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Estimation for Rotational Processes with
One Degree of Freedom —Part 1II:

Discrete-Time Processes

ALAN S. WILLSKY, MEMBER, IEEE, AND JAMES TING-HO LO, MEMBER, IKEE

Abstract—General error criteria and probability distributions on the
circle are studied in connection with estimation by using their Fourier
series representations. Conditional probability densities for certain dis-
crete-time folded normal processes, which are analogous to the continuous-
time processes associated with the bilinear problems considered in Part 1
of this series, are computed. An intrinsic physical difference between the
discrete-time and continuouns-time problems is discussed, and the complex-
ity of the estimation equations in the discrete-time case is analyzed in this
setting. Suboptimal sequential filtering scheines are briefly discussed. In
addition, Fourier analysis of condjtional probability distributions exposes
the inherent rich structure in quite general classes of estimation problems
on the circle,

I. INTRODUCTION

N PART I {1] of this series of papers, we introduced

and studied a class of continuous-time estimation prob-
lems on the circle S'. For a certain class of bilinear
problems, we were able to derive easily implemented
optimal estimation equations. Extensions of these results
to arbitrary Abelian Lie groups were presented and were
shown to include the vector space Kalman-Bucy filtering
results as a special case. As is well known [6]-{8], in the
vector space case, the discrete-time optimal linear filter
looks much like its continuous-time counterpart. This is
due in part to the fact that in the linear—Gaussian case,
the relevant conditional densities are Gaussian, indepen-
dent of the continuous or discrete nature of the observa-
tions.

It is one of the main points of this paper that the
continuous-time results presented in [1] for the circle and
arbitrary Abelian Lie groups do nor extend to the discrete-
time case in nearly as nice a manner as in the linear case,
and thus we have a striking example of a class of estima-
tion problems for which the continuous-time solution is
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much simpler than its discrete-time analog. However, the
reason for the difficulties is easy to interpret physically,
and one can use this interpretation to devise suboptimal
estimation schemes.

As we shall see, although the discrete-time S' estima-
tion problem is considerably more complicated than its
continuous-time counterpart, the discrete equations dis-
play a great deal of structure that can be utilized to aid in
their analysis. This is evident not only in the physically
appealing interpretation one has for the discretized
bilinear estimation problem, but also in the success one
has in utilizing Fourier series techniques to devise estima-
tion methods. Bucy and his associates [9],[10] have stud-
ied several specific problems using Fourier series, and the
results presented here and in [2}-[4] contain some of their
results as special cases (see [3] and [4] for some con-
tinuous-time and other discrete-time Fourier series re-
sults).

In the next section we investigate the estimation of
random variables on the circle with the aid of Fourier
series, and in Section I we discuss a discrete-time analog
of the bilinear estimation problem discussed in [1]. Section
IV deals with the use of Fourier series to solve general
discrete-time S' estimation problems. We remark that
further discussions of the concepts developed in this paper
are contained in [2] and [3].

As in [1], we will use several representations of S’
interchangeably. Referring to the discussion in [1], we will
use the @ €[ — &, 7) representation to define all probability
densities on S'. In addition, the considerations in Section
I of this paper are related to another S' representation.
There exists a natural projection from R! to S!, here
identified with [ — &, 7):

g(x)=xmod27. (1)

Two points x,; and x, are projected onto the same point

if and only if they differ by an integral multiple of 2.

Also, since g(x;+ x))=[q(x)+g(xy)]mod27, g is a

homomorphism of R! into §! with kernel

kerg={2n7lneZ}. )

Clearly, the range of g is all of [— =, 7). Thus, by the First
Isomorphism Theorem for groups [11]
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S'=R'/kerq2 R'/29Z

and any point @ €[—,7) is identified with the equiva-
lence class {8+2nw|nEZ} (we note that since kerg is a
closed subgroup of R', R'/kerq is a Lie group (see [12]),
and one can show that the isomorphism (3) is a Lie group
isomorphism—i.e., it is smooth). The mod2# equivalence
of all elements of {x+2nw|n€Z} will be important in
Section III.

