2 IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS—I: FUNDAMENTAL THEORY AND APPLICATIONS, VOL. 41, NO. 1, JANUARY 1994

Multiscale System Theory

Albert Benveniste, Fellow, IEEE, Ramine Nikoukhah, Member, IEEE, and Alan S. Willsky, Fellow, IEEE

Abstract— In many applications it is of interest to analyze
and recognize phenomena occurring at different scales. The
recently introduced wavelet transforms provide a time-and-scale
decomposition of signals that offers the possibility of such an
analysis. Until recently, however, there has been no corresponding
statistical framework to support the development of optimal,
multiscale statistical signal processing algorithms. A recent work
of some of the present authors and co-authors proposed such
a framework via models of “stochastic fractals” on the dyadic
tree. In this paper we investigate some of the fundamental issues
that are relevant to system theories on the dyadic tree, both for
systems and signals.

1. INTRODUCTION

ULTIRESOLUTION signal processing has been and

continues to be an extremely active area of research
in both theory and applications. In part, with the development
of the wavelet transform [18]-[20], (25], [29], [30], pyrami-
dal image representation schemes [10], and multirate digital
filtering [17], activity in this area has increased dramatically
in the past few years. For the most part the home for this
research has been the signal processing community, but, in our
opinion, there is a significant role that should be played by the
system theory community. In particular, in [7] we present an
overview of some of our work toward this objective, and we
explain why linear models of systems and stochastic processes
on the dyadic tree provide a natural and powerful setting
for multiscale modeling and processing. Roughly speaking,
all multiresolution methods involve a process of successive
operations of filtering-and-decimation which associate with
any signal a collection of successively decimated waveforms.
For example orthonormal wavelet and wavelet packets [16]
transforms proceed by successively splitting a signal into low-
and high-pass components that are decimated before the next
stage of filtering. In this way we form the representation of the
signal in a wavelet basis in which the different components of
the transform are very naturally indexed using a dyadic tree
representation. Such a procedure clearly describes a dynamic
process in which the index set is the dyadic tree and the
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basic dynamic operations can be viewed as recursions in scale,
consisting of filtering and decimation.

Although these observations might be viewed simply as
an interesting interpretation of multiresolution signal repre-
sentations, we believe (and our recent work confirms) that
they provide much more than that. Specifically, the descrip-
tion of multiresolution representations as dynamic systems
on trees provides a setting for the multiresolution modeling
of signals and phenomena which, in turn, lead directly to
powerful methods for statistically optimal multiresolution sig-
nal and image processing. In particular, these observations
have led us to examine scale-recursive models for stochastic
processes, leading to multiscale generalizations of Schur-
Levinson techniques [4] and Kalman filtering [13],[14],[7].
Moreover, in [7],[13]-[15],[26]-[28] we have demonstrated
that these and related algorithms for likelihood calculation lead
to new methods for a variety of important signal and image
processing problems, including multiscale data fusion, motion
estimation in image sequences, and texture discrimination.
Furthermore, these new methods offer considerable advantages
over previous methods in terms of computational efficiency,
statistical optimality, explicit calculation of error statistics,
estimates at multiple resolutions, and so forth.

In large part it is these successes that provide the motivation
for this paper. In particular in the applications we have
considered, the multiscale models that have been used were
either provided or obvious. However, given the promise of
these methods as well as the demonstrated richness of this
multiscale framework [27], it is clear that there is a need
for a theory for multiscale modeling, and, in particular, for
a realization theory for multiscale models. In this paper we
introduce and develop the basic ideas for such a muitiscale
system theory. The key to this development is the identification
of a transform concept that is as naturally associated with
multiscale systems as the z-transform is with usual discrete-
time systems. The basis for this ransform is the definition of
elementary “dynamic shift” operators associated with signals
on the dyadic tree. That is, while in the usual signals and
systems framework the basic operation is the time-shift of
signals, usually represented using the variable 2z, the basic
operation for us will be filtering-and-decimation, which will
play the role of our abstract shifts on the dyadic tree.

In particular, as we develop in Section 2, these abstract
shifts are identified by examining the purely algebraic structure
of Quadrature Mirror Filter (QMF) banks, which are the
key building block in defining pyramidal multiscale signal
representations. QMF banks are also central to the construction
and design of orthonormal wavelet bases, although in this
paper we exclusively use only the basic algebraic properties
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of QMF banks and not any of the analytic properties used
either in filter bank design [31] or wavelet construction [19].
Specifically, we first show that QMF banks can be naturally
interpreted as linear operators from /2(7) into itself, where
T denotes the dyadic tree. These operators satisfy a key
algebraic condition that is a direct counterpart of the usual
QMF property, and which amounts to defining an orthonormal
decomposition of [?(7). Once we have these basic shift
operators we can immediately introduce the concept of a
system on the tree in exactly the same way that we define
linear discrete-time systems in terms of z-transforms. That is,
roughly speaking, a system is a linear combination of products
of the above mentioned basic shift operators. An important
point here is that while for z-transforms we in essence make
use of only two operators, namely the forward and backward
shift z and z~1, which are inverses of each other, so that
2271 = 271z = 1, for systems on dyadic trees we will need
to define four operators that satisfy somewhat more complex
conditions abstracted from those for QMF’s (indeed these
operators do not commute and are not invertible). This, in
turn, makes the study of such systems much more than a
straightforward exercise. In particular, Section 3 is devoted
to the study of such systems on the dyadic tree: rational
systems, their realizations, and associated state-space forms
are introduced.

Following this, the geometry of the dyadic tree is deeply
exploited in Section 4 to properly define the concept of
a stationary system in this context. Stationary systems are
defined as systems commuting with translations, where the
notion of a “translation” on 7 must be carefully defined.
In particular, for usual discrete-time systems we typically
abuse notation and use the operator z to represent both
an operation on signals (i.e. z(z)(n) = z(n + 1)) and as
a translation of the index set itself (z : n — n + 1).
For the dyadic tree these two notions are rather different,
and thus we must provide a precise notion of the concept
of translation. Once we have this definition, a very simple
characterization of stationary systems is given, and similar
results are presented for stationary stochastic processes, i.e.,
processes with a covariance that is left invariant by translations
(the isotropic processes studied in [4] are thus particular cases
of the notion of stationary process we introduce in this paper).
In particular, we show that stationary systems driven by white
noise produce stationary stochastic processes as outputs, and
we provide a “spectral calculus” for such processes. Finally,
in Section 5 we summarize the results of the paper and point
to several questions for the future.

