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Fourier Series and Estimation on the Circle with
Applications to Synchronous Communication—
Part I: Analysis

ALAN S. WILLSKY, MEMBER, IEEE

Abstract—A wide variety of continuous- and discrete-time estimation
problems on the circle S! are considered with the aid of Fourier series
analysis. Measurement and diffusion update equations are derived for
the conditional expectation of certain functions of the parameter to be
estimated, and we investigate the use of Fourier series to obtain easily
implemented optimal estimation equations. A variety of important
examples—phase tracking, frequency demodulation, and phase de-
modulation in the presence of oscillator instabilities, additive noise,
Rayleigh fading, or any combination of these—are considered.

I. INTRODUCTION

S HAS BEEN discussed in the recent literature [1]-

[4], [6]-[7], and [9], the circle S* provides a great

deal of structure for the study of certain stochastic processes.

This is reflected in the several new techniques [1]-[9]

that have been devised to study and solve a variety of phase
tracking and angle demodulation problems.

One of the most important analytical tools related to the
circle is Fourier series analysis. Bucy and his associates
[6], [7] have used Fourier analysis to derive infinite-
dimensional optimal estimation equations for several
specific problems, and Willsky and Lo [2], [4] have ob-
tained a general infinite-dimensional discrete-time result.
Finite-dimensional approximations were briefly discussed
in [2], and an unsuccessful attempt was reported in [6].
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In this set of two papers we extend the Fourier-type results
that have been obtained to large classes of discrete- and
continuous-time problems of practical importance. In the
present paper we will discuss the analytical results that
have been obtained. We review the discrete-time result of
Willsky and Lo and apply it to several important examples.
In addition, we develop (via a series of examples) an
approach to solving a number of continuous-time problems,
including the problem discussed in [7]. In Part IT we discuss
the problem of implementation, i.e., of finite-dimensional
approximation, and present some numerical results com-
paring a Fourier-type system to a standard phase-lock
loop [10] and a “state-dependent noise™ filter [8]. One of
the major results of our work is the success we have had in
designing high performance approximations to the analytical
Fourier series results. We note that the results presented
here and in Part II have been reported in part in [4]. The
reader is also referred to some analogous results in [11]
for spatially discretized versions of some of these problems.

II. OpPTIMAL ESTIMATION OF S RANDOM VARIABLES
UsING FOURIER SERIES

In this section we display estimation equations originally
derived in [2] and [4]. Let 6 be a random variable on S*
(identified with [ —=,%)) with probability density

+ o

Y ™. 1)

R=—0

pd) =

Here

6 = o Ee™) = b, — ia, = c_,* @
2n
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where & denotes the expectation operator, * the complex
conjugate, and
a4, = 2 &sinnd) b, = - &cosnd).  (3)
2n 2n
As we shall see, the Fourier coefficients {c,} provide a
useful set of “moments” for 6.

Suppose we wish to minimize &[¢(0 — )] with respect
to 0, where ¢: [—n,m) — R is given by

6O = Y de.

B=—0w

C))
A simple computation yields

IO L6 - D] = 3 cde? ()

=—

and necessary conditions for a local minimum are

d d?
— =0 = J@
= J(6) @ =0 (6)

explicit solutions of which is possible only for certain error
functions. As an example, consider the error function (also
used in [6], [7])
@) =1 — cos O @)
for which we have
J(@ =1 — 2n(a, sin § + b, cos b). ®
The optimal estimate and cost are given by

f, = tan™! (gi)

1

©

J@) = 1 — 2n/a® + by? (10)
where (9) is to be interpreted as
sin f, = % cos 0, = by an

(012 + b12)1/2'

Since 1 — cos 6 & 0%/2 for small 0, we see that, at least
locally, this is a type of least squares criterion. A detailed
discussion of this criterion can be found in [2].

We remark that the computations involved in solving (6)
become increasingly more difficult as the number of
nonzero Fourier coefficients of ¢ increases. The reader is
referred to [2], [4], and [7] for more on this subject.