1I. FoURIER ANALYSIS OF
PROBABILITY DISTRIBUTIONS,
ERROR CRITERIA, AND OPTIMAL ESTIMATION

Let 8 be a random variable on ! (here we will identify
S with [— 7, %)) with probability density p(#). Given an
error function ¢, the estimation problem is to choose
# €[— 7, 7) to minimize

JE)=6(6(0-0))= [ 6(6-8)p(0)0. (&)

We now will write down necessary conditions for é to
minimize J(#). We assume that we have p(#) and ¢(#) in
Fourier series form:

P(9)=2_1,”“+ gl[ansinn0+ b, cosnf ] (5)

o(8)=dy+ 3, [c,sinnd+d, cosnf] (6)
n=1

where the Fourier coefficients are computed in the usual
way [17]. Note that we have the interpretation

wb,= & (cosnf). )
We will have more to say about the Fourier series decom-
position of p in Section IV.

A simple computation yields

7a,= b (sinnd),

J(@)=dy+n § [a"(c"cosn§+dnsinn§)

n=1

+bn(dn cosnf—c, sinnf )], (8)
and necessary conditions for a local minimum are

4 dy=0 L y@)so. )
da d4°

Explicit solution of (9) is possible only for certain error
functions. Note that the sums in (8) and (9) are finite if
the sum in either (5) or (6) is. The following example
indicates how this finiteness can simplify the problem of
finding the optimal estimate.

IExample 1: Consider the error function

G3)
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¢(8)=1—cos¥. (10)

This criterion has also'been considered in [9] and [10]. For
this function we have
J(0~)=1—7r(a,sin9~+b]cos§) (11)
and the necessary conditions are
alcosé—b,siné=0, alsin5+blcos§>0. (12)

If a,=5,=0,J (0) is independent of f. In any other case,
examination of (12) yields the optimal value 6, as the
unique solution in | — &, 7) of

- a ~ b
sinf,= ! cosfy= ———.  (13)
a%+ bf Va%+ b12

Also,

J(Gg)=1—mVai+b? . (14)

We note that this particular error function has some
very appealing properties. First of all, since the optimal
estimate is an explicit function only of the first mode of
the probability distribution (i.e., @, and b,), the computa-
tional procedure to determine f, is quite simple. In addi-

- tion, there is strong physical motivation for using this

criterion. First note (see [9]) that for small values of 4

(13)

Thus, this is, at least locally, a type of least squares
criterion. In fect, suppose that x, and x, are real-valued
random variz oles such that

1—cosf=1%62

x2+xi=1. (16)
That is, there exists a random variable 8 with
x,=sinf,  x,=cosd. 17
Suppose we wish to choose %, and ¥, to minimize
J=386[(x,— %) +(x,— %)) (18)
_subject to the constraint
P2+ 2=1. (19)
That is,
% =sinf, %=cosf (20)
and, substituting into (18), we have
J=6(I-cos(0—§)). 21)

Thus, this error function is a constrained least squares
criterion.
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We note that although the higher modes do not affect
the estimate directly, we shall see in Section IV that these
coefficients have an indirect effect on #. Specifically, we
shall find that in dealing with random processes and
time-varying densities, the time rates of change of o, and
b, depend, in general, on the other coefficients.

Another possible error function, one that involves the
first and second modes of the density, is

o(d)=(1 —0059)2=%—2c0s9+%c0520. (22)
Using the same type of approach as before, one can
reduce the problem of finding the optimal estimate to the
solution of a quartic polynomial equation and the calcula-
tion of several functions—a procedure that can be done
easily by computer. However, the complexity, even when
we just add in the second mode, is such that no closed
form for the optimal error in terms of the Fourier
coefficients is available (see [3] for details).