II. MULTISCALE REPRESENTATIONS
AND SYSTEMS ON THE DYADIC TREE

The diagram in Fig. 1 depicts a maximally decimated filter
bank that still produces alias-free and perfect reconstruction
of signals [17],[31],[32]. In this picture, the symbol | 2
denotes the decimation by a factor of two, i.e., the linear map
(zn) = (un) = (z2,). Hence, in the z-transform domain,
one has U(2?) = (X (z) + X(~%)). Similarly, the symbol
T 2 denotes the interpolation by a factor of two, defined in

Fig. 1. Maximally decimated filter bank: the | 2 denotes a downsampling
operator with rate 2 (samples with even time index are deleted).

the z-transform domain by the map U(z) — Y (2) = U(z2).
Accordingly, the corresponding input-output map is written as
follows:

H(z)U(2*) + G(2)V(2?)
S[AEHE) + BRG] X ()

1)

Y(z)

+ 3 [AE) H(=2) + G)G(-2)] X (~2).

In this formula, [H(z)H(-2)+ G(2)G(~2)]X(-2)
represents the aliasing component, whereas
1[H(z)H(z) + G(2)G(2)] X(z) represents the linear

transfer component. For this map to be both alias-free (i.e.,
H(z)H(-2) + G(2)G(~2) 0) and providing perfect
reconstruction of signals (i.e., H(2)H(z) + G(2)G(z) = 2),
a well-known method [31,32,8] is to construct a pair (H,G)
satisfying the so-called power complementary condition:

H(2)H(z"Y) + H(-2)H(-2"1) =2

2 Y H(-271 = G(2) )
and then to select (up to a delay) the pair (H, G) as follows:
H(z) = H(>""),G(2) = G(=71) 3

This yields the “paraunitary maximally decimated filter
banks”. Simple examples are given now:
e The pair

H(z) =1,G(z) = 27" 4
together with its proper dual H(z) = 1,G(z) = =z
This leads to pure sampling-and-interpolation operations
(without any filtering) in which one channel keeps the
even samples and the other channel the odd samples.

* The pair

Hz)=1+42"1,G(z)=1-27" &)

which corresponds to the Haar transform [19].
A pair (H, G) satisfying the condition (2) is called a Quadra-
ture Mirror Filter (QMF) pair.

To make the notion of a scale more apparent, we shall
slightly modify this classical setting. For £ real, we denote
by £Z the set {¢n|n € Z}. Successive scales will be figured
by the sets 27 "Z , where n varies from —oo (the “coarsest”
scales™) to +oo (the “finest” scales”). Then we simply redefine
the symbol T 2 as the natural embedding {2(2Z) — [2(Z)
defined by (z,) — (yn), where y2,, = T, and yon+1 = 0.
Similarly, | 2 is the natural projection {2(Z) — [2(2Z), which
consists of deleting the samples whose index is not even. In
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doing so, filtering by H and then decimation by a rate of two
induces an operator

H:12(Z) — 12(22)

and similarly for G. Vice-versa interpolation by a rate of 2 and
then filtering by H induces an operator

H:1%(2Z) — 1%(Z)

and similarly for G. Now, the QMF conditions (2), (3) induce
the following identities [19), [8]:

I=HH=GG
I=HH+GG
0=HG=GH
H=HG=g" ©6)

To verify these identities, note first that the second one is
equivalent to the perfect reconstruction condition so that it is
satisfied. To prove the first or the third ones, we note that
elements of {?(2Z) are obtained via decimation of elements
of {3(Z), i.., they have z-transforms of the form U(z?) =
X(z) + X(—%) where X is the z-transform of some element
of 12(Z). Thus applying to U the operator H yields, in the
z-transform domain corresponding to 12(Z), H(z)(X(z) +
X(—z)). Then applying H finally yields, again in the z-
transform domain corresponding to 1%(Z)

SHEHE(X(E) + X(-2)
+H(-2)H(-2)(X(—2) + X(z))]

= LHEH) + B (=) (X(2) + X(~2))
- U(:?)

where the last equality follows directly from QMF conditions.
Other properties are verified in the same way.

Indeed, since decimation and interpolation are generally
applied successively several times, it is convenient to consider
all scales 27"Z. Then for each scale n, filtering by H and
then decimation by a rate of 2 induces an operator

H:1(27"Z) — 12(2-(-1Z)

and similarly for §. Vice-versa, for each scale n, interpolation
by a rate of two, and then filtering by H induces an operator

H:2(27"2) — 122~ D7)

and similarly for G. To avoid using this floating scale n,
it is convenient to glue all 27"Z’s together and consider
instead their disjoint union [[¥S° 2-"Z. But this latter set is
equivalently represented by the homogeneous dyadic tree T,
defined as follows: the nodes of 7 are the truncated binary
expansions of real numbers, and ¢t — s is a branch of 7 if and
only if ¢ is obtained via cancelling the last bit in 5. Then 2~ "Z,
i.e., the n-th scale, identifies with the set of all binary numbers
that are multiples of 27", Fig. 4 shows a picture of this dyadic
tree. Furthermore, the process of bit cancelling corresponds to

U(n+1)

to finer scales

Fig. 2.