III. GENERAL DiSCRETE-TIME S! ESTIMATION PROBLEMS

In this section we will first consider a general single
stage S” estimation problem (see [2], [4]). Several important
examples, extensions to multistage problems, and com-
putational considerations will be discussed later in the
section.

Let 0 be a random variable on the circle with a priori
density
e
Y e (0)e™.

n= =

po(&) = 12)

Suppose that we take a single (possibly nonlinear) measure-
ment y of 6 and that the noise density p, (v | &) exists.
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Considering this as a function of ¢ for fixed v, we have

P18 =Y dyven

n= =00

(13)

where the d, are functions of v (which do not, in general,
have an interpretation as in (2)). Applying Bayes’ rule, we
compute the-Fourier series form for the conditional density

+ 0

PN = % e (149
i) = 20 (15)
W= 3 a0dy 0, (16)

Thus the computation of p,), involves the (in general non-
linear) computation of -the coefficients {d,(v)} and the
evaluation of the convolution (16). We will comment at
the end of this section on the computational savings that
can be obtained by utilizing the structure of (16). Note
that the only restriction on the applicability of these results
is that we must be able to write p,o as in (13).

- We note that if we use an estimation criterion of the
form given in (4), our optimal conditional estimate becomes
an explicit function of the {c,(1)} (e.g., see (7)~(9)). It is
this observation that provides much of the motivation for
our study of the evolution of the Fourier coefficients of
probability densities on S!. The following examples are
but a few of the many problems that fall into this framework.

Example 1

~ Let 0 be an S* random variable with density given by (12).
Let v be a real-valued random variable, independent of 6,
with density p,(v) = N(v;0,y) (normal density with 0
mean and variance y). Consider the observation

y=sinf + v 1))

In this case
Pysv1 &) = N(v — sin &; 0,) (18)

and we can show [4], [12], [13] that the associated Fourier
series (13) is a complicated expression involving Bessel
functions. In principle we can use this expression together
with the observation value v and the update equations
(14)~(16) to compute the conditional density (approximate
methods are discussed in Part II). We also note that vast
computational simplifications arise if we consider the
continuous time analog of (17) (see Example 4).

Example 2

Let 0 and v be as in the previous example and suppose our
observation is

(19)

This type of problem was studied in [2] and [4] in a dif-
ferent way, using the mod 2z equivalence of points on the
real line. We have

Pyio(v1 &) = F(v — £;09)

y = (6 + v) mod 2.

(20)
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where F(x; n,y) is the “folded normal” density (evaluated
at &) with mode # and “variance’ y. This density is related
to the normal density in the following way: if x is a real
random variable with density N(«; #,7), then § = x mod 2n
has the density

+ o0
F(a; ny) = ) Zw N(a + 2nm; 1)
[i.e., we “fold” N(x;n,y) around the circle]. We note that
the folded normal density is the solution of the standard
diffusion equation on the circle (i.e., it is the density for
S! Brownian motion processes) and is as important a
density on S* as the normal is on R'. We will find this
density to be most useful in devising suboptimal schemes
in Part II. For further discussions on the folded normal,
see [1], [4], [14]-[16].
One can show [1], [4] that the Fourier series form for
DPyje in (20) is

1§ 2912 in(v—£)
Py 18 = — e MR TS,
vl 27Cn=2—-oo

@D

(22)

We can then compute the Fourier series form of py), from
(14)-(16).

We can also handle the problem of computing conditional
densities of random processes given a series of discrete
measurements. Assuming that the measurement noises of
the various measurements are independent of each other
and of the process 0 that is to be estimated, we can process
each measurement as in (14)~(16) and can propagate the
density between measurements via some sort of “diffusion”
equation. Of course, if we are using the Fourier series
representation for probability densities, our diffusion up-
date equations should be in terms of the Fourier coefficients.
We consider an example of a random process on S! to
show how the Fourier series approach leads to simple
diffusion update equations.