As can be seen, the error analysis becomes increasingly -

more difficult as the number of nonzero Fourier
coefficients increases. For example, direct application of
these ideas if ¢=p or p2 where p is the Riemannian
metric (arc length) on S! (actually p(#) £ p(8,0)—see [1]),
yields extremely complicated equations. However, the
1/n? behavior of the Fourier coefficients for these two
examples suggests truncating the series and applying
techniques such as those used in the analysis for (1—
cos®) and (1—cos#)> For some further analysis for the
criterion p?, we refer the reader to [22).

In the next section we will encounter densities of the
form

o0 00

2(0)= X ¢, F(0;m,.7,). 2 =1

n=1

v, >0 (23)

where F is the folded normal density

+ 0

>

n=-—ao0

(0+2n77—n)2
F(8;n.v)= eXP(———

- ) (24)

(if x is a normal random variable with mean % and
variance v, then #= xmod 2+ has the density F(8;7,7)). It
should be noted that it can be shown by using a result
analogous to that in [13] that the set of densities. given by
(23) with only finitely many nonzero ¢,’s is dense in
L)(—7,7), and this is still true if all the v,’s are equal to
some fixed y. We do not require that only finitely many
¢,’s be unequal to zero. The reason for this will be seen in
Section III

For p given by (23) we will examine the optimal estima-
tion problem for the error function 1—cosf. Note that p
in (23) need nor be unimodal and symmetric about its
mode (as it would be if p =folded normal), and thus the
results discussed in [1] do not apply.

As discussed in Example 1, in trying to minimize & (1~
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cos(B—(;)) with respect to 5, we need only know the
lowest mode Fourier coefficients, ¢, and b,. If p is as in
(23),

1

0 2
c,e” "/ “cos
aT 2 n T’ﬂ

n=1

1 ad —_— 2 -
a,=— > c,e "' %inq,
T on=1

b=

(25)

and (assuming «, and b, are not both zero) the optimal
estimate #, is either tan~'a,;/b, or tan~la;/b,+m, de-
pending upon the signs of a; and b, [9]. In any case, the
optimal cost is given by

&(1—cos(8—8p))=1- {[

=]

> c,e "/ %siny,
n=1
1/2

+ (26)

. 2
> c,e ™ cosy,

n=1

In general, this optimal error is not an increasing function
of each of the “variances” v, individually. However, if all
of the variances equal some value vy, it is easy to see that
the optimal error is an increasing function of y.

III. ESTIMATION OF DiSCRETE-TIME FOLDED

NORMAL PROCESSES

We wish to examine the problem of estimating a dis-
crete-time random process on S! given a series of discrete
measurements. One possible model for the signal and
measurement processes is a discrete approximation to the
continuous signal and measurement processes discussed in
[1]. We first approximate the measurement equations (see
[1] for details)

dz(t)=h(x(£), ) dt+ r'/*(1)dw(t) 27)
2(1)=(J2)(1) & exp(Rz (1)) (28)

by the discrete equations
Azy =1z, — z,_ = h (x)At+ ri/Pw, (29)
Z, =exp(z;R) (30)

where
r=| 0 1 (1)
-1 0

and where A7 is the intermeasurement time, x, = x(kAf?),
r.=r(kAr), b (-)=h(-,kAD, and w,=w(kAD)—w((k—1)
Ar).

We can rewrite the z, equation as

Z,=Z,_exp(AzR) (32)
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and we see that, given Z,,- - - ,Zk_l, the new information
contained in Z, is equivalent to the new information in
Z.'Z,. In addition, this information is equivalent (see.
[1D to knowledge of

Az, =Az,mod2w, Bz €[—m,m). (33)
It is here that we see a marked difference between the
discrete- and continuous-time problems. In the con-
tinuous-time case [1], the continuity of the random pro-
cesses involved results in our knowing dz(f), not just
dz(f)ymod2«#. However, in the discrete-time problem, the
ambiguity associated with our lack of knowledge of the
number of rotations that occur in the Az between mea-
surements is reflected in the fact that our information is
Az, mod27x and not Az,. In some sense, this makes the
discrete-time problem more interesting, since this
“mod2#” ambiguity (a type of “cycle-slip” phenomenon)
directly affects the form of the conditional distributions
we will consider (this is not the case in the continuous-
time problem [1]).