Cascading a QMF analysis-synthesis bank.

moving to the next coarser scale (i.e. increasing decimation).
Hence, the pair (H, G) is now considered as a pair of operators

H, G lioe(T) — Lioo(T) 0

where {2 _(---) refers to signals that are locally /2-summable,
and identities (6) are still valid. Now consider a QMF pair
(H,G) as discussed above and let us consider what we could
mean by a system involving such a pair and, in particular, how
the filter branch of Fig. 2 can be represented as a dynamic
object on 7. As in the standard Hankel operator approach to
linear system theory, we wish to look at input-output maps
in which applied inputs finish at some point and we look
for outputs “after” this point. In our case, this corresponds
to considering the reference scale Z (rather than a time origin
in the usual case) and considering inputs u € {3 _(7") which
are zero for scales “after” this one, i.e., for all finer scales,
which means that the support of u is contained in the disjoint
union ]_[;i_oo 27"Z. Thus, we can think of u as a collection
of signals U(n), where U(n) is the restriction of u at the n-th
level of resolution. Thus each U(n) can be interpreted as an
ordinary signal and U(n — 1) has a sampling rate that is half
that of U(n). In Fig. 2, each component U (n) is processed first
via a single application of G and then by (n—1) applications of

‘H. That is, if we define the following input-output map on 7 ,:
y=(G+HG+HG+H'G+ . Ju=(1-H)'Gu ®

then the desired signal Y is simply the restriction of y to
the zero scale. Thus we see that the QMF reconstruction
procedure can be thought of exactly as a particular Hankel
map on {2(7) that is both causal with respect to scale (i.e.,
coarse-to-fine) and, as indicated in (8), rational. A similar but
dual interpretation holds for the pair (H,G), which defines
an anticausal (i.e., fine-to-coarse) system on 7. In the next
section we present a precise framework for describing such
dynamic systems and for studying the concepts of rationality
and realizability.

III. SYSTEM THEORY AND REALIZATIONS

3.2 Systems on the Tree

In this section we consider some “abstract” QMF pair,
ie., a 4-tuple of operators {o,(,@, S} on I3(T) satisfying
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the following QMF properties that are just the translation of
properties (6):

aa=0=1 )
aa+pB=1 (10)
Ba=af =0. (11)

The class of operators we consider is the multiplicative algebra
of linear combinations of these primitive ones: this is a
noncommutative algebra. The class of abstract systems we
consider are matrices whose entries are elements of this
algebra. Thanks to these rules, any system can be expressed
as follows:

H = hw1wLwT?Ul (12)
wl e WI
w e Wt

where
VVT = {Eilﬁizﬁl,iz € I\I},VVl = {ajlﬂjzljl,jz € N}

are the family of monomials generated by the operators @, 3
and «, (3, respectively, and the h,,1,,1 s are matrix coefficients.
In this writing we implicitly assume that all simplifications
(9), (10), and (11) have been performed. We shall call the
support of H the set of monomials in (12) with nonzero
coefficient and shall call the degree of the monomial w' or
w! the length of the considered word, ie., degree(w') =
degree(a' B) = iy + iy, and similarly for w!.

Examples of Abstract QMF Pairs on the Tree: We already
discussed the case of abstract QMF pairs (H,G) originating
from some actual QMF filter bank (H,G) in the classical
setting. Of particular interest in the sequel will be the simplest
such case in which H(z) = 1 and G(z) = z~1,: this
corresponds to performing pure decimation and interpolation
without any filtering, and will be widely studied in Section
4. The particular feature of QMF pairs (H,G) originating
from some actual QMF filter bank (H,G) is that they map
signals with support contained in a given scale into signals
with support contained in the next scale. But this does not
need to be the case in general for our abstract QMF pairs,:
in particular, it may be the case that, for t € 7, (ax); is a
linear combination of z;’s for some nodes s located in different
scales.

Examples of Systems on the Tree. Referring to our discus-
sion in (8), the system (1 — H)~'G considered there can be
put in the generic form (12) by setting

a=H,f=Ga=HpB=G
‘v’nZO:thgzl,

otherwise h,,1,,1 = 0. (13)

When the underlying QMF pair (H,G) of filters is low-
pass/high-pass, this system corresponds to a filter bank with
logarithmically equal frequency bands. Similarly, the choice

a=H,f=Ga=H,B=G (14)

Yn>0:h, =1ifwisof degree n, otherwise h, 1,0 =0

Fig. 3.

A wavelet packet synthesis bank.

which is shown in Fig. 3, corresponds to the case of a filter
bank with equal frequency bands.
Causality. We shall say that a monomial w'w! is causal if

degree(w') > degree(w?) 1s)

and we say that the system H is causal if, in expression (12),
hytw: = 0 whenever wlw! is noncausal. Strict causality is
defined accordingly. Referring to the particular case where
our pair {«, 3} corresponds to a usual QMF pair, we see
that causal monomials involve only decimation. Hence, in
this case, causal systems are just systems such that their
output at a particular level of resolution depends only on
the values of their input at the same or at coarser levels of
resolution: causality thus may be interpreted as referring to a
dynamics oriented from coarse to fine resolutions. In particular,
the synthesis QMF bank of Fig. 2 specifies a (purely) causal
system, while the analysis QMF bank specifies a (purely)
anticausal one. Causal systems may be written as follows:

Y (16)

wTEVET
weWwW

H= hu,rﬁ,wTdf

where W is the set of monomials w'w! such that
degree(w') = degree(w!).

Referring again to the synthesis QMF bank of Fig. 2, the h,,1 3
coefficients are zero unless w is the empty word: such a system
will be referred to as “zero-depth,” where the notion of depth is
captured in the definition to follow. In Section 4 we consider
a particular concrete set of variables o, 3,7, 3 that are the
correct ones for the study of the notion of stationarity on 7
and we will find that the correct class of stationary models of
the form of (16) will include those that are not restricted to
be zero depth but are in fact finite depth.

Definition: We define the depth of a causal monomial
whi@ (cf. formula (16)) as one-half the degree of 0.
A system H is called finite depth if it can be expressed as a
(possibly infinite) sum of monomials with uniformly bounded
depth. The depth of H is the minimum among such bounds
over all possible representations of H.

At this point, it will be useful to provide a representation of
the space of all monomials of depth < k. Consider the space

w =
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to finer scales

U(3)

uQ)

u(n)

Y

...1101..,

translational shift

Fig. 4. The dyadic homogeneous tree. The various scales, ie., 2" Z, are
vizualized as the horizontal alignments of nodes. Moving one step upward
corresponds to moving to the next coarser scale, i.e., removing the least bit
in the binary coding of the node. The Y and U/(n) signals are also visualized
forn = 1,2.3.

Wi spanned by the monomials W of degree < 2k. Recall that
@ + BB = 1 so that the family of these monomials is not
a basis of Wk. However, it is easily checked that monomials
with a degree exactly equal to 2k form a basis for W, Denote
by {¢1,...,¥n, } such a basis and set

o
¢k =
.

If H is finite depth we can decompose it as follows:

[ = diag(¢,, 9, b,).

