-
fined over a finite-length interval by characterizing the problem of adapting the
wavelet transform to finite length signals. In particular we have characterized
the effect of the finite length assumption on the operators H; and G; and have
provided several ways of adapting these operators to the case of finite length sig-
nals while preserving their fundamental algebraic structure. In our framework
for example the commonly used method of using cyclic convolutions in place of
linear convolutions in the operators H; and G; is simply one particular choice
of adaptation of these operators. Models based on these operators assume that
the signal is periodic in the length of the interval. We have also characterized

ways of adapting the these operators that lead to models which do not assume
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the signal is periodic but rather the result of some form of windowing.

e We have studied in detail our class of lattice processes for the case where the op-
erator H; corresponds to the Haar wavelet. In this case we have the class of state
models on dyadic trees. We have developed a smoothing algorithm for these
processes which can be viewed as a generalization of the Rauch-Tung-Striebel
algorithm to trees. This algorithm is extremely efficient, highly parallelizable,
and easily extendible to 2D. As in the case of our transform approach the al-
gorithm allows for the smoothing of vector processes based on data at multiple
scales. Moreover, unlike in the case of our transform algorithm, our tree al-
gorithm can be applied to the case where the parameters of the model may
vary arbitrarily, i.e. in both scale and translation. An example of this is the
measurement scenario in which the data is missing at arbitrary points in the

interval.

e We have analyzed the filtering step of our algorithm and in particular we’ve
analyzed in detail the Riccati equations associated with the filter. This lead us
to decomposing the filter into an ML filter plus a filter which propagates the
prior information. We have derived the ML filter in several ways including one
which involves the Hamiltonian formulation of the smoother. We have defined
notions of reachability and observability on trees which allow us to provide
bounds on the error covariances of the filter. We then defined a notion of [,
stability for processes propagating upwards along the tree. Using Lyapunov
methods we showed that our filter is /,-stable under conditions of reachability
and observability. We also showed the existence of a steady-state filter which is
l,-stable.

e Finally, we have given numerical examples demonstrating the effectiveness of
our multiscale approach in smoothing processes. We’ve shown the richness of
our models in approximating processes by giving examples of using our models
to smooth both 1/f and Gauss-Markov processes. We’ve compared the perfor-
mance of our smoothers with the performance of the optimal smoother (the one

which is based on the true model) on these processes. Our results show, both
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qualitatively and quantitatively, that our smoothers do quite well for a wide
range of SNR’s. We'’ve also given examples of fusing coarse scale data with fine
scale data. We’ve shown that the resolution of the estimates produced by our
smoothers at a particular point reflects the resolution of the available data at
that point; i.e. the fusion of the data is optimal in both scale and translation.
For example in the case where a fine scale data set of poor quality is fused with
a coarse set of high quality, both of full coverage, the estimate resulting from
their fusion accurately captures features of the original signal at the scale of
the coarse set. Also, in the case where sparse fine scale data is supplemented
with full-coverage coarse data, the optimal estimate at locations where there is
fine data is at that fine scale whereas the estimate at locations where there is
coarse data is at that coarse scale. Finally, we give an example in which we use
our multiscale framework in the context of estimating optical flow. We show
how our multiscale models can be used as a prior model for the optical flow,

allowing us the use of our fast multiscale algorithms for computing the flow.

5.2 Directions for Future Research

e While the theory we’ve developed in this thesis is for general vector processes,
our numerical examples focused on scalar models, leaving the full modeling
power of our processes largely unexplored. An example of exploiting the mod-
eling power of our vector processes is to create higher-order models in scale in
order to capture better interscale correlations. Since the wavelet coeflicients of a
wide range of processes exhibit these correlations, using our vector processes to
capture these correlations is analogous to using state augmentation to account
for colored noise in the case of temporal processes. An example of higher-order
models in the case of our tree models, is the case where we have a finite set of
lag variables where the lag variables are indexed for each node ¢ on a tree by

the indices 4%t for a finite number of &’s.

e System identification for our multiscale processes needs to be thoroughly inves-

tigated. For the case of our tree processes we have developed a filtering theory
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which should prove useful for developing ideas related to likelihood functions.
The possibilities for using likelihood functions to do detection of signal features

in scale deserve investigation.

e The system theory we developed in Chapter 3, i.e. notions of reachability,
observability, and l,-stability, was for tree processes in which the model param-
eters were a function of scale only. It seems the notions we developed in this
context should be extendible to the general case in which the parameters can
vary arbitrarily. Whether this involves simple redefinition of the notions or a

more fundamental rethinking of these notions remains an open question.

e The idea of a multigrid-like iterative algorithm for smoothing our multiscale
processes was explored briefly in the end of Chapter 3. While the algorithm for
the case of our tree models was developed fully, the details of the algorithm for
the case of general lattice models still needs further investigation. Computing
the weights involved in the local computations is much more difficult in this
case as the correlation structure for general lattice models is not as apparent
as in the case of tree models. An iterative algorithm for these lattice models
would be useful since it would apply to more general classes of models than the

ones considered in Chapter 2 for which the transform approach was developed.

e In general serious effort in studying applications in which a multiscale approach
might be appropriate would be invaluable. The interaction between applying
our approach to applications and using our applications as a guide to adapting
our theory would undoubtedly lead to a deeper understanding of multiscale
modeling and signal processing. The optical flow formulation at the end of
Chapter 4 is an example of such an application. As discussed in our section
on optical flow the issue of noise in the images leads to a nonlinear estimation
problem which deserves further investigation. Also, the formulation in this
section was developed for the case of 1D; applying our framework in 2D needs

to be explored.
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