 Motivated by this discussion, we can state precisely a
discrete-time analog of the continuous-time problem of
[1]. Let x, be a discrete-time real-valued signal process
satisfying

X1 = (X k) + b (k)W xe=0  (34)
where {w,} is a unit variance white Gaussian sequence.

Consider an observation process { 7, } defined by

(35)
(36)

where {v,} is a unit variance Gaussian sequence inde-
pendent of {w,}. The problem is to determine the condi-
tional probability distributions p, (x,k|Y,) and p,(4,k|Y})
where Y, ={5,, --.7;} and

Ve=h(x.k)+ rli/zvk

Fy=ymod2w,  jE[—m,7)

b.€[—7,7) (37)
and to determine optimal estimates with respect to some
given criteria. We note that one can interpret #, as angu-
lar orientation and x, as total angle swept.

Our attack on this problem can be divided into three
parts. First, to gain insight into the problem, we consider
the general one-stage case (Section III-A). All of the
essential features of the multistage problem are contained
here. The approach in Section III-A is intuitive and in-
volves the use of delta functions. The reader is referred to
[2] and [3] for the rigorous but tedious measure-theoretic
details, In Section III-B we specialize to the linear—
Gaussian case, and in Section III-C we consider the
two-stage and multistage problems for the linear—
Gaussian situation. In Section IIT-C we also briefly dis-
cuss some of the computational problems associated with
the multistage results. For a limiting argument relating the,
continuous-time and discrete-time problems, the reader is

., = x, mod 27,
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referred to [2] and [3], and the details of some suboptimal
estimation schemes are contained in [3] and [5]. Also, the
reader is referred to [3] and [5] for further related resulis
concerning conditional probabilities.

A. The One-Stage Problem

Let x and v be independent real-valued random
variables with a priori densities p,(a) and p, (»). We wish
to compute the conditional density p,, s(a| B) where

y=h(x)+v, F=ymod2z (38)

and £:R'-R! is a measurable function. By the smooth-
ing property of conditional densities [14],

Pas(@lB)= [ “pus, (el BOB @ BYIE  (39)

Now 7 is a deterministic function of y, so the “density”
P,7 1s given by

(Bl =2 LR

_ 8(p—¢mod2a)p, @)
P;(ﬁ)

where 6 is the Dirac delta function. Also, since y deter-
mines y uniquely, (39) becomes

(40)

Pas(al B)=—= [ 5.y (al)p, (©8( B~ fmod2m) .

1
P;(B)
(41)

We now must interpret §( 8—£mod 27) as a function of £
Clearly, what we mean by this is

§(B—fmod2r)= > 8(B+2nm—£).

n=—

(42)

Substituting (42) into (41), we have

to p (f+2n7)

n=—co

T Pylx( B +2nwla)px(a)

TaZe 5B @)

Pe B+ 2nmla) = p, ( B+ 20w — () (45)
p(B+2mm)= [ T (B+2nmlu)p () (46)
B(B)= 3 p(B+2m) @)
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In these equations the effect of the mod2w measure-
ment ambiguity is quite evident. If we know y=f8+2n7
where 7= 8, the conditional density for x is p,,(a|B+
2n7). Thus, for our problem p,;(«| B) is the weighted sum
of the conditional densities p,,(«| 8+2n7) where the
weighting constant for the nth term can be shown to be
the conditional probability that y=8+2nn given j=p8
(see [2] and [3]). We note that these results have been
derived informally. Rigorous derivations of these and
several somewhat more general results are contained in [2]
and [3]