H=H'H an

where H' is a system with support in W' and H a finite degree
system with support in W. This is shown as follows. Consider
the form (16) for the causal systems. Write each monomial &
using the above basis: W = Mz®;. for a suitable row matrix
Mg, then H is rewritten as

H= hytgw!@
wle V_\{T
weEW

= Z heru',‘Mu'}wT @k
wl e Wt
weW
= H'®,.
Next, consider two such decompositions

H =H]®, = H]®,.

Since monomials {¢1, ..., ¢, }, @, and /—Hj form a free system,
it follows that
H] = H]

must hold in the above decomposition. Thus, for any & such
that H of finite depth can be decomposed into

H=H'®, (18)

where the system H' is unique and has a depth of zero. Thus
we shall call the depth of H the minimum integer k& for which
decomposition (18) holds.

Note that there is a deep reason for restricting ourselves
to finite rather than infinite depth systems. In particular, we
are interested in defining the class of rational systems as in
(16). It is well known in language and automata theory that
the language {a™b"|n > 0} is not rational, i.e., it cannot
be generated by a finite-state automaton. However, any finite
restriction of this language, e.g., {a"b"|0 < n < N} is
rational. The language Wis exactly of this form (with more
letters than simply a and b, namely {c, 3} and {@,G}), and
this rationality demands the restriction to the finite depth case.

3.2 Realizations

We now investigate some aspects of a system theory for the
notion of a system introduced above. We shall see that the
theory of general systems is related to realization theory for
automata [22,9] rather than linear system theory even though
we are considering linear operators on signals.

Definition: A finite depth system H as in (17) is realizable
if there exist constant matrices C, A,, Ag and a system Has
in (17) such that

H=C(I-aA, - BAg)  H. (19)
A state-space realization of (19) is
{IL’ = ad.r+ BAﬂZ + ﬁu (20)
y = Cuz.

Realization in the Zero Depth Case: According to (17), a
zero depth system may be expressed as

H=Y hyw"

As is usually done in automata and noncommutative formal
power series theories, we associate with H the following
Hankel matrix:

o are ordered according to the
increasing degree with prioerty given to @. Note that this
Hankel matrix is just the matrix representation of the Hankel
operator we discussed in Section 2. Then the following results
may be borrowed from noncommutative formal power series
theory [22], [9].

Theorem: H is realizable if and only if Hank(H) has finite
rank. Moreover, the dimension of minimal realizations equals
this rank, i.e.,

where the monomials (wlT )

H=C(I -aAs — BAs)'B

where the dimensions of A, and Ag equals the rank of
Hank(H).
By writing

Ay, = coefficient of w in (I — @A, — BAg) ™"

we also have the following theorem.
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Theorem: A realization (C, A,, Ag, B) is minimal if and
only if

\/ Im(4,B)=R"

[w|<n

(] Ker(CAy) = {0}

lw|<n

where 7 is the dimension of the state and where |w| denotes
the total degree of w.

As a corollary, we know that all minimal realizations
are related by similarity transformations. To conclude, the
realization theory for the zero-depth case has been tied back to
the classical theory of noncommutative formal power series,
which is in contrast to the realization theories for classical
1D- and 2D- linear systems.

Realization in the Finite Depth Case: The above procedure
has to be modified for this case.

Theorem: Consider again decomposition (18) where k = £,
is taken to be the depth of H:

1) H is realizable if and only if H' in (18) is realizable.

2) If (C, Ay, A, B) is a minimal realization of H' then

(C, A, Ag, B®;) is a minimal realization of H.
Proof: We just have to prove the second statement. For
this consider two decompositions

H=H!®, =Hlo,

where k, is the depth and & > k,. Since k, is minimal and
the diagonal elements of ®;, form a basis of Wi, there exists
a surjective constant matrix G such that G1®; = ®_. Since
the left factor in the decomposition (18) is unique for & fixed,
we must have

H!G, = H].

Assume the conclusion of the theorem is false, i.e., there
exists a realization (Cs, Az, A2 g, B2) of H; of degree
less than the minimal realization of HJ]. But in this case
(Ca, Az o, Az g, BoGl) is a realization of H] where G is
any right inverse of Gy, which is a contradiction. a
The realization procedure for the k-depth case is:
1) Express H as

H=H®,.
2) Realize H' as

H'=C(I -aA, - BAs)'B. @1
IV. STATIONARY CAUSAL AND NONCAUSAL
SYSTEMS AND STOCHASTIC PROCESSES

In this section we investigate the notion of stationarity.
An important objective of this investigation is to introduce a
notion of stationarity for both systems and stochastic processes
with the desirable property that the output of a stationary
system driven by a stationary stochastic process be itself a
stationary stochastic process. The usual notion of stationarity
for systems indexed by integers is the following: translating the
input would provide a translated version of the output. This is

the notion of stationarity we shall consider here consequently
we must first understand what is a translation on the tree, and
what are isometries.

4.1 The Homogeneous Tree and its Geometry

Homogeneous trees, and their structure, have been the sub-
ject of some work [1], [2], [12], [21], [11] in the past on which
we build and which we now briefly review. A homogeneous
tree T of order q is an infinite acyclic, undirected, connected
graph such that every node of 7 has exactly (g+ 1) branches.
Note that ¢ = 1 corresponds to the usual integers with the
obvious branches from one integer to its two neighbors. The
case of g = 2, illustrated in Figs. 4 and 5, corresponds, as we
will see, to the dyadic tree on which we focus in this paper.
In 2-D signal processing, it would be natural to consider the
case of ¢ = 4 leading to a pyramidal structure on the indexing
set of the 2-D processes.

Isometries: The tree 7 has a natural notion of distance:
d(s,t) is the number of branches along the shortest path
between the nodes s,t € 7 (by abuse of notation we use 7
to denote both the tree and its collection of nodes). One can
then define the notion of an isometry on 7, which is simply
a one-to-one map of 7 onto itself that preserves distance.
For the case of ¢ = 1, the group of all possible isometries
corresponds to translations of the integers (¢ — t + k), the
reflection operation (¢t — —t), and concatenations of the two.
For ¢ > 2 the group of isometries of T is significantly larger
and more complex. The following classification of isometries
may be found in [12], see Appendix A for a proof and related
lemmas on the geometry of the homogeneous tree:

Lemma Classification of Isometries: Given an isometry f
of the homogeneous tree 7, three cases are possible, namely

IseT: f(s)=s 2)
Js,t €T :d(s,t) =1 and
fs) =t f(t)=s (23)
Hsn)nez € 7,31 > 0:d(sp,8n4+1) =1 and
f(sn) = sni. (2

For obvious reasons, isometries of type (24) will be called
translations.