Example 3
Consider a discrete-time random process 0, that satisfies
0i+1 = (6, + w) mod 27 (23)

where the w, are independent random variables on S'.
Given a sequence of (possibly nonlinear) noisy observations
i of 8,, we wish to compute the conditional distributions

PoE k) = B0 = €y n) = % alk| R
en)
Po&s k + 1, k) = p(bhrs = &1y "5 30)
- jf ok + 1| k)™ (25)

The computation of py(¢; k,k) from py(&; k, k — 1) and
the measurement y, proceeds as discussed previously. We
now consider the “diffusion update”—the computation of
Pe(E; k + 1, k) from pe(&; k,k). Assuming that the density
for w, can be written as

+ o0
pulek) = ¥ dik)e™

n=—0o

(26)
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we have the convolution form of the diffusion update

2n

PoEs Kk + 1, K) = f PoE — a3 kK pu(k) de (27)

0

which leads to the Fourier series update equation
.k + 1] k) = 2nc,(k | k)d (k). (28)

The fact that the convolution (27) transforms into the point-
wise multiplication (28), together with the interpretation
of ¢, in (2), indicates the close relationship between the
Fourier coefficients and the characteristic function of a
real random variable [17]. We also note a type of “dual”
result to the diffusion update pair (27), (28). Looking at
the measurement update computation, we see that, except
for the normalization factor, Bayes’ rule involves pointwise
multiplication of functions (pe(£) times p, (v | £); regard
the latter as a function of &), but when we transform to the
Fourier coefficient framework, we obtain a convolution
(16). This observation is important in understanding the
computational aspects of our results. Since we cannot avoid
a convolution (we obtain one in either the diffusion or
measurement update depending on whether we use the
density or its Fourier coefficients), the high-speed con-
volution and fast Fourier transform techniques discussed
in [26] and [19] may be of value in performing the cal-
culations efficiently. (See [4] for a further discussion and
[11] for a related discussion on quantized versions of these
problems.)

Note that (28) can be used to study the properties of
stable distributions on S?, i.e., classes of densities that are
closed under convolution, or equivalently, classes of
densities that are closed under the multiplication of Fourier
coefficients, as in (28). We will not go into this problem
here except to remark that one can show that the class of
folded normal densities is a stable class. (See Lemma 2 of
[1] and the discussion in [4].)

Finally, we note that if 8(r) = w(¢) mod 27, where w(¢)
is a standard Brownian motion process, we obtain an
equation of the form (23) if we take 6, = 0(kA), w, =
w((k + 1)A) — w(kA). In this case, we can show [1], [4]
that po(¢; k + 1, k) is the solution of the diffusion equation

p 1%
L 22 =0
ot 200%

at t = (k + A when we start at time ¢ with py(&; kk).
Also

29

+

R i

T n=—o

(30)

IV. FOURIER ANALYSIS AND CONTINUOUS-TIME PHASE
TRACKING AND DEMODULATION

In this section we consider a class of estimation problems
of importance in a number of communication applications.
We wish to investigate the processing of a signal of the form

r(¢) = sin (@t + ¢@t) + v(t)) + W) (31)

where , is a carrier frequency, ¢ is some type of modulating
information, v is a phase drift, and w is additive channel
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noise. With this model we can consider phase tracking,
phase demodulation, and frequency demodulation. Standard
techniques for such problems involve a system called a
phase-lock loop (PLL) [10]. The reader is referred to Part II,
where we review the basic ideas behind the PLL and present
some results comparing the performance of PLL systems
with the performance of systems designed using the tech-
niques developed here.

In the following discussion we utilize the tool of Fourier
series analysis to design tracking and demodulation systems.
The goal of our approach and also of the similar techniques
discussed in [6] and [7] is to devise methods for designing
filters that utilize the inherent structure of the problem at
hand and that are of practical value. In this light, one of the
main contributions of our work is that the Fourier series
formulation allows us to understand the structure of optimal
(infinite-dimensional) trackers and receivers and to devise
high performance finite-dimensional approximations. In-
stead of describing a general method, we illustrate our
technique by discussing several important examples.