B. The Linear-Gaussian Case

In order to interpret these one-stage equations and
extend them to the multistage case, we now limit our
discussion to the linear—-Gaussian case—i.e., where

a(x,k)=a.x (48)
h(x,k)=h.x (49)
b (x,k)=b}"? (50)

and all a priori densities are normal. If p, (a)= N(a;9,7,),
Po(»)=N(r;0,v,), and
y=hx+o,

(51)

then substituting into (43)(47) and using known results
about linear measurements, we have

psalB)= 3 c(BN@my) ()
where
Y21+ v:A( B +2nm) Y172
= , =12 (53
77,1 Ry, + 71, 7 Ry, + v, %)
¢, (B)= +£(B+2m;h"’hly‘+h) . (54)
2 N(B+2kmhm k> + ;)

Thus the nth term is evaluated by an optimal linear
estimator which takes as its measurement g+ 2nw.

C. The Multistage Problem

We now consider the multistage linear problem. It will
suffice to consider only two stages, since this will indicate
the type of recursions necessary in building the discrete
filter. Thus, consider (34)-(37) with a,, 4, and b}/? given
by (48)-(50) and with p,(»)=N(»;0,r)) and p,
=N(»;0,r,). Also, let the a priori density for x; be
N(a;0,by). The preceding analysis shows that the density
Px,5,(e| B)) is given by (52)(54) with n=0, y,=bg, v,=1,,
B8=p4,, and h=h,. Then, it is easy to see that the density
szlil(al B)) is given by
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+ o0
Pxﬂ;,(a| B)= n_E - ¢,( BON(esam,,ajys+by) (55)
where the ¢,, 1,, and y, are computed from (53) and (54)
with the above substitutions.

It remains to include the effect of the additional mea-
surement y,. To do this, we refer to (43)~(47) and assume
that p (#»)=N(»;0,v,) and A(x)=hx. In this case, the a
priori density for x,—the density for-x, just before we
process y,—Is p, 5, which is given by (55). This density is
of the form

Pela)= +2°° a4 N (a;m71)

(56)
k=—00
where
+ 00
> d.=1, d>0. (57)
k=—00
In this case (43) becomes
+ 0 + o
Px|;(a|.3)= > D e BIN(aspy.vs) (58)
n=-00 k=-oo
where v, is given by (53) and
+v,h(S+2n7
_ Y2 'ZI (B ) (59)
By, + 1,
A N(B+2nm;hm; h>y,+v,)
€k = T T oo . (60)
2 2 4N(B+2mihn,;h%y, +y,)
{=—co M=—00

From this computation we can see a pattern. After m
measurements, the density p (x,m]|Y,,) is an m-times in-
finite sum of normal densities, all with the same variance
—the one given by linear theory—and the mean of the
(iy,ip- -+ ,i,)th term is the linear result if

=y t2im, -y, =y, +2i,7.

(61)

~ The coefficient of this term is the conditional probability

that (61) holds, and it is a nonlinear function of the
measurements [the update equation for these coefficients
is (60)]. 7

It is clear that any practical implementation of these
results requires some approximate scheme. We will briefly
discuss two approaches and refer the reader to [3] and [5]
for more detailed remarks. We also note that truncation
procedures for sums of normal densities have been consi-
dered by Buxbaum and Haddad [15] in relation to a
different class of estimation problems, and our first
approach is motivated by their work.

Since the coefficients in the series

Px|;1,...,y-m(a| B> Bm)

+ 0

e V(@5 s Ym)  (62)

+ o
ij=—o0

Iy = —00
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are the conditional probabilities for the various y,, it
would seem reasonable to seek truncation methods based
on the properties of these probabilities. Therefore, we
consider the following: we are given a positive integer N
and wish to recursively choose 2N real numbers

(MY (O, with
S am=1. 4m>0 (©)
such that the density
famy= 2 dmN im0

“approximates” (62). The motivation for this form is the
following: we have the imterpretation of (61) as being
computed by an infinite bank of linear filters, which also
compute the appropriate probabilities Cipyee ; therefore,
we wish to truncate the bank of filters in order to make
the computations feasible. See Fig. 1, which illustrates the
basic concept behind such a truncation procedure.