Boundary Points and Horocycles: An important concept
here is the notion of a boundary point (2], [11] of a tree.
Consider the set of infinite sequences of 7 where any such
sequence consists of a sequence of distinct nodes ¢1,12,...
where d(t;,t;+1) = 1. A boundary point is an equivalence
class of such sequences where two sequences are equivalent
if they differ by a finite number of nodes. For ¢ = 1, there are
only two such boundary points corresponding to sequences
increasing toward +oo or decreasing toward —oo. For ¢ = 2
the set of boundary points is uncountable. In this case, let us
choose one boundary point, which we denote by —oc.

Once we have distinguished this boundary point, we can
identify a partial order on 7. In particular, note that from any
node ¢ there is a unique path in the equivalence class defined
by —oo (i.e.\ a unique path from ¢ “toward” —oo). Then if we
take any two nodes s and ¢, their paths to —oo must differ
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Fig. 5. The dyadic homogeneous tree: showing two ways of looking at it.

only by a finite number of points and thus must meet at some
node, which we denote by s A ¢t (see Fig. 5). Thus, we can
define a notion of relative distance of two nodes to —oo

6(s,t) =d(s,s At) —d(t, s A E) (25)

so that

s <t (“s is at least as close to —oo as t”) if §(s,t) <0

s <t (“sis closer to —oo than t”) if §(s,t) < 0.
This also yields an equivalence relation on nodes of T
sxte 6(s,8)=0

For example, the points s, v, and u in Fig. 5 are all equivalent.
The equivalence classes of such nodes are referred to as
horocycles. In this case the horocycles appear as points on
the same horizontal level and s < ¢ means that s lies on a
horizontal level above or at the level of ¢. Note that in this way
we make explicit the dyadic structure of the tree. With regard
to multiscale signal representations, a shift on the tree toward
—oo corresponds to a shift from a finer to a coarser scale
and points on the same horocycle correspond to the points at
different translational shifts in the signal representation at a
single scale.

Translations and Primitive Translations. In the remainder
of this article, some —oo is selected and fixed: only trans-
lations associated with paths originating from —oo will be
considered. Translations will play an important role in the def-
inition of stationarity. Translations certainly are the isometries
of the third class (see (24)) according to the classification of
lemma 1. However, for the sequel, we shall need primitive
translations encoding “moving away from —oo”, i.e. the
counterpart of the shift operator z on Z. These are defined
as follows:

1) Select an infinite path (¢,)ncz originating from —oo,

call it the skeleton of the primitive translation.

to finer scales

to coarser scales

translational shift

Fig. 6. Showing shifts: very thick lines show the moves on the tree, and
thick lines show the operators on signals (the value at the origin of each
arrow is picked at the corresponding end).

2) Denote by s,, the unique point outside the skeleton such
that d(sp,t,) = 1.

3) Denote by ’Ts‘: the semiinfinite dyadic tree with root s,,
composed of the semiinfinite paths originating at s,, and
moving away from —oco.

4) Then the primitive translation with skeleton (t,) is the
unique isometry 7 such that (see Fig. 7)

=7+

Sn+41.

T(tn) = tng1, 7(T,7) (26)

4.2 Shifts on T

We shall call shifts the most elementary pair of {a, 5}
operators; shifts on the tree will be the counterpart of the
“2” shift for the usual case of systems indexed by integers.
Indeed, these elementary shifts are obtained by considering
the simplest QMF pair (H, F) as in Fig. 1, namely (H,G) =
(1,2z71) [for an obvious QMF pair see (4)], and then by
applying the construction of Section 2 to get the corresponding
abstract QMF pair on the tree. We introduce now these shift
operators in a detailed way. In Fig. 6, two shifts are first
described that act on the nodes of the tree:

¢ 1 is the identity operator (no move)

e « is the left down-shift (move one step away from —co

toward the left)

¢ [ is the right down-shift (move one step away from —oo

toward the right)

These shifts act on the right (if ¢ is any node on the tree, to
is its left offspring). Note that o and [ are one-to-one but not
onto; they are not isometries. From these shifts on nodes we
can derive shift operators on signals. By “signal” we mean a
family y, of scalars or vectors indexed by the vertices of the
tree. The primitive operators that we consider are “dual” of
the shifts on 7, namely (see Fig. 6):

o 1 is the identity operator (no move)

* « is the left down-shift operator:!

Yy=0au e Vt:y = U
¢ (3 is the right down-shift operator:
Yy=0u&Viiy =wup

!The value of y at a given node is obtained by picking the value of u at
the corresponding left down node.
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Fig. 7. Translations: we show how the T;: (in grey) are succesively mapped

@ is the right up-shift operator:?

— Yta = Ut
=au eVt
Y {ytﬂ = 0
* B is the left up-shift operator:
a Yp = U
=pfu e Vt:
y p {yta = 0

It is easy to verify that these elementary shifts satisfy the QMF
relations (11) and correspond to choice (4) for QMF pairs.
When state-space forms for systems are considered with these
particular shifts following the preceding section, the moves on
the tree that we just introduced can be used to rewrite these
state-space forms as follows:

Tta = Aozt + a[iut
g = Apzi+ BHu, 27
Yt = Cux;
and
Tta = Aa‘rt + aB‘I)k'u,t
23 = Apzi+ BPrus (28)
Yt = Cuzy

would replace (20) and (21), respectively. Such notations will
be heavily used in the remainder of the paper.

It is clear that these elementary shifts cannot be considered
as “stationary” in any reasonable sense. For instance, the
relation y = @u where v = 1 yields y.o = 1 but y,0 = 0.
This means that, to develop a theory of stationary systems and
processes, we need to constrain the class of systems that we
have considered so far. This will be the subject of the next
section.

4.3 Characterization of Stationary Systems

Throughout the remainder of this section, the symbols
(a, B,%, B) will denote the specific shift operators we intro-
duced in the preceding subsection. Given a translation 7 of
T, by abuse of notation, we also denote by 7 its action on
signals defined by

T(y)e = Yr(2).