Example 4

We consider a phase tracking problem that is essentially
the same as that studied in [7]. This problem is the con-
tinuous time analog of Example 1. Suppose we receive the
signal

2(t) = sin 0(t) + rY*(t)w(z) (32)

where

0(t) = wt + ft q%(s) do(s) + 0, (33)

0
and v and w are independent Brownian motions, ¢(t) > 0,
r(t) > 0,and w, > 0. Also 6, is a random initial condition
independent of v and w.
Suppose we wish to estimate 6(¢) mod 27 given {(s) | 0 <
§ < t};i.e., we wish to filter out r'/%w and track the phase.
Equation (32) is, of course, only formal since w is white

noise. The It differential forms of (32) and (33) are
00) = 6, (34

(35)

do(t) = o, dt + q'*(t) dv(t),
dz(t) = sin 0(¢) dt + r''2(¢) dw(t).

We take as our optimal estimation criterion the minimization
of [(1 — cos ((t) — 0(2)) | z(s), 0 < s < t]. As discussed
previously, it then makes sense to compute the Fourier
coefficients {c,} of the distribution for 6(¢) conditioned on
2(5),0 <s <1t

The stochastic differential equation for ¢,(z) can be
obtained using the results of Kushner [21], [22]

de(t) = — Finwc + %Zq(t)] c,(¢) dt

F(Cn-—l(t) = Cuy1(1))
2i

+ 2nc,(t) Im (cl(t))]
[dz(t) + 2r Im (c,(2)) dt]

! r(t) G0
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Fig. 1. Form of infinite-dimensional optimal filter of Example 4.
l -2wa,
) 20Bn-1-bns) (i-270) 3(0041=0p.y)
z-2wa, !

Fig. 2. Diagram of the ¢, filter shown in Fig. 1.

Here Im (c,) = (¢, — ¢,*)/2i. Recalling that ¢, = im and
¢_, = ¢,*, we see that we need only solve (36) for n > 1.
Note that these equations are simpler than the discrete-
time equations of Example 1, since the equation for c,
depends only on ¢y, ¢,_4, ¢, and ¢,,, instead of on all
of the coefficients as in (16) (also we do not have to compute
Bessel functions).

The structure of the optimal filter, which is illustrated in
Figs. 1 and 2, deserves further comment (recall that ¢, =
b, — ia,). The filter consists of an infinite bank of filters,
the nth of which is essentially a damped oscillator, with
oscillator frequency nw,, together with nonlinear couplings
to the other filters and to the received signal. Note that
without measurements but with the oscillator phase noise
g''*(t) dv(t) present, the steady state density for 0 is
uniform; i.e., ¢, = 0, for all n # 0. The purpose of the
damping term in the c, filter is to account for this diffusive
effect. We will have more to say about the structure of this
filter in Part II.

We note one very appealing feature of our filter; i.e., it
is time-invariant (see Figs. 1 and 2) if ¢ and r are constant
and is equipped to handle any initial conditions. If we are
interested in the pure synchronization problem after we
have acquired the signal, we might impose the initial
condition ¢,(0) = 4=, for all n, which corresponds to our
knowing that the initial phase is 0. On the other hand,
setting ¢,(0) = 0, for all n # 0, corresponds to the assump-
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tion that the initial phase is uniformly distributed; i.e.,
this is the acquisition problem. Thus, suppose we can build
a finite-dimensional approximation to the infinite dimension-
al filter given by (36). Then, assuming we retain the time-
invariant nature of the original system, we see that the same
filter can handle either synchronization or acquisition
merely by the proper choice of initial conditions. The
reader is referred to Part II, where we present and discuss
some simulation results for the problem discussed in
Example 4.

Example 5

In this example we will consider a phase demodulation
problem. Consider the R! signal process x(¢) satisfying the
Itd differential equation

dx(t) = a(t)x(t) dt + q'*(t) dv(t) (37

where v is a standard Brownian motion process independent
of the initial condition x(0). We wish to estimate x(7)
given the phase-modulated observation process

dz(t) = sin (0t + x(¢)) dt + r''?(t) aw(t)  (38)

where w is a Brownian motion independent of v and x(0).