The most obvious method of truncation is to choose the

N largest ¢’s at each stage. Call them ¢,(m),- - - ,cp(m),
and let
¢;(m)
d(m)=———, p{m)=n(m). (65)
2 ¢(m)
j=1

Then we take the density (64) and use it to continue the
procedure—i.e., to propagate forward in time [as in (55)]
and to process the next measurement [as in (56)—(60)].
Once having applied (56)—(60), we choose the N largest
coefficients and repeat the process.

Of course, we cannot directly implement (56)-(60),
since these equations involve an infinite number of coef-
ficients. Thus, we must assume (@ priori) that for any
value of 7, there are only a finite number of values of »
such that P(y=y+2nx|5)>0. This approximation is not
too severe since we can show that P(y=3+2nw|y)
™. Having made this assumption, we compute only a
finite number of ¢’s from which we choose the N largest.
Finally, we note that Buxbaum and Haddad [15] found
this type of approach to be quite effective. Thorough
discussions of this and several other truncation methods
are contained in [3], [5], and [15].

We remark that [2] and [3] contain a result relating the
discrete- and continuous-time problems. This result states
that if our discrete-time problem is a discretization of the
continuous one, then, as the time A¢ between measure-
ments becomes small, the term in the conditional density
corresponding to » rotations between measurements (Ay
=Ay +2nm) goes to zero as e~ "/, Thus, for small Az, a
rather crude truncation procedure may provide adequate
accuracy. In fact, it may be appropriate to approximate
the discrete filter by the continuous filter preceded by a
sample and hold (see the continuous filter design in [1]).

~e
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— >
Yy - T M, 2k+1, On,2K41
iy
Fig. 1. Conceptual diagram of the truncation method for suboptimal

discrete-time filtering.

An additional comment can be made if we are in-
terested in studying 8, = x, mod 27 as opposed to x,. In
the linear case, the conditional density p,(8,k|Y,) is an
infinite sum of folded normal densities. For instance, if we
let #=xmod2s with the density for x given by (52), we
have

(66)

ps(@B)= 3 c(BF(@n, )

Since F(a;n,y)= F(a;n+2n7,v), we need only keep
those 7, that are inequivalent mod2#. For example, sup-
pose vy, and y, are rationally related—i.e., v,/v, is a
rational number—and A2=1. Then let n, be the smallest
positive integer such that vy,n, is an integral multiple of
(v + v,)- Referring to (53), we have that there are only n,
distinct folded normal densities in (66) with “means”
Mg * " s Myy—1- 101 this case, we can write (66) as a sum of a
finite number of folded normal densities where the coef-
ficient of each of the terms is computed by summing the
¢,(B) corresponding to all those 7, that are equivalent
mod 27 to a particular ;. Thus, if we approximate v, and
Y» so that ng is small, py|; is the sum of only a few terms.

We now comment on the optimal estimation problem.
We assume that

+ o0

2 CnN(a;’an‘Y)'

n=—o0

p(a)= (67)
As is well known, the mean & (x) is the minimum
variance estimate of x on R, and in this case,

+ o0

> Gl

n=—oo

b(x)= (68)

Then in the folded normal case depicted in Fig. 1, the
optimal estimate is a linear combination of the outputs of
the various linear filters, and the coefficients are the same

as the coefficients computed to decide which terms to
keep.
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If we wish to estimate #=xmod2w, we use the results
of Section II. In particular, if we wish to minimize & (1—
cos(@— @)), the optimal estimate §, is given by

P -
> ¢,sinm,

~ ] r=—®

§,=tan (69)

> c,cosm,
n=—co
So, again referring to Fig. 1, the optimal estimate is a
nonlinear function of the outputs of the linear filters and
the coefficients c,.