2The value of y at a given node is obtained by picking the value of u at
the corresponding right up node if available, or by setting 0 otherwise.

Fig. 8. Shifts for stationary transfer functions: the value at the origin of
each arrow is picked at the corresponding end and the grey cigar replaces
each value by the corresponding average.

Definition Stationary Systems: A linear operator H acting
on signals is said to be stationary if?

Hor=710H 29)

holds for any translation 7.
The following fundamental result is proved in Appendix B.
Theorem: Let H be a linear operator acting on signals.
1) If H satisfies (29) for any primitive translation 7, then
it must be a system of the form

H= Z hi‘jﬁi’)’j 30
1,720
where
1 —_
7=5l@th)a=a+5 @3N

2) Conversely, any H of the form (30) is stationary, i.e.,
satisfies (29) for any translation 7.

These two operators generate two semigroups. The action of
these semigroups is depicted in Fig. 8: 7 is a “backward” shift
toward —oo, whereas v is a “forward-and-average” shift (the
“Haar smoother”). In fact, the pair {3(a+ 3), 1 (a— )} form
a QMF pair with adjoint operators given by {@ + 8,@ — G}
respectively: this is just the QMF pair associated with the
Haar transform. In particular, the v and 7 operators obey the
following simplification rule

=1 (32)
To encode causal stationary systems, it will be useful to
introduce the following family of operators, which perform
a smoothing of data on the same horocycle as shown in the
Fig. 8:

=i .t

ot =7y (33)

All ¢’s are idempotent operators, These operators may be
used to provide the following counterpart of formula (16) for
the stationary case.

Theorem: If H is stationary and causal, it can be expressed
as follows:

H=Y" hi;7oV (34)
4,520
Obviously, the matrix coefficients h;; are different in
formulae (30) and (34).

30 denotes the composition of maps.
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4.4 Realization of Stationary Systems

Both (30) and (34) may be interpreted as standard 2D-
systems that are causal in the two variables. Hence, standard
2D realization theories may be applied to both cases. We shall
briefly investigate the two cases.

Noncausal Systems: If we interpret -y as the row operator
and ¥ as the column operator, then it is natural to consider
the row-by-row scanning to define a total ordering on the 2D
index space. This corresponds to decomposing the system H
according to the following two steps:

1) A bottom-up (i.e. fine-to-coarse) smoothing, followed by

2) A top-down (i.e. coarse-to-fine) propagation.
2D-system theory for systems having separable denominator
[3] may be applied here. Rational systems in this latter case

are of the following form [24):
H=C(I-74%)'P(I - v4,)"'B (35)

which yields the following state space form [we use here
notations similar to those of (27) and (28)]

v = A, (———v‘“;””) + Buy

zz2 = Pouy

Tra = Attt Przia (36)
zig = Az + Prag

Yt = Cx;

where P = P;P,. The first two equations define a purely
“anticausal” system, whereas the last three equations define a
causal zero depth system.

Causal Systems: Here we interpret the sequence ¢l¥ as the
powers of the row operator and 7 as the column operator.
Then again we consider the row-by-row scanning to define
a total ordering of the 2D index space. This corresponds to
decomposing the system H according to the following two
steps:

1) A smoothing along the considered horocycle (i.e. con-

stant scale smoothing), followed by

2) A top-down (i.e. coarse-to-fine) propagation.
2D-system theory for systems with a separable denominator
[3] may again be applied here. Rational systems in this latter
case are of the following form [24]:

H=C(I-745)"'P(I-0A,) 'B 37

where it is understood that, in expanding such a formula into a
power series, ¢* should be replaced by oll. As a consequence,
the latter has an unusual feature in that no tractable time-
domain translation of the “frequency domain” formula (37) is
available. The finite depth case, however, yields

Tta = A;zt-l-B(l,a,...,a[i])um
Tp = Ayzi+ B(l,0,...,00)uy (38)
Yt = Cz

where B(1,0,...,0ll) is a linear combination of the listed
operators. This corresponds to the case where A, is nilpotent.
Thus stationary finite depth scalar systems are of the form

1 o
=TT =4 ~y: [2]
H det(I;qAry_)K(Y,l,O',...,g)

where K(...) is a linear combination of the 1, ¢, vy olil’s with
coefficients that are polynomials in 7. It is easily shown that
H may be equivalently expressed in the following ARMA form

H=A"'B (39
where A is a causal system of finite support involving the
operators 7 and 1,0, ...,0ll whereas B = B(1,0,...,0) is
as in (38). The AR modeling filters for isotropic processes

introduced in [4]-[6] are in fact ARMA systems in the above
sense.

4.5 Stationary Stochastic Processes

To simplify the presentation, we concentrate here on scalar
processes.

Definition: A zero mean stochastic process y is said to be
stationary if its covariance function is translation invariant, i.e.

E(ysy:) = E(yr(s)¥-(1))

for any primitive translation 7.

The following theorem shows that this definition of station-
arity for processes is consistent with that of stationarity for
transfer functions (this theorem is proved in Appendix B).

Theorem: Let y be a stochastic process.

1) The process y is stationary if and only if
E(ysy:) = rld(s, s A1), d(t, s A L))

where s At is defined in (25).
2) If the process u and the transfer function H are both
stationary, so is the process Hu.
Note that the second statement is an immediate consequence
of the first one.
Remark: Theorem 6 has the following interesting result as
a consequence. Pick a point t, € 7 and order the words*
w € {a, 8}* of length n according to lexicographic order with
priority to «: the corresponding set of nodes t,w is exactly the
left-to-right ordered horocycle “segment” in Fig. 6, collect the
values y;,,, into a vector Y. Then the covariance matrix Xy
of Y has the following recursively defined structure:

E(TO) =T0

E(T‘D, "'7"'m) — E("'U, ...,'r,m_l)

rmUm—1
"'mUm—l
Sy = X(roy ., Tn)

E(roy s Tm—1)

where U, is a 2™ x 2™-matrix whose entries are 1. It is then
easy to show that the eigenvectors of Ly are the discrete Haar
basis (see [4], [13] for more details). O