Suppose we want the minimum variance estimate of
x(1), given {z(s) | 0 < s < ¢}. It is known that the desired
estimate is the conditional expectation &[x(¢)| z(s), 0 <
s < t] A R(]¢). As in Example 4, we write the optimal
demodulator equations in terms of some very special
functions. The form of the optimal demodulator, which is
infinite-dimensional, is appealing physically and suggests
some new suboptimal demodulation techniques. The ex-
ponential time correlation of x(z) (the presence of the term
a(t)x(t) dt on the right side of (37)) makes this problem
somewhat more complicated than the preceding example.

We now write the stochastic differential equations
satisfied by

eon(t) = 51; S[X"(E)e™ ™D | 2(5),0 < 5 < 1] (39)

where 0(t) is the signal phase

0(t) = (vt + x(¢)) mod 27. (40)

Again using Kushner’s results, we find that
2
dem(®) = [ nate) = "0 — i | ()

- ima(t)cn+1,m(t) + w

 Comanlt) = igOmG, - D)) dt

e e CLLYCHO)
2i

C(dz(t) + 2n1m (co,(t) di))
r(t)

(41)
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Fig. 3. Form of optimal phase demodulator of Example 5.

where ¢, (1) 2 0, for all n < 0, and ¢,,(t) = ¢ - ().
Note that our optimal estimate is

21 1) = 2mego(t). 42)

We will make a few comments about this filter, which is
illustrated in Fig. 3. The demodulator consists of a doubly
infinite bank of filters. The c,, filter is directly connected
Only to the €o1s Cu+1,ms cn—l,m’ cn—2,m> cn,m—b and cn,m+1
filters. Referring to (41), we see that the ¢, filter form > 0
resembles the damped oscillator filter in Fig. 2. The c,
filters are much simpler in form.

The reader is referred to Part II, in which we discuss a
number of systematic methods for truncating this doubly
infinite bank of filters. We also note that in this same frame-
work, one can consider phase modulating more complicated
signals and the filtering out of phase drift noise or a random
initial phase (i.e., the acquisition problem). The next
example, in which we consider an FM problem, illustrates
the versatility of this conceptual approach.

Example 6
Consider the received signal process

t

x(s) ds + Jw e'’3(s) df(s)) dt

0

dz(t) = sin (coct + gf

0

+ r1%(1) dw(t) (43)

where x satisfies (37), and fand w are independent standard
one-dimensional Brownian motion processes, both in-
dependent of x. The term [} e'/*(s) df(s) represents random
phase drift, and the dw(¢) term is additive channel noise.
We note that x(¢) can be considered to be an error in our
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knowledge of w, (e.g., dx = 0 with x(0) unknown cor-
responds to a constant offset in the carrier frequency or a
constant Doppler shift [23]). Let us define the two-dimen-
sional signal process

o= [0 -

x(t)
[g fo x(s) ds + f e1/(s) df(s)}' (44

0
We then have

ay(t) = A@O)y(r) dt + QV2(r) du(r) 45)
where
_ [v® _[a@®) ©
= 70 a0 = 4]
1/2
0'2(r) = [q o0 elg(t)], (46)
Also

dz(t) = sin (.t + Wy()) dt + ri2(t) aw(t) (47)
W = [0, 1]. (48)

As in the last example, suppose we want the minimum
variance estimate of x(¢). To do this, we write the stochastic
differential equations for

o = 5= 6L | 2,0 < 5 < 1], (49)
T

The optimal estimate is 2rc;o(2), and the filter equations are

de,.(t) = {[na(t) - ’%2 e(t) — imwc] Coml?)

- imgcn+1,m(t) + Kl(n——zl)—q@ cn—z,m(t)} dt

+ [(cn,m—l(t) - cn,m+ 1(1))
2i

) [a’z(t) + 27 Im (cq,(2)) dt]
(1) '