As in the continuous-time case, we can consider the
multidimensional (general Abelian Lie group) analog of
the results of this section. For instance, let x be an
n-dimensional normally distributed random variable, w a
k-dimensional normal random variable independent of x,
and C a kX n matrix. Define the measurement y:

y=Cx+w (70)
={yp 1<i<k, 1)
yymod2aw, k;<i<

Then the conditional density p,; can be written as a
(k — k,)-times countably infinite sum of normal distribu-
tions, the (r),---,r,_;)th of which is the conditional
density assuming

yk1+i=)7k,+i+2ri77’ i=1-k—k (72)
and the coefficient of this term is the conditional probabil-

ity that (72) holds, given y.

IV. FOuURIER ANALYSIS OF CONDITIONAL
PROBABILITY DISTRIBUTIONS

In Section II we saw how one could express the optimal
estimate of a random variable on S! in terms of the
Fourier coefficients of the probability density of the ran-
dom variable. In view of this, in considering the condi-
tional probability distribution of a random process on S,
it is natural to seek methods for tracking the Fourier
coefficients. In this section we will consider a general
single-stage S! estimation problem. Extensions to multi-
stage problems with measurement noise independent from
stage to stage is immediate. We note that the results of
this section have also been discussed in [2] and [3], and
Fourier series techniques have been used in [3], [4], [23).
and [10] to aid in the analysis of a variety of discrete- and
continuous-time estimation problems.

Let 4 be a random variable on the circle with a priori
density

pg(g)— 5o+ 2 [a,(0)sin né+ b,(0) cos né).

n=1

(73)
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Suppose that we take a single (possibly nonlinear) mea-
surement y of § and that the noise density p,,(»|§) exists.
Since for fixed », pylg(vlg) is periodic in ¢ with period 24,
we can write py|g(v|§) in Fourier series form in &:

Pye(v) = dy(v) + §1 [c,(v)sinré+d (v)cosng] (74)

where the ¢,’s and d,’s are functions of ». Applying Bayes’
rule, we can compute the Fourier series form for the
conditional density py,, (§|»):

oy, (&)= 5+ Z [a,(1)sinnE+ b, (1)cosng] (75)
where
) B
2ac(v)’ b.(D)= 27c(v) (76)
c(v)=2—;py(v)
YO
() = 6,0y + 2
+3 g [2,(0)d,_,.(»)+5,(0)c,_,(»)]
+1 § ([ £ (01, (2) + B, (0)cy s (9)]
2,0y () + by O (D]} - (T8)
B(9) = b, 0)do(r) + 22
k—1
+3 3 16,04, (1) = 0,0, ()]
+1 é ([@,4£(0)c, (#) + by (0)d, 1 o ()]
+16,(006,4 e () + b O4, (D]} (79)

Note that the equations for ¢, «,, and B, are bilinear in
the Fourier coefficients of py(§) and p,(#|¢). Thus, the
computation of p,, involves the (in general, nonlinear)
computation of the coefficients {c,(»)} and {d,(»)} (here
v is the actually observed measurement value), the evalua-
tion of the bilinear equations (77)—(79), and the normali-
zation (76). Thus, although the equations (77)«(79) look
complicated, they are highly structured [(77)~(79) look like
convolutions of infinite series]. We note that this approach
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is extremely general, in that the only restriction on the
form of the measurement is that the conditional density
Pyje €Xist. For example, in addition to measurements such
as

y=(8+v)mod2x (80)

which are considered in the previous section, using the
Fourier series approach we can also consider measure-
ments such as

(81)

The reader is referred to [3] and [4] for examples of these
Fourier techniques and discussions of the extension of
these results to multistage problems and the problem of
computing conditional distributions for random processes
on S given a sequence of observations (as well as the
continuous observation case).

y=sinf+v.