More generally, z and y are said to be jointly stationary if
we have

E(zsyr) = r™¥[d(s, s A t),d(t, s A t)]. (40)

“The notation to follow denotes the language of the words on the alphabet
{a,3}.
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4.6 Spectral Calculus

The purpose of this subsection is to provide a formula to
encode how stationary transfer functions modify covariance
sequences. In the case of time series, the product of usual
transfer functions and spectra is used for this purpose. Consider
two jointly stationary processes z and y. Pick a pair (s,t) and
set dfs,s At] = i,d[s At,t] = j. We have

>

t:d[sAt t']=j
= E(zs (Wi'yj.y) S)

This suggests to define the cross-spectrum of z and y as the
following power series:

E(z,y,) = 2mir{1-70) E(zsy)

R S Y i, iy
$320

where 7*Y[1, j] is the cross-covariance sequence of z and y,
see (40). Finally, given a stationary transfer function of the
form H =3 hi,j'y_i'yj (cf. (30)), it will be useful to introduce
the following notion of an “adjoint” :

H* é Z hj,iﬁi’yj

Then the following formula yields the cross-spectrum of
two stationary processes Hx and Ky, where H and K are
stationary transfer functions and z,y are jointly stationary
processes :

RH=)KyY) — p*Rpev g a1
See Appendix B for a proof. This formula generalizes a well-
known result of the case of standard stationary time series.

V. CONCLUSION

In this paper we have introduced and developed the basic
concepts of a system theory for the multiscale modeling and
processing of signals. The starting point for this theory is an
examination of the abstract properties defining QMF banks
and the identification of the filtering and decimation operations
performed in such banks as signal transformations from one
scale of representation to another. This led directly to the
idea of viewing QMF filtering and decimation operations in
terms of a pair of operators acting on {?(7) where 7 is the
homogeneous dyadic tree and where these operators satisfy
algebraic properties directly inherited from the algebraic QMF
conditions. Using these abstract QMF operators as basic
“shifts” on the tree, we developed a system theory on the
homogeneous dyadic tree as a foundation for a multiscale
system theory. We have shown that the homogeneous tree
possesses critical geometric properties that have the following
consequences: the double role played by the classical z-
transform, namely: (1) Encoding systems as weighted sums of
products of the basic shift operators; and (2) defining stationar-
ity, must be split into two separate objects—the shifts (which
are not invertible) to encode systems, and the translations to

define stationarity (which are not easily expressed via shifts).
We sketched two system theories, each with an emphasis
on one of these two different objects. Finally a notion of
stationary stochastic processes has been introduced, and the
transformation of the second-order “spectral” characterization
of a process when it is passed through a stationary multiscale
system has been characterized via a simple “spectral calculus”
formula. The main results of this paper are summarized
below and we also suggest a number of directions for further
work:

1) The usual notion of QMF pairs in multirate digital
filtering generalizes naturally to abstract QMF pairs
{a, B} of operators acting on {?(7 ). Thus, system theory
for abstract QMF pairs on {2(7) is a natural framework
for fundamental studies on multiscale signal processing.
We established the foundations for such a system theory,
further work has to be pursued to exploit it. In particular,
we have shown in (13) and (14) how the wavelet
and wavelet packet filter banks are encoded as rational
systems on the tree. A natural question to look at would
then be to characterize and completely parametrize all
rational systems that are associated with orthonormal
decompositions of 12-spaces of signals.

2) We also see that multiscale signal processing within
this framework has (at least) r»wo levels of flexibility
as compared to usual discrete-time processing. In partic-
ular, in addition to the flexibility in defining the system
on the tree (as in the previous point), we also have
flexibility in the choice of the concrete specification of
what the variables on the tree actually represent. That is,
we have the flexibility in the specific choices of QMF
filters corresponding to the abstract pair of literature on
filter banks [31] as well as the analytical properties of
wavelets inherited from the QMF’s that define them [19].

3) There is a unique natural way to define stationarity
for both systems and stochastic processes on the ho-
mogeneous tree. Such a notion emphasizes “stochastic
fractalness”, as discussed at length in [7], (5], [4]. An
important direction for further research is the stochastic
realization problem, which is the construction of multi-
scale models driven by white noise and which produce
outputs whose second-order characteristics match (either
exactly or approximately) those of a given process. In
[4,5] we provide some results along these lines for
the construction of so-called multiscale autoregressive
models whose outputs have second-order statistics that
are or a theory of multiscale state space stochastic
realization.

Finally, we note that the results of this paper immediately
generalize to homogeneous trees with more than 3 branches
originating from each node. For instance, multiscale system
theory for images would require a homogeneous tree with 5
branches at each node, i.e., a quadtree (1 branch toward the
coarser scale, and 4 for the pyramid going toward the finer
scale). Here again our framework may provide new views
and insights on how to model, analyze, and design multires-
olution systems and representations for signals indexed by
multidimensional sets.
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APPENDIX A.
SOME USEFUL RESULTS ON THE
GEOMETRY OF THE HOMOGENEOUS TREE

We collect here all results we need on the geometry of the
homogeneous tree.

Classifying the Isometries: Here we prove lemma 1. The
three types of isometries have just the identity in their inter-
section. In the sequel we consider nontrivial isometries only.
First, it is clear that the cases (22) and (23) are distinct. Hence,
it remains to prove that an isometry f, which is neither of type
(22) nor of type (23), must be of type (24). This is what we
do now. Let f denote such an isometry. Introduce

Amin = {tréljl_l dft, f(t)].

We know that d,;, > O due to the assumption. Hence,
consider

Tmin = {t : d[t7 f(t)] = dmiﬂ'}
Note that, for ¢ € Tpin, we have

so that T, is f-invariant. Next, denote by [s,t] the path
linking s and ¢. Considering that ¢’ € [t, f(¢)], we claim that
t' € Tmin as well. Indeed
dmin = d[ta t,] + d[t,’ f(t)]
= d[f(t), F()] + dLf (), f2(2)]

whence

Omin = d[t/$ f(f)] + d[f(t)v f(t’)]
=d[t', f(t')]

Considering the infinite sequence t, f(¢), f2(t), ..., we have

Tin € JIL FAOI 2T

k>0

Assume I to be a finite path. Then we must have, for some
ko, fR*1(t) € [t, f*(t)], so that the points f*-(¢) and
fEet1(t) would be exchanged by f. This latter fact turns out
to contradict our assumption that f is not of type (23). Hence
Tiin Must contain an infinite path. If 7;,;,, contains more than
a unique path, f must be the identity. This proves the lemma.(]

Translations Commute with A:

Lemma: Let T be a translation. Then we have

42)
“43)

T(sAt)=71(s) AT(t)
d[s,s At] = d[r(s),7(s) AT(2)].