Again ¢, A 0, foralln < 0.
In a similar manner we can consider the general problem

dy(t) = A()y(1) dt + Q'*(t) dv(t) QY
dz(t) = sin (w,t + K'y@)) + ri/? dw(t) (52)

where y is an n-vector, v is an m-vector, and the functions
v,(t)," " " ,v(2), w(z) are independent standard Brownian
motion processes, all independent of 3(0). Given (52) we can
consider finding the minimum variance estimate (i.e., the
conditional mean) of Cy(¢) given {z(s) |0 < s < t}. (Note
that if we allow y(0) to be random, we can consider a random
initial phase problem.) Examples 4, 5, and 6 indicate that
this model includes the phase tracking, phase demodulation,
and frequency demodulation problems in the presence of
both additive channel noise and phase drift noise. (In the
phase tracking problem, our estimation criterion may be

+ 2ne, () Im (cm(t))]

(50)
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something other than the minimum variance estimate,
e.g.,1 — cos (@ — 0))

We also note that the general problem (51), (52) is
conceptually no more difficult than the problems considered
in the examples and, as in these cases, yields a time-
invariant solution if 4, @, and r are constant. However,
the bookkeeping becomes more complicated. Some straight-
forward calculations indicate that, in general, we must
compute

éa[ylk1y2k2 e y”kne—im(mct+h'y(t)) 1 Z(S), 0O<s < t].

Thus the general demodulator-tracker is a multidimensional
version of the systems considered in the examples. As a
final indication of how these techniques can be used, we
consider a phase tracking problem in which the amplitude
of the sinusoidal signal is unknown.

Example 7

Suppose we receive the signal

dz(t) = A sin 6(t) dt + r/*(t) dw(t) (53)

where

0(t) = ot + f " V2(s) do(s) + O, (54)

0

We assume that the signal amplitude is constant but un-
known with a priori probability distribution p,(«). Also,
we let v and w be independent Brownian motions, which
are both independent of 4. We wish to devise a technique
for tracking 0(¢). We use the criterion min §[1 — cos (6(¢) —
0(t)) | z(s), s < t]. Adapting the techniques used in the
preceding examples, we write the differential equations for

Canlt) = %—Ié"[A”e—i'""(’) [2(s),0 < s <t]. (55)

We can show that

de(t) =— [imwc + ng(t)] Comt) dt

+ [(cn+1,m—1(t) - cn+1,m+1(l))
2i

T 2m6(1) Im (cu(z))] ["Z(’) + 21 Im (¢;,(1)) dt]

r(t)
(56)
and our estimate is

f(t) = tan™! (‘blo—lg—;).
o1

We note that in acquiring a sinusoidal signal such as in
(53), we often do not know the transmitted signal power;
i.e., A can be taken as a random variable. Thus we might
use a filter of the type described here to determine A4
(equivalently, to determine the signal to noise ratio). Once
we have “determined” A, i.c., reduced the variance in our

N .
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estimate (2mc, ) of A to an acceptable level, e.g.,
V2rc,, — 4nte 2 < 0.02ncy,,

we can simplify the tracking filter. That is, we use the
approximation 4 & 2nc¢,,, and the problem reduces to the
type considered in Example 4. In relation to (56), we then
need only compute c¢,,. We note that the only ¢,, with
n = 1 that directly enters the equations for dc,,, is ¢,
and we can approximate it by

(58)
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We can also consider the problem in which A is time-
varying. One important problem is the tracking of a
sinusoidal signal that is transmitted through a Rayleigh
channel [10], [24]. The received signal for such a channel
can be modeled [10], [25] as

dz(t) = x,(¢) sin 0(¢) dt + x,(t) cos 0(t) dt + r'/2(t) dw(t)
(59)

where x; and x, are zero mean, independent, identically
distributed Gaussian random processes. If we know that
x4 and x, satisfy a particular linear It6 differential equation,
we can use the techniques developed in this section to
track 6(z). In this case, the quantities to be estimated are
(1/m)x; x,me ™0,

V. CONCLUSION

In this paper we have investigated a number of phase
estimation and demodulation problems with the aid of
Fourier series analysis. We have found that this approach
exposes the rich structure inherent in quite general classes
of estimation problems on the circle. We have considered
a number of important practical problems as examples
and have derived infinite-dimensional optimal estimation
equations. In Part I we will consider approximating these
sets of equations and will present some numerical results that
indicate the worth of our Fourier series approach.
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