We note that Fourier analysis has previously been ap-
plied in [23] and [10] to the specific signal form (81), and
infinite dimensional optimal estimation equations were
derived. These equations can be interpreted as consisting
of an infinite bank of phase tracking loops [23], [4], and
such an interpretation leads directly to finite dimensional
approximations obtained by “truncating” the bank of
filters [10], [4] (for some successful simulations, see [4],
[24]).

This idea of “truncating” a bank of filters is essentially
the same as the “truncation” of the infinite set of Fourier
coefficient update equations (75)-(79), a problem that we
now briefly consider. First of all, since we can only store a
finite number of terms, we must truncate the various series
in some manner. As discussed in Section II, this is not
terribly serious since the coefficients fall off rapidly in
size. Also, if we are using an estimation criterion such as
& (1—cos(#—8)) (as one would in phase tracking prob-
lems [4], [9]), at any stage we actually use only ¢, and 5,.
Of course, (75)-(79) show that, in general, all of the a
priori coefficients directly influence each of the updated
coefficients.

The question of truncating the probability densities is in
itself an interesting problem. Suppose we keep the first N
modes of p, and the first M modes of p,,. It is easy to
check that, in general, Poy will then have nonzero terms
up to the (N + M)th mode. Thus, if we are considering a
sequence of measurements, we must devise techniques for
sequentially truncating the conditional density. As dis-
cussed in [3] and [4], if we keep N modes of the a priori
density p,, and if we make some assumption about the
shape of p, (this is called “assumed density” approxima-
tion [19]), we can use {a,b,}"_, to approximate the
higher coefficients, which can then be used in computing
the first N “updated” coefficients (of the conditional
density p,,). Such a procedure may provide better ac-
curacy than a straight truncation of the equations. An
example that shows the type of errors that enter when we
truncate the various Fourier series is presented in [3].

Once we have approximated the various infinite series
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and the infinite set of update equations (75)—(79), we are
left with the problem of performing the update computa-
tions in real time. As noted earlier, the Fourier coefficient
update equations possess a convolution-type structure.
Therefore, the fast Fourier transform-high-speed convolu-
tion techniques of Stockham [21] will be of value in
designing efficient methods for performing the necessary
computations.

Finally, once an approximation to (75)~(79) is imple-
mented, we can then use the Fourier analysis results of
Section II to obtain an optimal estimate directly as a
function of the Fourier coefficients. It is this feature that, in
fact, motivated the development of the Fourier coefficient
update coefficients.

Our discussion concerning suboptimal phase estimation
schemes arising from the Fourier series approach has been
quite superficial and is meant only to indicate the impor-
tant issues. The reader is referred to [3] and [4] for more
detailed discussions and for numerical results for a spe-
cific continuous-time phase tracking problem.

V. CONCLUSIONS

In this paper we have studied several classes of discrete-
time estimation problems on the circle. In particular, we
have considered the discrete-time analog of the con-
tinuous-time bilinear estimation problem examined in [1],
and an intrinsic difference between the continuous and
discrete problems was discussed. This difference stems
from the loss of information between the discrete mea-
surements. It is significant that, unlike the vector space
case, this loss of information causes a striking increase in
the complexity of the expression for the conditional prob-
ability distribution. The problem of suboptimal estimation
techniques motivated by the form of the conditional den-
sity has been considered briefly.

In addition, Fourier series techniques have been used to
investigate a general class of discrete-time S' estimation
problems. Optimal estimation equations and highly struc-
tured sequential equations for conditional densities have
been presented. The problem of suboptimal Fourier series
estimation has been briefly discussed.

The results of this paper indicate that rather general
classes of estimation problems on S! possess a great deal
of structure, and it is the hope of the authors that this
structure can be successfully utilized to develop efficient
and accurate estimation techniques. The reader is referred
to [3], [4], and [5] in which this question is considered in
more detail and in which some further results are re-
ported.
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