Proof: (43) is a consequence of (42), so that we just
prove the first formula. Denote by I' the infinite path left
invariant by 7. We have

dls At, T =d[r(sAnt),T].

Hence, taking a point s, on I' sufficiently close to —oo, we
have d[s,, sAt] < min{d[s,, s], d[s,, t]} so that d[7(s,), T(sA
)] < min{d[r(s,),7(s)],d[r(s0),7(t)]}. Hence 7(s A t) is
closer to —occ than 7(s) A 7(t). In particular

d[r(s),m(s At)] > d[r(s),T(s) AT(L)]. (44)

and similarly for ¢. From (44) we get

dls,t] = dfs,s At] + d[s AL, ]
=d[r(s),7(s At)]+ d[r(s A L), 7(t)]
> d[r(s),7(s) AT(t)] + d[r(s) AT(t),7(L)]
= d[r(s), 7(t)]

so that the inequality in (44) must in fact be an equality. This
and the fact that 7(s A t) is closer to —oo than 7(s) A 7(t)
together prove the lemma. O

Translations Generate Vertical Symmetries: We call verti-
cal symmetries and denote by v the isometries of the following
type:

1) Pick a point t, € 7, call it the pivot.

2) Partition T according to 7 = Tti U ’Ttl, where

T, = {s = tow'|u' € {a, )" }.
3) v satisfies

v(s) = {8 if SETJ’
towt if s = towh
where <! is the word obtained by exchanging a and 3
in w!.

Lemma: The closure (w.r.t. the weak topology) of the group
spanned by the primitive translations contains the vertical
symmetries.

Proof: consider a vertical symmetry v with pivot %,.
Introduce Ty, = [—o0,t,] U {t,a™,n > 0} and similarly for
T f 2 Tr, © Tr‘: is an isometry, which keeps 7;1 invariant
and exchanges t,a™ and ¢,3". Since f is an isometry, it must
also exchange t,a"~13 and t,3" La. Next consider

t, =the s = towl closest to ¢, such that
sa is not exchanged with sg3.

Certainly, it holds that t; # t,. So we apply the procedure
above (definition of f, etc...) to ¢; instead of ¢,. Given any
finite subset of the tree, after finitely many steps, the resulting
composition of primitive translations coincides with v on this
finite subset. This proves the lemma. O



BENVENISTE et al.: MULTISCALE SYSTEM THEORY

More on Primitive Translations: Tt will be convenient to
re-encode definition (26) of primitive translations using the
shift operators on 7. Let T' = {{,}ncz be the skeleton
of the considered primitive translation denoted by 7, and
denote by s, the unique point outside the skeleton such that

d(tn, sn) = 1. Then 7t is encoded by the following formulae:
TF(tn) = t71+1 (45)
Tp(snwl) = s,H.lwL

Given two skeletons I" and I, we define their composition
r a ol

by the following formulae, where we label the two skeletons
in such a way that they exactly bifurcate after ¢, i.e., o =
ty,t1 # 1, and n denotes an arbitrary nonnegative integer:

=t (46)

by = s1wt if th,, = tjwt
We have the following result:
47

A nice consequence of formula (47) is that the family of powers
of primitive translations is a semigroup.

O T = Top,

APPENDIX B.
PROOFS OF THE RESULTS ON STATIONARY
SYSTEMS ANDSTOCHASTIC PROCCESSES.

Proof of the Characterization of Stationary Systems Here we
prove theorem 4.

Proof of 1. Since H is a linear operator we have, for any
primitive translation 7

[Hul; = Z he sug

seT
whence

[H.mr(u)],

Z he str(s

s€T

and

[rr(H.u)],

Z h (t),sUs

s€T

=D he(t)r(s)te(s)

seT
Since u is arbitrary, H must satisfy

hi s = hr(e) r(s)

which proves 1.
Proof of 2. Denoting by N the set of the nonnegative
integers, we can write H in the form

H= Y hi;

i,JEN

13

so that

(Hu)y = Zhi,j Z Ug
3 Sdft,tns) =1
“VdltAs,s] =

which proves part two of the theorem, thanks to (43) in lemma
2. O
Proof of the Characterization of Stationary Processes Here
we prove theorem 6. The sufficiency of the condition of the
theorem follows triviallly from (43) in lemma 2. To prove the
necessity, select a path ', containing the segment [s A t,¢],
and take m > dfs A ¢, ¢]. For any such path we have

E(ysye) = E(yr;:; ()Y (t))<

Now, take any path I' such that

(4%

LT, 2 (—00, (s At)]

then (48) holds for such a path as well. But /(s A t) =
7" (s At) and 71 (s) = 7{"(s) both hold true, whereas 7{"(t)
ranges over all points t' such that

), '] = dlre (s A1), 7 ()]

This proves that E(y,y;) is invariant for those points ¢ that
are at a given distance of s A t. The necessity of the condition
of the theorem 6 follows easily. ]

Proof of the Spectral Calculus Formula: It is enough to
verify (41) in the following cases:

dirit (s A1),

H=%K=1 (49)
H=~vK=1 (50)
H=1K=% 1)
H=1K=~. (52)

Pick a pair (s,t) with d[s,s At] =,d[s At,t] = j. Consider
(49). Then
E((Hz)s(Ky):) = E((7.2)syt)
= E((F.2):(7¥ v)s)
= E(z,(v7'7 .9)s)
holds true, where the last equality is readily verified. Noting
that 7* = + we get (41) in case (49). For (50), write
E((Hz)s(Ky): ) = E((+. 'L)syt)
E((v.2)s(77" 9)s)
(-/s(w v y)s)

which also yields (41), since ¥ = «*. For the case (51) we
write

E((Hz)s(Ky):) = Blas(Y.y))
= E(ms(wi/yj‘ﬁy)s)

which proves (41) in this case. Case (52) is handled in a similar
way. a
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